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In [2], the authors make the seemingly paradoxical observation that “. . . an equation
is only interesting or useful to the extent that the two sides are different!”. Indeed, a
moment’s thought convinces us that an equation like eiω = cos(ω) + i sin(ω) is far more
interesting than the rather dull statement that 3 = 3, and a comparable remark applies
if we go up in dimension: equivalent categories are thought to be essentially equal, but
an equivalence is of more interest if the involved categories look different. Numerous
examples of equivalences of “different” categories relate a category X and the dual of
a category A; such an equivalence is called a dual equivalence or simply a duality. As
examples we mention here the classical Stone-dualities (see [14, 15]) for Boolean algebras
respectively distributive lattices, Esakia’s duality theorem for Heyting algebras (see [4]),
and the duality for Boolean algebras with operator of [9, 10, 11].

In these lectures we give a broad overview of several techniques and results concerning
the study and construction of dual equivalences. We start by succinctly recalling the main
ingredients from category theory, and then discuss the structure of dual equivalences and,
more generally, of dual adjunctions between concrete categories. Here we will see that,
under mild conditions, every such adjunction is induced by a so-called dualising object.
Starting from the other end, we give sufficient conditions on a dualising object to yield
a dual adjunction and illustrate this procedure with various examples. Dual equivalences
constructed this way are often called natural dualities, for more information we refer to
[8, 13, 3].

Other techniques leading to dual equivalences can be characterised by the slogan “move
from models to syntax”. For instance, the theory of monads is one of the main category
theoretic formulations of universal algebra, and the dual equivalence between monads
(syntax) and monadic categories (semantics) is at the heart of the proofs of the classical
Gelfand and Pontryagin dualities presented in [12]. We present here a similar argumen-
tation which was employed in [7] to derive in a uniform way several duality theorems
involving categories of relations and categories of algebras with “hemimorphisms”, gener-
alising this way the approach of [6] to duality theory for Boolean algebras with operators.

Not surprisingly, it is often easier to construct a dual equivalence only between finite
objects. In order to extend this equivalence to all objects, another duality between syntax
and semantics comes handy, namely the Gabriel-Ulmer duality for locally presentable
categories on one side and limit sketches on the other (see [5, 1]). If time permits, we
sketch this approach and show in particular how it leads to a “two for the prize of one”
principle: obtain a new duality from a given one simply by structure interchange.
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