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Abstract

We solve and characterize the Lagrange multipliers of a reaction-diffusion system
in the Gibbs simplex of RN*! by considering strong solutions of a system of parabolic
variational inequalities in RY. Exploring properties of the two obstacles evolution prob-
lem, we obtain and approximate a N-system involving the characteristic functions of
the saturated and/or degenerated phases in the nonlinear reaction terms. We also show
continuous dependence results and we establish sufficient conditions of non-degeneracy
for the stability of those phase subregions.

1 Introduction

This paper is motivated by the vector-valued reaction-diffusion equation
U — AU = F(xz,t,U), in Q, (1)

for U = U(x,t), defined from Q = Q x (0,7) into RN*! with homogeneous Neumann
condition on 92 x (0,T"), where 2 is a bounded domain of R™ and 7" > 0 is arbitrary. We

are interested in the case when every component u; = u;(z,t) is nonnegative and the system

is subject to the multiphase non-voids condition with J = (1,...,1) € RV+L:
N+1
U-J=> u=1 inQ (2)
j=1

From the equation (1) it is clear that the constraint (2) implies F(x,t,U)-J =0 in Q
and so the reaction vector F' should satisfy the necessary and very restrictive condition

N

N
FN+1(x7t7V):_ZFj(x7t7V) in Q7 VV:(Ul,...,’Un,l—ZUj), 0<y <1 (3)
j=1 j=1



For instance, in replicator dynamics describing the evolution of certain frequencies in a
population, one possible definition of the reaction term with this compatibility condition
consists in choosing

N+1
Fi(z,t,V) = vilei(z,t,V) = > v¢;(x,t, V)] inQ, i=1,.,N+1, (4)
j=i
where v; represents the i-frequency of the population and ¢; the respective fitness (see,
for instance, [10] and [11]), the constraint (2) is essential to describe mixed strategies in
evolutionary game theory in spatially homogeneous population dynamics (see [18] and its
references) or to model the non-voids condition in biological tissue growing [15, 14|. In
phase fields models, the condition (2) arises naturally in simulation of multiphase flows
([13]) and multiphase systems with diffuse phase boundaries, as in solidification of alloys or
in grain boundary motion (see [9] or [3]).

Of course, in the case (3), in particular, if F' = 0, the problem becomes a simple one if
the initial data U (0) = Uy also satisfies the constraint (2). However the situation is entirely
different in the general case of non trivial reactions, specially in multiphase problems where

“7” in a subregion of @) is absent (i.e. u; = 0), or fulfils another subregion

at least one phase
(when u; = 1).
Instead of solving the system (1) in the Gibbs (N+1)-simplex
N+1
U ={(v1,...,un41) € RN Zvj: land v; >0, i=1,...,N + 1},
j=1

we shall replace this problem by the study of a unilateral problem for the vector field of the

first N components u = (u1,...,uy) of U, with the N 4+ 1 convex constraints
N
du;< and u; >0 inQ, i=1,...,N. (5)
i=j

This corresponds to solve the system of parabolic variational inequalities, at each time
te (0,7),

u(t) e K: /Qatu(t) (v —wu(t) + /Q Vu(t) - V(v —u(t))
> [ ful) (o= u@).  wek (©)
Q

under the initial condition

u(O):uoz(u01,...,u0N) e K. (7)



Here K denotes the convex subset of the Sobolev space H'(Q)" defined by

N
K={veH@@Q":) v<1,v>0,i=1,...,N, inQ}, (8)

j=1

where v = (v1,...,UN).

The reaction term may have a general form f;(u) = fi(z,t,U(z,t)),i=1,..., N, with

N

0 0 0

(z,t) € Qand U = (ul,...,uN,l—j;uj). We denote 9y = 5 and V = (87361”87%)

The main part of this work is the analysis of the new unilateral problem (6)-(7) under
general assumptions on f: only continuity on w and integrability in (z,t) € Q. In particular,
we prove that its solution u = u(x,t), which each component w; satisfies a double obstacle
problem

0<u<1-) u inQ, i=1,...,N, (9)
J#
where Z u;j denotes the sum of all N — 1 components but wu; is, in fact, also the solution

J#i
of a reaction-diffusion system in the form

Orui — Aug = fi(u) + f; (w)X(y,—0y

1 + .
- > Ut @) X, Q. (10)
1< i<, . < )< N
i€ {i1,..., ik}
Here Z denotes the summation over all the subsets {i1,...,ig} of {1,..., N}

1< i< . < i< N
i€ {i1,..., ik}
to which i belongs, in particular, k varies from 1 to N. We also denote g™ = ¢g vV 0 and

g~ = —(g A 0) the positive and negative parts of a scalar function g = g7 — ¢g~, X4 the
characteristic function of the set A, (i.e., X4 =1in A and X4 =01in Q \ A) and X;, ,, the

characteristic function of the set
L g, = {(m,t) €Q: (uil—k‘ . -—i—uik)(x,t) =1, u(z,t) >0,j=1,...,k}, ke{l,...,N}

In particular {u; = 1} = ﬂ{uj = 0}, i.e., one component is fully saturated if and only if
J#i

the others are absent. Hence from (10) we see that, in general, the respective reaction terms

are coupled not only through the semilinear term f(w) but also through the characteristic

functions of the saturation sets of I;;. ;.



In this way, by setting for i =1,..., N,

_ 1 N
Fi(U) = fi(uw) + f; (w)Xqy,—0) — Z E(fil(u) 4+t fi (W)X,
1< i< < i< N
i€ {it,. .., in}
N
with U = (u,1 — Z u;), we can solve the system (1) under the constraint (2) and identify
j=1

the respective Lagrange multipliers h; = F;(U) — f;(U) in a precise form.
To illustrate the meaning of the system (10), that contains 2 — 1 4+ N characteristic
functions, in general, we may consider the cases N = 1,2 or 3. Denoting, for simplicity,

fi= filuw), X; = X{u;=1}, we may write the Lagrange multipliers as
hi = fi Xpu—oy — fi X1 — 3(f1 + fo) TXaz — S(f1 + f3)™Xus = 2(f1 + fa + f3) X123
ha = fo Xqus—oy — fa Xo = 5(fr + fo) TXa2 — 3(fo + f3)Xoz — 3(f1 + fa + f3) X123
1 1
2 2

hs = f3 Xpug—oy — f3 Xs — 3(f1 + f3)TXas — S(fa + f3)TXaz — 2(f1 + fa + f3) X123

Ignoring the third equation and all the terms involving the third component, we may
obtain the case N = 2. The first two terms of the right hand side of the first equation
correspond, in the case N = 1, to the scalar two obstacles problem that has been proposed
for phase separations in [4, 5|.

The mathematical treatment of this unilateral system is done in the following three
sections. In section 2, we consider the semilinear approximation of the unique solution of
(6)-(7) in the case of the reaction f is in L?(Q)" and independent of the solution. Although
there exists a large literature on parabolic variational inequalities (see, for instance, [16],
[6], [12], 7] or [8]), the direct approach of the bounded penalization used for the two
obstacles problem in [22] (see also [19]), extended here for the system (10), allows the use
of monotone methods. This yields a direct way of obtaining Lewy-Stamppachia inequalities
(26), obtained first by [7]| for parabolic problems, implying the W,? 1 and Hélder regularity
for the solution to (6). Similar results for the N-membranes stationary problem have been
obtained in [1, 2]. We note in our case the simplification due to homogeneous Neumann
condition.

In section 3, we extend the existence result to general nonlinear reaction f = f(u)
taking values in L'(Q)". Here we explore the fact that the convex set (8) lies in the unit
disc and we extend the direct technique of [20]. We show also a continuous dependence
result and, in the case of A\l — f being monotone non-decreasing, in particular if f is
Lipschitz continuous in wu, also the uniqueness of solution and their strong approximation

by the penalized solutions.



Finally, in the last section, we characterize the solution of the variational inequality (6)
as solutions of the reaction-diffusion system (10), by extending some remarks of [23| to the

two obstacles parabolic problem. We also show that
k
{ui=0} C {filw) <0} and T4 C{D_ fi;(uw) >0}
j=1

ae. in @, for1 <i; <---<ipy <N, Vk=1,...,N and we can modify the system (10)

(see (77)) and show that the a.e. pointwise nondegeneracy assumptions
k
Zfl](u)%(L 1§11<<Zk§N7 kzl?uNa
j=1

are sufficient conditions for the local stability of the characteristic functions Xy, g1 and

Xi1..4, With respect to the perturbation of the nonlinear reaction terms f.

2 Approximation of strong solutions by semilinear problems

In this section we consider the case where f = (f1,..., fx) depends only on (z,t) and
is given in L2(Q)".

To prove existence of solution of the variational inequality (6)-(7), we consider a family
of approximating semilinear systems of equations. We define, for each ¢ > 0, . : R — R
by

0 ifs>0
O(s) =< s/e if —e<s<0 (11)
-1 if s < —¢,

and we denote

Pu = 0u — Au = (Puy, ..., Puy),
where Qyu = (Qpuy, . .., Opuy) and Au = (Auy, ..., Auy). We also denote Pu; = Jyu; — Ay,
i = 1,...,N. The approximating problems are given by the following weakly coupled

parabolic system with Neumann condition

_ 1 .
Pui 4 f0:) = Y0 (e fi) 00— )= fi Q0 (12)
1< 1< . < i < N
i€ {i1,..., ig
3
?;;:’ =0 ondQx(0,T), (13)
us (0) = ug; in Q, (i=1,...,N) (14)



0
where n is the outward normal derivative on 9 x (0,T'), the meaning of Z
n

1< i< . < i< N

was explained in the introduction and
\V/U:(Ul,...,UN) V{il,...,ik}g{l,...,N} Viy.iy = Vip T+ 0, (15)

Defining the penalization operator ©. by

N

1
Ouv=3 [f0w) = Y LUt fi) 00 —ua)]u(16)
=1 1< i< . < (< N
i€ {i1,..., ig}
N 1 .
:Z [ 0 (wi)v; — Z %(fh oot fin) 0e(1 = wiy i Vi (17)
=1 1< i< . < i < N

we formulate (12)-(13) in variational form for a.e. ¢t € (0,T),

/8tu5(t)~v+/VuE(t)-V'v+/@g(ua(t))-v:/f(t)-v, v e HYQN, (18)
Q Q Q Q
associated with the initial condition (14).

Proposition 2.1. Assuming that

f=01. el QY  and  w €K, (19)
the problem (18)-(14) has a unique solution u® € H'(0,T; L2(Q)N) N L>(0,T; H'(Q)N)).

Proof. We begin by proving the monotonicity of the penalization operator ©..

In fact, recalling that 6. is monotone nondecreasing and the definition (15) we have
(O:u —O.v) - (u—v)
N
=3 (0-(w) — 0(v3) (i = vy)
i=1

— Z %(fil o fi) T =iy i) = 01— iy i) (Wiy iy, — Vi)

1< i< . < i< N

>0,

since f;” and (le + - fzk)+ are nonnegative functions.
The existence and uniqueness of solution u¢ € L2(0,T; H'(Q)") is immediate by ap-

plying the theory of monotone operators ([16], [25])).



Setting v = (uj,...,u% ) in the approximating problem (18) and integrating in time,
letting

gf:Puf:fi—fi_Hg(uf)+ Z

1< i<, . < k< N
i€ {i1,. .., ig}

1 +

which is bounded in L?(Q) independently of &, we obtain that, for every 0 < ¢t < T, with
Qt =Qx (Oa

t)
1 1 1 1
/|u€<t>|2+/ |VU€|2§/|U0|Q+/ |g€|2+/ e .
2 Q Q 2 Q 2 Qt 2 Q:

(

The Grownwall inequality yields the uniform boundedeness
L>(0,T; L2(2)N)) and afterwards also in L2(0,T; H*(Q)V).

Letting, formally, v = d;u® in (18) (in fact in the respective Faedo-Galerkin approxima-

in €) of w®, first in

tion) and integrating in time, we get

[ owc s [1vuor < [P [ (vul
Qt Q Qt Q

and so dyu, is also bounded in L?(Q)Y and Vu® in L>(0,T; L?(2)Y). Therefore

{uf}es0 is bounded in HY(0,T; L2(Q)N)) N L>=(0,T; H'(Q)N). (20)

Proposition 2.2. Assuming (19), the solution u® of the problem (18)-(14) satisfies

N
ui > —e, i=1,...,N, d uf<1+e (21)
=1

Proof. In fact, we are going to prove the following more general set of inequalities

u; > —e, i=1,...,N, and ui, ;o <1l+4e VI<ii<...<ip <N

01...%

and the proof of the right hand side inequalities will be done by induction on r.

Let us prove the case r = 1, i.e., uf < 1+¢, for all ¢ € {1,..., N}. Multiplying the
i-th equation of the approximating system (12) by (u$ — (1 + ¢))* and integrating over
Q¢ = Q x (0,t), we have

oS (us — (T+e)t+ [ Vs -V — (1+¢)*t
Qt Qt
=/ [fifffes(ufn > %(fil o fi) 00— g )| (uf — (L4 e)) T

1< i<, . < i< N



Recalling that —1 < 6. < 0 and that, in the set {ui > 1+ ¢}, we have 6.(u) = 0 and
0-(1 —uf) = —1 we get

/yu —(1+e)T@)P+ /\vu —(14e)t? /Q( — DS = (1+¢)T <0, (22)

so(uf —(1+¢e)t=0,ie ui <1l+e.
Assuming we have proved that ug

We multiply the equations i;, j =1,...,7+1, by (u

< 14-¢, we are going to show that vz, ; ; == < 14e.

—(1+¢))*, sum from 1 to

'Ll Z7”7/7‘-‘—1
r 4+ 1 and integrate over Q);. We obtain
r+1 r+1
/ Puzl Arlpgd (uzi...iﬂr_,_l - (1 + 8 / [Zfz] Z z_
t 7j=1

r+1

DN

=1 1<i<.. << N
ij € {i1, ..., i}

Observe that, in the set {uZl dvipy > 1 + ¢} we have ufj >0,forj=1,...,7+1, since,
by induction, uj, ; =wuj +---+uj  — ufj < 1+e&. So, in that set Gg(ufj) = 0 and, on

Trg1
the other hand, 6.(1 — u$ = —1. The induction conclusion follows from

(Fin 4o fa) 00— w5, (5, iy — (LT

| =

AR P P )

10 = () OF / V(0 iy, — (142
t
r—+1

Jr
</ [Zf% O+ g i+ Fired) ], — (L) <0
To prove that u§ > —e, we multiply the i-th equation of (12) by (—uf — &)™, obtaining

=2 @+ [ et = [ [ g g

_ Z %(f“ +“‘+fik) (1—u11 Zk)} (—uf—g)‘ﬁ

1< i1<. . .< ix< N

Let Ji; = {i1,...,ix} \ {¢} and denote the elements of Jj ; by J1...Jk_1. Since, in the

set {(—us —e)t > 0} ={uj < —e}, wehave 1 —uf , =1-—wu5 , = —uj>0 (recall that
ub, g, <1+e). So,

1

[ ui=o ol +/ Vcui-e)' P < [ [=fimg |cuime)t = [ ~fi-ai-o" <o,
2 Ja Q Q

that implies (—u$ — &)t =0, or u§ > —e. O



Theorem 2.3. Assuming (19), the variational inequality (6)-(7) has a unique solution u
such that
we HY0,T; L2 Q)N)n L0, T; HY(Q)V) (23)

and

Pu e L*(Q)V. (24)

Proof. Let u® be the solution of the problem (18). Using the uniform estimates (in ¢)

obtained in (20), we know there exists u such that

E —— u in L?(Q)" strong,

£

ut ——— u in L>2(0,T; H'(Q)N) weak-*,

£

ou® —— Ou and Pu®* —— Pu in L2(Q)"N weak.
£

u

We have u(t) € K, for a.e. t € [0,T], because u® satisfies the inequalities (21).
Given v € L%*(0,T;K), set v(t) — u®(¢) in (18) and integrate in time. Then

/Qatus-<v—u>+/QVuf-v<v—u>z/QfE-w—uE),

since / (0:(u®) — O:(v)) - (v —u®) < 0and O(v(t)) = 0 if v(t) € K. Passing to the limit
Q
when € — 0 and noting that

lim inf/ (Ou® - u® + Vu® - Vu') > / (Ou-u+ Vu- Vu),
e—0 Q Q

we find that w satisfies (7) and
/atu-('uu)Jr Vu-V(vu)Z/f-(vu), Vv € L*(0,T;K), (25)
Q Q Q

which is easily seen to be equivalent to (6). The uniqueness is immediate. O

We remark that no regularity of the boundary 9 has been required in (18) and, in
fact, the Neumann boundary condition (13) is only formal. In the proof of Theorem 2.3
we have used the compactness of the sequence {uf}. in L?(Q)"V. This holds, for instance,
for domains with Lipschitz boundaries, but also, since the sequence {uf}. is uniformly
bounded in L>®(Q)Y, for a larger class of bounded open subsets of RNt However, the
approximation by semilinear parabolic equations yields immediately an additional regularity

of these strong solutions.



Indeed, from the definitions of 6. and O, from (18) with arbitrary ¢ € D(Q), ¢ > 0,
we find

1 _ :
fi— > %(fi1+---+fik)+ <PuS=fi—0.(u)< fi+ [ =f"  ae inQ.
1< i<, . < i< N
i€ {i1,..., Qg }
(26)
By the conclusion of Theorem 2.3 we also obtain, for each ¢ =1,..., N,
1 .
fi= D> Ut A i) <SPu<fh e inQ (27)
1< i<, . < ix< N
i€ {i1,..., ig}

and we can apply directly the second order linear parabolic theory (see [17]) in the Sobolev
spaces
W2HQ) = W'P(0,T; LP(Q)) N LP(0,T; W?P(Q)), 1 <p < 0.

These spaces satisfy the Sobolev imbeddings, for p > (n +2)/(2 — k), with £ =0, 1,
2,1 k07
W, Q) € C°(Q), 0<a<2—k—(n+2)/p,

where Cg’o(@) denotes the spaces of Holder continuous functions v in @), with exponent «
in the z-variables and «//2 in the ¢t-variable and, in the case k = 1, with Vv satisfying the

same property (see [17], p. 80). Therefore, as a consequence of (27), we conclude. O

Theorem 2.4. Assume that OS) is smooth, say of class C? and

fe LPQ)N and — wpe KNW2=2rr)N 1< p< oo, (28)

Gum

=00n0Q ifp> 3.
n

Then the unique solution w of the variational inequality (6)-(7) is such that

with each component ug; satisfying the compatibility condition

ue WRH(Q)N n L™®(0,T;K), (29)
and, in particular, is Hélder continuous in Q if p > (n + 2)/2 and has Vu also Hélder
continuwous if p > mn+ 2.

O

We observe that, when p < 2, the inclusion Wg’l(Q) C L*(0,T; HY()) only takes
place if p > (2n+4)/(n+4) but, as we shall see in the next section and since K is bounded,
(6)-(7) is solvable for any f € L'(Q)V.

10



3 Existence and uniqueness of variational solutions

In this section, requiring the compactness of the inclusion of H'(Q) into L2(€) by
assuming a Lipschitz boundary OS2, we show how we can still solve the variational inequality

(25) for a more general initial condition

N
weK={ve L’QV: ) v, <1, 1,20, i=1,...,N, inQ} (30)
j=1

and for general nonlinear f = f(u) defining a continuous operator from L?(0,T ;K) in
LY (Q)N. We shall assume that f = f(z,t,v) : Q x [0,1]Y — RY satisfies

f = f(z,t,v) is continuous in v for a.e. (z,t) € Q, (31)
Jp1 € LYQ) : |f(z,t,v)] < p1(x) Vo e [0,1]Y, forae. (z,t) € Q. (32)
However, now the solution has less regularity, namely
we C([0,T); L*(Q)N N K) n L*(0,T; H' ()N) (33)
and its derivative may not be a function, since we only have
du e LYNQN + L2(0,T; (H'(Q)N)). (34)

Hence the first term in the variational inequality (25) should be interpreted in the duality
sense between L'(Q)N + L*(0,T; (Hl(Q)N)/) and L>®(Q)N n L2(0,T; H(Q)"N), namely
through the formula

<8tu,'u>t—/ Pu-v— [ Vu-Vo, Voe LQN n L20,T: H(Q)Y), (35
t Qt

for arbitrary ¢ € (0, 7] since, as we shall see, (27) yields Pu € L'(Q)V.

Theorem 3.1. Under the assumptions (30), (31)and (32), the variational inequality (25)
has a solution w satisfying (33), (34), (27) and u(0) = ug and we can write

/ (Pu—f@) (v—u)>0, VYuve LX0,T:K). (36)
Q

Proof. We consider the closed convex subset of L?(Q)



and we define ® : K — K as the nonlinear operator that associates to each w € K the
solution u., = ®(w) of the variational inequality (25) with f replaced by g = f(z,t, w)
and fixed initial data ug € K.

By showing that & is a continuous and compact operator, a fixed point u = ®(u), given
by Schauder Theorem, will provide a solution with the required properties.

Indeed, first we observe that if we consider any sequence K > w, —— w € K in
v

L2(@Q)N, by (31) and (32), the Lebesgue Theorem implies
9= flw) —— flw)=g  nL(Q)".

Next, for any g € L'(Q)N and any ug € K we consider sequences g, € L*(Q)" and
ug, € K such that

9 —— 9 in LY Q)N and Ugy ——— Up in L2(Q)Y

and we denote by u, = S(ug,,g,) the unique solution of (25)-(7) given by Theorem 2.3,
for each g, and ug,. We observe that each component of Pu, satisfies the inequality (27)

with f; replaced by (g, );. From (25) for uw, and w,, we easily find, for a.e. t € (0,7)

2dt/|u“ u|® + /V =) < /( =9,) (uy —wy)

and, integrating in time, we obtain

sup / () — y (£)2 + / IV (e — ) ? < / [, — gy |? + 4 / 9.~ g, (37)
0<t<T JQ Q Q Q

This estimate shows that {u,}, is a Cauchy sequence in the Banach space
W = C([0, T]; LX(@)™) n L2(0, T3 H ()™) (38)

with respect to the norm

ol = (s, [ e+ [ vor)” (39)

and, hence, there exists a function ug € W
U, —— Ug in W.
v

In addition, u, € L?(0,T;K) N C([0,T];K) and Pug, € L'(Q)N, which implies, by
(35), that Oyug satisfies (34). Hence, using (35), we may pass to the limit in v in

(Pu, —g,,v—uy) :/Q(Pul,—gy)-(v—u,,) >0

12



for an arbitrary v € L?(0,T;K) C L>®(Q)", and using the formula,

2<8tug,ug>t—/Q\ug(t)\Q—/Q]uoP, vte (0,7,

we conclude that ug = S(ug,g) is the (unique) solution of the variational inequality (25)
(or equivalently (36)) with data g € L'(Q)Y and ug € K. In particular, from (37), we also
obtain that, for fixed ugy € K, the operator ¥ : g — ug = S(ug, g) is Holder continuous of
order 1/2, from L'(Q)" into W.

Since Oyug4 satisfies the property (34), it is in fact in L1(0,7; H—*(Q)"), for s sufficiently
large and, by a well known compactness embedding (see [24] or Theorem 3.11 of [25]), the
compactness of H'(Q2) c L%*(Q) implies that, in fact, ¥ regarded as an operator from
LY Q)N into K ¢ L*(Q)V is, therefore, completely continuous. Hence, ® = X o f fulfils

the requirements of the Schauder fixed point theorem and the proof is complete. O

Remark 3.2. It is clear that if ug € K and, in (32), ¢1 € L?(Q), we obtain in Theorem
3.1 the existence of a strong solution satisfying (23) and (24). Of course, if we have the
reqularity assumptions of Theorem 2.4, i.e., o1 € LP(Q), implying by the inequalities (27)
that Pu € LP(Q)YN, we also obtain solutions in Wg’l(Q)N, in particular Holder continuous
solutions if p > (n +2)/2.

In general (36) may have more than one solution, but if we assume, in addition, that

for some A > 0, A\I — f is monotone non-decreasing in [0, 1]V, i.e.

IAN>0: ANv—w*— (f(x,t,v) —f(a:,t,w)) (w—w) >0, (z,t)€ Q, Yv,we[0,1]V,

(40)

in particular, if f is Lipschitz continuous in v, then there exists at most one solution w of
the variational inequality (25) in the class (33) and initial condition ug € K.

In order to prove the uniqueness of solution, we suppose that w1 and us are two solutions

of the variational inequality (25) with initial condition ug € K and f = f(u1), f = f(u2)

respectively. Then, choosing uy and u; as test functions, respectively, using (40) we find

3 | e —w®F + [ (9= P

t

S/ (f(u2)—f(u1))'(u2—u1)§)\/ [z — |

t t

and so, by Grownvall inequality u; = ug a.e. in @, since u1(0) = uz(0) = uyp.

13



We redefine the variational formulation of the approximating problem (18) in the frame-
work of this section with © defined in (16) and with initial condition only in L?(2)V,

/ 8tu5~'v+/ Vu5~va+/ O.(uf)-v = / fu)-v, Yve L*0,T; H{(Q)M)NL=(Q)N.
Q Q Q

(41)

Arguing as in Theorem 3.1 we may prove the existence of a solution of the approximating

problem (12), with initial condition uy € K as long as f satisfies (31) and (32). We also

have uniqueness if we assume (40).

Theorem 3.3. Suppose that f satisfies (31), (32) and (40) and ug € K.
Let u® and w be, respectively, the unique solution of the approzimating problem (12)
and of the variational inequality (25), both with initial condition wy. Then there exists a

positive constant ¢ = c(p1,T) such that the following estimate in the norm (39) of W =
C([0,T); L2()N) n L2(0,T; H ()N) holds,

lu® = ul| < eve. (42)

Proof. We choose in (41) v = u® — u as test function. Since u € K, then
/ O ( (u®—u) >0

out - (u*—u)+ [ Vu - (v —u) < fu®) - (u® —u). (43)
Qt Q1 Q¢

Choosing, as test function in (25) v = ((uf — 5)T,..., (u§y — &) we get

and so

Ou-(u*—u)+ [ Vu-V(u® —u)
Q¢ Q¢

f(u)- (v —u) +/ [Pu— f(u)] - (u” —o°) (44)
Q: ¢

and subtracting (44) from (43) we get

/ () —u@)P + [ V@ - w)?

Q¢

S/ (f(ue)f(U)HuEUH/ [Pu— f(w)] - (v° —uf) (45)

t t

<3 [ P s [ Pa- f)
Q¢ Q¢
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since [|v° — u®|| ooy < €. Letting C' = C(p1,T) = [[Pu — f(u)||p1(gy~ and dropping
the nonnegative term / |V (u® — u)|? in (45) we obtain, by application of the Grownwall
Qt

inequality,

/ [uf(t) — u(t)]? < 2eCe®M
Q

and using again (45), also
lluf = ul] < cve.
[l

With similar arguments we may give a continuous dependence result for solutions of the
variational inequality (36).

Suppose we have a sequence f¥ —— f in the following sense
v

f¥ = f¥(x,t,v) are continuous in v € [0,1]V, for a.e. (z,t) € Q

Fr(, - v) —— f(-,-v) in LY(Q)N for all fixed v € [0,1]7. (46)

v

In addition, the assumption (32) is satisfied for all f uniformly in v, i.e., there is a

common 1 such that (32) holds for all v, and the initial data are such that
K> ul —— ug in L2(Q)V. (47)

Hence, by Theorem 3.1, it is clear that there are solutions {u”},cn to the corresponding
problems associated with f* and uf and, moreover, they satisfy (33) and (34) uniformly in
v, i.e., their norms in those spaces are bounded by a constant independent of v. Therefore,
we have a function w in the same class (33) and (34), and a subsequence, still denoted by
v, such that

u’ —— win L*(0,T; HH(Q)N) weak and in  L*®(0,T;K) weak-x (48)

v

W —— u ae. inQ andin LP(Q)N, V1<p< . (49)

v

By assumption (46) and Lebesgue Theorem, we conclude first that f*(u”) —— f(u)

a.e. in Q and in LY(Q)", as well as

[ sy — [ (50)

/Q (F(u) — F(w) - (" —w) —— 0, (51)

v
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since, in particular, [u”| <1 and |u| <1 a.e. in Q.

Recalling (27) for each v, we may take the limit in
/ (Pu” — f"(u")) - (v—u") >0 (52)
Q
for a fixed v € L2(0,T;K). Using (50) and (48), that in particular imply

Puc LY Q)N and liminf [ Pu”-u” > / Pu-u, VYte(0,T),
Q¢ t

v

we conclude that w is a solution of (36) with initial condition wy.
Using v = uX(g ;) + u”X(; ) in (52) and v = u"X g4y + uX(, ) in (36) we find, for a.e.
te(0,7),

3 @ - [ v < [ ] @ [

and, by (51), we conclude that u¥ —— w strongly in W. Therefore, we have proved the

following result

Theorem 3.4. Ifu” denotes the solution to the variational inequality (36) with f¥ satisfying
the assumptions (46) and (32) uniformly in v and initial condition satisfying (47), then there

exists a subsequence {u"}, en such that

w —— u in C0,T); L2(Q)N NnK) N L20,T; HH QM) N LP(Q)N, V1 <p< oo,

v

where w is a solution to (36) corresponding to the limit f and the limit initial condition uyg.

In addition, if f satisfies (40), by uniqueness of w, the whole sequence {u”},cn converges.

g

4 The multiphases system and its characterization

In this section we consider a variational solution u of (25) obtained in Theorem 3.1, i.e.,
satisfying (33) and (34). Setting

wilw) =1-> w;, i=1,...,N, (53)
j#i
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each component u; satisfies a double obstacle problem
0 < wi(z,t) < wi(z,t) a.e. (z,t) € Q, i=1,...,N. (54)

For an arbitrary nonnegative and bounded function ¢ = ¢(x,t) defined for (z,t) € Q,
such that
K ={veL*(0,T;H(Q): 0<v<¢ inQ}#0, (55)

and for a given g € L'(Q), we may introduce the parabolic double obstacle scalar problem

uwe Ky : /atu(v—u)+/Vu-V(v—u)z/g(U—u) Yo € K, (56)
Q Q Q
subject to a given compatible initial condition
u(0) = ug in Q. (57)

For each i = 1,..., N, we have u; € K and, by choosing in (25) v € L?(0, T; K), such
that v; = u; for j # i and v; = v € K{* arbitrarily, it is clear that u; is a solution of
the scalar double obstacle problem (56) with ¢ = w; and g = f;(u). Hence we can obtain
further properties of our solution by applying the general theory of the obstacle problem.

For the sake of completeness we prove here the result below.

Let
€ L*(0,T; H(Q)) N L>®(Q) with ¢ >0 a.c. in Q, (58)
dp € L*(0,T; (H())) with Py € L'(Q), %’; =0o0n 92 x (0,T), (59
and
ge LYNQ), wpeL*Q), 0<ug<e0) inQ. (60)

We observe that (59) means that ¢ satisfies the formula

@po)= [ wPp- [ VoV e IOTHI®)NL(Q).
t Q¢

Proposition 4.1. Under the assumptions (58)-(60) the unique solution u € K to the scalar
problem (56)-(57) is such that

we C(0, T LA(Q) N L¥(Q),  dwue LYQ)+ L*(0,T; (H'(Q)),  (61)
and it satisfies the parabolic semilinear equation

Pu=g+g Xp—oy — (Pe — 9) X{u= a.e. in Q. (62)
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Proof. Using the function 6, given by (11) and defining

Ve(v) = g 0:(v) = (P — g) 0c(p — v) (63)

we can consider the approximating problem, for £ > 0,

[ euso= [ g voe POTH@) N IY@, (60
Q Q

with the initial condition u®(0) = up in Q. Since ¥, is monotone and ¢ is bounded, arguing
as in Theorem 3.1, the problem (64) has a unique solution «* in the class (61). Moreover,
it satisfies

—e<u*<p+e a.e. in Q, (65)

as we can show by choosing, in (64), v = (—u® — &)t and v = (u® — ¢ — €)™, respectively.

Indeed, in the first case we have

/vPv:/qusz/ v(z?(ue)g):/ (—g~ —g) <0,
Q Q {v>0} {ut<—¢}

since ¥ (u®) = —1 and Y.(p —u:) = 0, because u® < —¢ and ¢ —u. > ¢, and, in the second

case,

/vav _ /va(uf ) —/{v>0}v(g () — Py)

:/ (~(Pp—g)— (Pp—g)7) <0,
{p—us>e}

since Ye(¢ —u°) = —1 and V. (v®) =0 if ¢ —u. < —e and u® > p +¢.

Hence, using the monotonicity argument, we easily conclude that v = lim u® € Kg is

e—0

the unique solution of the variational inequality (56). Remarking that, from (63) we have
—g < 0:(u") < (Pp—g)~ a.e. in @,
from (64) we deduce in the limit the Lewy-Stampacchia inequalities
(Pp—g)” <Pu—g<g a.e. in Q.
In particular, this yields Pu € L'(Q) and (56) implies that u also solves
/Q (Pu—g)(v—u)>0, Vv e K, (66)
where K = {ve L?(Q): 0 <v<¢pin Q} C L™(Q).
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Let O C @ be an arbitrary measurable set and set v = v in @ \ O and v = dp in O,
with § € [0,1], in (66). Since O is arbitrary, we conclude the pointwise inequality

(Pu — g) (p—u) >0 Vo e [0,0(x,t)] ae. in @, (67)

which implies, up to null measure subsets of @,
Pu—g>0 in {u=0}, Pu—g<0 in {u=ep}, (68)
Pu=g in A={0<u<g}. (69)

On the other hand, arguing as in Lemma 2 of [23] and noting that V' = (u,—Vu) €
LYQ)" and D -V = Pue LY(Q), with D = (3¢, 0y, - - -, 0z,), we have

Pu=0 ae. in {u=0} and Py =Py ae. in {u=p}.

Hence, by (67), up to neglectable sets, we have {u = 0} C {g < 0} and {u = ¢} C
{Py < g}, and using also (68), we finally conclude (62). O

Theorem 4.2. Any solutions w of the variational inequality (25) (or (36)) under the con-

ditions of Theorem 3.1 satisfy the semilinear parabolic system

Pu; = fi(u) + f; (w)X (=0}

- > %(fz‘l(u)+"'+fik(u))+xz‘1...ik a.e. in @, (70)

1< i< . < i< N

where X;, .y, = Xp,, > for k=1,...,N, denotes the characteristic function of
Liy i, = {(2,t) € Q : ugy g (w,8) = 1, ug; (w,8) >0 for all j =1,...,k}. (71)
Proof. We notice that the regularity (58), (59), holds for w; =1 — Zuj, SO w; can be

J#i
chosen as the upper obstacle of each component u;, ¢ = 1,..., N, of u, to which we can

apply the conclusions of Proposition 4.1. Since {u; = 0} C {fi(u) < 0} a.e., for each

i=1,...,N, we have
Pui = fl(u) + fif (U)X{ul:O} - (Pwl - fi(u))_x{ui:wi,ui>0} in Qa (72)

and the condition (70) will follow if we show that

B 1 + .
(Pwi - fz(u)> X{ui:wi,u¢>0} = Z E(fu (u) et flk (u)) Xil---ik n Q,
1< i1<. . < i< N
i€ {i1,..., ig}
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Observe that
{ui = wi, u; >0} = U Ly iy,

1< i1<. . .< ix< N

and these sets are a.e. disjoint. Here the union is taken also over all the subsets {i1, ..., i}
of {1,..., N} that include ¢ and over all k =1,..., N. We remark that Pw; = Pu; in that

subset and
e in the sets [; = {u; = 1}, Pw; = 0 and (Pw; — fi(u))” = fi(uw)*, fori=1,...,N;

e in each set I;, ;,, for kK > 2, as we shall see,

_ 1
(Pui = fi(w)” = - (fu(u) +---+ fi, (w) ",
and this fact concludes the proof.
Let (xo,to) € Iiy..i,. Recall that {ij,... i} is the set of indexes for which we have
0 < ug;(wo,to) (notice that ¢ € {iy,...,ix}). Denoting o = min{u;;(wo,t0) : j =1,...,k},

the set O = ﬂ?zl{uij > «/2} is measurable and contains (xg,%p). Given any measurable

set w C O, choose, in (36), as test function v = (vy,...,vyN) defined by

Vi; = Uy + X, Vi

:uijzpéxw foraﬁxedje{Q,...,k}, Ul:ulVl#il,ij,

observing that
N N N
EUJ' = ZUJ' :|:5Xw :F5Xw = Zuj <1
j=1 j=1 j=1

and

v; >0, j=1,...,N, as long as 0 < § < «/2.

Returning to the inequality (36) and setting S; = Pu; — f;(u), we get

ié/ Silqu:(s/ i, X, > 0,
Q Q

Since w D {(zo,t0)} was taken arbitrarily in O and (zo, %) is a generic point of ;. _;,,

we conclude that

Siy = Sij, a.e. in I i, for any 7 € {2,...,k}. (74)
N
Recalling that ZPUj = Pu;, ;, =0, in the set I;, ;, we get, using (74), that
j=1

ksh = Si1+' +Slk = (Puil_fi1)+'”+(Puik_fik) = Puy +- ”_‘_PUN_(fil +-- '+fik)’
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where, for simplicity, we set f; = f;j(u), and so
1
But in I;, ;, we have S; <0 (recall that u; = w; and (68)) and so
_ 1 1
(Pui — fi(u))” = —(Pu; — fi(u)) = =S; = E(f“ ot fiy) = %(fil +ot fi) "
U

Corollary 4.3. Let u be the solution of the variational inequality (25) (or (36)) under the
conditions of Theorem 3.1.

Then, denoting by |A| the (n + 1)-Lebesque measure of A C @, we have

k k
‘{ S Sy <0y n {> =1, >0, = 1,...,k}‘ ~0 (75)
j=1 j=1
for each partial coincidence subset I;, ;. , as well as

[{fi(w) >0} N {u; =0} =0, i=1,...,N. (76)
Proof. Being I;, ;, defined in (71), using the equation (70), we obtain, for each i; with
Jj=1,...,k, denoting f;, = f; (u),
1 + :
Pu;, = fi, — %(fil 4+t fi) a.ein I ;.

Summing these k equations, we have

k
0= ZPuij =fo+-Ffi.— (fut+-+ fz‘,c)Jr =(fi,+-+fir) a.ein I, .
j=1

k
So, in I, i, = { Z§:1 ui; =1, u;; >0, j=1,...,k} we have Zfif >0 a.e. and (75)
j=1
follows.

The proof of (76) is similar (recall (68)).
H

As a consequence of this corollary the semilinear system (70) can, in fact, be written in
the equivalent form for ¢ =1,..., N,

Pu; = fi(u) — fi(u)Xgy,=0y
— Y LU @)X, e @, (77)

1< i<, . < i< N
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k
since {u; = 0} C {fi(u) <0} and I;, 4, C {Zf% (u) > O} up to a neglectable subset of

j=1
Q.
This remark combined with the continuous dependence of the variational solutions ob-
tained in Theorem 3.4 yields an interesting criteria of local stability of the characteristic

functions of the coincidence sets in the Lebesgue measure. Denote

v _ . . . . .
X7,1Zk - X{ugluxék:l’ ’uiuj>0 Vi=1,....k}> 1< 1 << < NJ 1€ {7’17 s 7’“6}'

Theorem 4.4. Let the assumptions and notations of Theorem 3.4 hold. Suppose that in

some subset of positive measure w C @Q the following assumption on the limit problem holds
k
> fij(w) #0 a.e. i w, 1<ij<---<ixg<N, k=1,...,N. (78)
j=1

Then the associated characteristic functions are such that

X{u?:O} _— X{’U,i:(]} m Lp((x.)), Vi= 1, ey N, (79)

14

i1..0g T) Xz m Lp((,U), v’il, ey ik, (80)

Loig

forallp, 1 < p < .

Proof. We observe that each u” solves the system

14 14 1
Pu; = f/ - f; X{u5:0} - Z —(

2 [+ 1) X

11...0%

a.e. in @  (81)

1< i<, . < i < N

where, for simplicity, we set f/ = f/(u”). By the convergence u” —— wu, we have

v
Pu” ——— Pu in the distributional sense. Since 0 < X}/ , <1, there exists X, , with
v
0 <X, ,; <1linQ,such that
'lyl'Lk; - Xfl.__ik in  L*(Q) weak- * .

v
Analogously, for some X7, with 0 < X75 <1 in @, we have
X{ur=0) — Xio in  L*(Q) weak- * .
We are going to prove that, in fact,
X;.’"O = X{ui:O} and X* =X;.4, ae inw,

1.5
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which concludes the proof, since the weak convergence to characteristic functions in LP(w)

is in fact strong, as it is well known.

Passing to the limit in (81), we obtain
Pui=fi—fiXjo— Y, plfat o +f)X..  aeinQ

1< i1<. . . < ix< N

where, for simplicity, we have also set f;. = fi.(u).
But each u; also solves the equation (77), so, by subtraction, we obtain a.e. in @,

-X; ) =0 (82)

i1...0k

S U ) (Y

1< i< . < i< N

—fi X w0y — Xio) —

Noticing that X{ugzo}uél = 0, passing to the limit, we get X;Oui = 0, which means that
0 whenever u; > 0. To conclude that X7, = X(,,_g) we only need to prove that

Xf,o =
Xt =1if u; = 0.
Recall that the sets {u; =0} and I;, 4, 1 < i1 < ... < i < N, i € {ig,..., i},

k=1,...,N, are mutually disjoint. Hence in {u; = 0} we obtain

SFU-X) Y U )X, =0

1< i< . < i< N
ie {i,. .., i}

and since the left hand side is nonnegative, by the assumption (78) we conclude that

Xio= and X i, =0 in {u; =0} Nw.

Since X7 ; (1 —wuf ;) = 0 ae in @, taking the limit in v, we also obtain
XZ...ik(l — ujy.i,) = 0 aein @, ie. Xfl---ik = 0 if w;, 4, < 1. It remains to evaluate
XG4, when w;y ;= 1 and u; > 0, for all j = 1,...,k or when u;; = 0, for some
j=1,....k

In this later case, where u;; = 0, for some j = 1,...,k, we have X;, ; = 0 and, since
we already know that Xy, —oy = Xj ¢, from (82) for the index i;, we get

] )

1 .

1< i1<. . < ix< N

Then, by the assumption (78) we have X;, ; =01in (Q\ L;..;,) Nw
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Finally, in I;, ,, Nw, again from (82), we obtain

%(fll +eet flk)(l - XZ%) =0

and the assumption (78) yields that X7, , =1, completing the proof. O
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