The Drazin index and minimal polynomials of special sums
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Abstract.

For a singular matrix A and any von Neumann inverse A~ € A{1l}, we study the matrix
A?A~ and the sum A2A~ + 1 — AA~. We prove that their minimal polynomials and Drazin
indices are independent of the choice of A™, and we obtain the explicit formulas

Pa(N) = APaza- (M), Yaza-11-aa-(A) =lem{A " Pa(A), A — 1},

which yield i(A2A~ + I — AA™) = i(A) — 1. Thus this transformation reduces the Drazin
index of A by exactly one, in a way fully determined by ¥4 and independent of the generalized
inverse used. This controlled index reduction is the key technical tool behind our analysis of

A B], yielding sharp bounds for (M) in terms of i(A)

anti-triangular block matrices M = [C 0

and i(BC).
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