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b Departamento de Matemática, CMAT, Universidade do Minho
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1. Boundedness of solutions
ẏ(t) = f (t, yt)

2. Exponential stability
ẋi (t) = −ρi (xi (t))(bi (xi (t)) + fi (xt)), i = 1, . . . , n

3. Neural Network Models

ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij(xj ,t)

 , i = 1, . . . , n
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Notation

I n ∈ N, x , y ∈ Rn, d = (d1, . . . , dn) > 0, i.e. di > 0,

< x , y >d=
n∑

i=1

dixiyi , |x |2,d =

(
n∑

i=1

dix
2
i

)1/2

,

|x |∞,d = max
1≤i≤n

di |xi |;

I τ ∈ R+, Cn := C ([−τ, 0]; Rn)

‖ϕ‖2,d = sup
θ∈[−τ,0]

|ϕ(θ)|2,d , ‖ϕ‖∞,d = sup
θ∈[−τ,0]

|ϕ(θ)|∞,d ;

I A = [aij ] ∈ Rn×n is a non-singular M-matrix if aij ≤ 0, i 6= j
and Re σ(A) > 0.
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1. Boundedness of solutions

I FDE in Cn

ẏ(t) = f (t, yt), t ≥ t0, (1)

t0 ∈ R,
f = (f1, . . . , fn) : [t0,+∞)× Cn → Rn continuous,
yt ∈ Cn, yt(θ) = y(t + θ), θ ∈ [−τ, 0].

I y(t) = y(t, t0, ϕ) denote the solution of (1) such that
yt0 = ϕ ∈ Cn.
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I Proposition 1
Assume that, for some d = (d1, . . . , dn) > 0, f = (f1, . . . , fn)
satisfies
(H)∞ ∀t ≥ t0,∀ϕ ∈ Cn,∀i ∈ {1, . . . , n},

‖ϕ‖∞,d = |ϕ(0)|∞,d = di |ϕi (0)| > 0⇒ ϕi (0)fi (t, ϕ) < 0;

Then, the solution y(t) = y(t, t0, ϕ) of (1) is defined and
bounded on [t0,+∞), and

|y(t)|∞,d ≤ ‖ϕ‖∞,d , for t ≥ t0.
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Proof (idea)
I y(t) solution on [t0 − τ, a), a > t0, and ‖yt0‖∞,d ≤ K ;

I Suppose that |y(t1)|∞,d > K > 0 for some t1 > t0;
I Define

T = min

{
t ∈ [t0, t1] : |y(t)|∞,d = max

s∈[t0,t1]
|y(s)|∞,d

}
.

I We have
|yT (θ)|∞,d = |y(T + θ)|∞,d ≤ |y(T )|∞,d ,−τ ≤ θ ≤ 0.
Choosing i ∈ {1, . . . , n} such that ‖yT‖∞,d = di |yi (T )|,

(H)∞ ⇒ yi (T )fi (T , yT ) < 0.

If yi (T ) > 0 (analogous if yi (T ) < 0), then ẏi (T ) < 0.
I diyi (t) ≤ |y(t)|∞,d < |y(T )|∞,d = diyi (T ), t ∈ [t0 − τ,T ),

⇒ ẏi (T ) ≥ 0.

I |y(t, t0, ϕ)|∞,d ≤ ‖ϕ‖∞,d , ∀t ≥ t0.
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ẏ(t) = f (t, yt )

Proof (idea)
I y(t) solution on [t0 − τ, a), a > t0, and ‖yt0‖∞,d ≤ K ;
I Suppose that |y(t1)|∞,d > K > 0 for some t1 > t0;
I Define

T = min

{
t ∈ [t0, t1] : |y(t)|∞,d = max

s∈[t0,t1]
|y(s)|∞,d

}
.

I We have
|yT (θ)|∞,d = |y(T + θ)|∞,d ≤ |y(T )|∞,d ,−τ ≤ θ ≤ 0.
Choosing i ∈ {1, . . . , n} such that ‖yT‖∞,d = di |yi (T )|,

(H)∞ ⇒ yi (T )fi (T , yT ) < 0.

If yi (T ) > 0 (analogous if yi (T ) < 0), then ẏi (T ) < 0.
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I Proposition 2
Assume that, for some d = (d1, . . . , dn) > 0, f satisfies
(H)2 ∀t ≥ t0,∀ϕ ∈ Cn,

‖ϕ‖2,d = |ϕ(0)|2,d > 0⇒< ϕ(0), f (t, ϕ) >d< 0.

Then, the solution y(t) = y(t, t0, ϕ) of ẏ(t) = f (t, yt) is
defined and bounded on [t0,+∞), and

|y(t)|2,d ≤ ‖ϕ‖2,d , for t ≥ t0.

I Proof: Similar to the proof of Proposition 1.
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defined and bounded on [t0,+∞), and

|y(t)|2,d ≤ ‖ϕ‖2,d , for t ≥ t0.

I Proof: Similar to the proof of Proposition 1.
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2. Exponential stability

I In applications,

ẋi (t) = −ρi (xi (t))[bi (xi (t)) + fi (xt)], t ≥ 0, i = 1, . . . , n, (2)

where ρi : R→ (0,+∞), bi : R→ R and
f = (f1, . . . , fn) : [0,+∞)× Cn → Rn are continuous.

Hypothesis:

I (A1) ∃βi > 0,∀u, v ∈ R, u 6= v :

(bi (u)− bi (v))/(u − v) ≥ βi .

[In particular, for bi (u) = βiu.]
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I Definition
An equilibrium x∗ ∈ R of (2) is said to be globally
exponentially stable if there are ε,M > 0 such that

|y(t, 0, ϕ)− x∗| ≤ Me−εt‖ϕ− x∗‖, t ≥ 0, ϕ ∈ Cn.

I Theorem 1
Suppose that 0 < r ≤ ρi (x), ∀x ∈ R, i = 1, . . . , n
and assume (A1) and
(A2)∞ ∃d = (d1, . . . , dn) > 0, ∀ϕ,ψ ∈ Cn:

|fi (ϕ)− fi (ψ)| ≤ li‖ϕ− ψ‖∞,d ,

with βi > di li , i = 1, . . . , n.
Then there is a unique equilibrium x∗ of (2) which is globally
exponentially stable.
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Proof (idea)

I Existence of equilibrium
Consider

H : Rn → Rn

x 7→ (b1(x1) + f1(x), . . . , bn(xn) + fn(x))

H is injective and |H(x)|∞,d → +∞ as |x |∞,d → +∞
implying that H is a homeomorfism [1], then there exists
x∗ ∈ Rn, H(x∗) = 0, i.e. x∗ is an equilibrium of (2).

I By translation we may suppose x∗ = 0, bi (0) + fi (t, 0) = 0.

[1] M. Forti and A. Tesi, New conditions for global stability of neural networks with applications to linear and

quadratic programming problems, IEEE Trans. Circuits Syst. I 42 (1995) 354-366.
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I Exponential stability
Consider x(t) = x(t, 0, ϕ) a solution of (2).

I The change of variables

z(t) = eεtx(t),

for ε > 0 small enough, transform (2) into

ż(t) = g(t, zt), (3)

g = (g1, . . . , gn) with

gi (t, ϕ) =

εϕi (0)− ρi (t, e
−ε(t+·)ϕ)eεt

[
bi (e

−εtϕi (0)) + fi (t, e
−ε(t+·)ϕ)

]
I (A1)+(A2)∞⇒(H)∞
I From Proposition 1 |z(t)|∞,d ≤ ‖z0‖∞,d , t ≥ 0, and

|x(t, 0, ϕ)|∞,d = |e−εtz(t, 0, eε·ϕ)|∞,d ≤ e−εt‖ϕ‖∞,d
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ż(t) = g(t, zt), (3)

g = (g1, . . . , gn) with

gi (t, ϕ) =

εϕi (0)− ρi (t, e
−ε(t+·)ϕ)eεt

[
bi (e

−εtϕi (0)) + fi (t, e
−ε(t+·)ϕ)

]

I (A1)+(A2)∞⇒(H)∞
I From Proposition 1 |z(t)|∞,d ≤ ‖z0‖∞,d , t ≥ 0, and

|x(t, 0, ϕ)|∞,d = |e−εtz(t, 0, eε·ϕ)|∞,d ≤ e−εt‖ϕ‖∞,d
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ż(t) = g(t, zt), (3)

g = (g1, . . . , gn) with

gi (t, ϕ) =

εϕi (0)− ρi (t, e
−ε(t+·)ϕ)eεt

[
bi (e

−εtϕi (0)) + fi (t, e
−ε(t+·)ϕ)

]
I (A1)+(A2)∞⇒(H)∞
I From Proposition 1 |z(t)|∞,d ≤ ‖z0‖∞,d , t ≥ 0, and

|x(t, 0, ϕ)|∞,d = |e−εtz(t, 0, eε·ϕ)|∞,d ≤ e−εt‖ϕ‖∞,d
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1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
ẋi (t) = −ρi (xi (t))(bi (xi (t)) + fi (xt )), i = 1, . . . , n

I Theorem 2
Suppose that 0 < r ≤ ρi (x) ≤ R, ∀x ∈ R, i = 1, . . . , n
and assume (A1) and
(A2)2 ∃d = (d1, . . . , dn) > 0, ∀ϕ,ψ ∈ Cn:

|f (ϕ)− f (ψ)|2,d ≤ l‖ϕ− ψ‖2,d ,

with βi > l
√

R/r , i = 1, . . . , n.
Then there a unique equilibrium x∗ of (2) which is globally
exponentially stable.

I Proof: Similar to the proof of Theorem 1.

I Remark
Assuming the existence of an equilibrium point, similar results
can be obtained for the non-autonomous case

ẋi (t) = −ρi (t, xt)[bi (xi (t)) + fi (t, xt)], t ≥ 0, i = 1, . . . , n.
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1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

3. Neural Network Models

Cohen-Grossberg neural network with distributed delays

ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij(xj ,t)

 , (4)

I ρi : R→ (0,+∞) are continuous and ρi (x) ≥ r > 0;

I fij : C1 → R are Lipschitzian with

|fij(ϕ)− fij(ψ)| ≤ lij‖ϕ− ψ‖∞, ϕ, ψ ∈ C1 = C ([−τ, 0]; R);

I bi : R→ R are continuous satisfying (A1);

I N := diag(β1, . . . , βn)− [lij ].
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1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

I Proposition 3
If N is a non-singular M-matrix, then there is a unique
equilibrium of (4), which is globally exponentially stable.

I Proof (idea)
For fi (ϕ) :=

∑n
j=1 fij(ϕj), ϕ = (ϕ1, . . . , ϕn) ∈ Cn, (4) has the

form of (2).
I N non-singular M-matrix ⇒

Exists c = (c1, . . . , cn) > 0 such that Nc > 0,

βi > c−1
i

n∑
j=1

lijcj , i = 1, . . . , n; (5)

I |fi (ϕ)−fi (ψ)| ≤
n∑

j=1

|fij(ϕi )−fij(ψi )| ≤

 n∑
j=1

lijcj

 ‖ϕ−ψ‖∞,d
and fi satisfies (A2)∞ with d = (c−1

1 , . . . , c−1
n );

I The result follows from Theorem 1.
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Teresa Faria and José J. Oliveira Boundedness and Global Exponential Stability for DDE’s



1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
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1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

I Denote f = (f1, . . . , fn) : Cn → Rn

fi (ϕ) =
n∑

j=1

fij(ϕj), ϕ = (ϕ1, . . . , ϕn) ∈ Cn.

I Proposition 4
Assume (A1) and suppose

0 < r ≤ ρi (x) ≤ R ∀x ∈ R, i = 1, . . . , n,

|f (ϕ)− f (ψ)|2,d ≤ l‖ϕ− ψ‖2,d ∀ϕ,ψ ∈ Cn,

with βi > l
√

R/r , ∀i .
Then there is an equilibrium of (4), which is globally
exponentially stable.

I Proof: Similar to the proof of Proposition 3.
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1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

I Example 1: Consider the 2-neuron network

ẋ1(t) = −b1x1(t) + a11f1(x1(t − τ)) + a12f2(x2(t − τ))

(6)

ẋ2(t) = −b2x2(t) + a21f1(x1(t − τ)) + a22f2(x2(t − τ))

where, for i = 1, 2, τ, bi > 0, aij ∈ R, aii 6= 0, and
fi : R→ R such that |fi (u)− fi (v)| ≤ |u − v |, u, v ∈ R.

I If N = diag(b1, b2)− [|aij |] is a non-singular M-matrix, i.e

b1 > a11 and (b1 − a11)(b2 − a22) > |a12a21|, (7)

then, from Proposition 3, (6) has an equilibrium x∗, which is
globally exponentially stable.
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1. Boundedness of solutions
2. Exponential stability

3. Neural Network Models
ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

I For the situation a12a21 < 0, define

f (ϕ) = A

(
f1(ϕ1(−τ))
f2(ϕ2(−τ))

)
, for A = [aij ], ϕ = (ϕ1, ϕ2) ∈ C2.

I Choosing d = (d1, d2) > 0 such that d1a11a12 + d2a21a22 = 0,

|f (ϕ)− f (ψ)|2,d ≤
(

max{a11

a22
,
a22

a11
} det A

)1/2

‖ϕ− ψ‖2,d

I From Proposition 4, if(
max{a11

a22
,
a22

a11
} det A

)1/2

< min{b1, b2} (8)

then (6) has an equilibrium, x∗, globally exponentially stable.

I (7) ; (8) and (8) ; (7)
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3. Neural Network Models
ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

Example 2: The Cohen-Grossberg model with time-varing delays

ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

P∑
p=1

hijp(xj(t − τijp(t)))

 (9)

has an equilibrium point globally exponentially stable if
I τijp : [0,+∞)→ [0,+∞) are continuous with τijp(t) ≤ τ ;

I ρi : R→ (0,+∞) are continuous with ρi (x) ≥ r > 0;
I bi : R→ R are continuous satisfying (A1), i.e.,
∃βi > 0,∀u, v ∈ R, u 6= v :

(bi (u)− bi (v))/(u − v) ≥ βi ;

I hijp are Lipschitz functions with constant lijp;
I N is a non-singular M-matrix, where

N = diag(β1, . . . , βn)− [lij ], with lij :=
P∑

p=1

lijp.
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ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
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P∑
p=1

hijp(xj(t − τijp(t)))

 (9)

has an equilibrium point globally exponentially stable if
I τijp : [0,+∞)→ [0,+∞) are continuous with τijp(t) ≤ τ ;
I ρi : R→ (0,+∞) are continuous with ρi (x) ≥ r > 0;

I bi : R→ R are continuous satisfying (A1), i.e.,
∃βi > 0,∀u, v ∈ R, u 6= v :

(bi (u)− bi (v))/(u − v) ≥ βi ;

I hijp are Lipschitz functions with constant lijp;
I N is a non-singular M-matrix, where

N = diag(β1, . . . , βn)− [lij ], with lij :=
P∑

p=1

lijp.
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In H. Jiang et al.[2], the same result was proved assuming:
I τijp : [0,+∞)→ [0,+∞) are continuous with τijp(t) ≤ τ ;
I ρi (x) are locally Lipschitzian and 0 < r ≤ ρi (x)≤ R <∞;
I bi ∈ C 1(R,R) with b′i (x) ≥ βi > 0;
I hijp(x) = cijpgijp(x), with cijp ∈ R and

gijp Lipschitz functions with constant µijp;
I ∃αijp, γijp ∈ R, ωi > 0, r > 1, σ > 0 such that, ∀i

rωikiβi − (r − 1)
n∑

j=1

P∑
p=1

ωjkiµ
r−γijp
r−1

ijp |cijp|
r−αijp

r−1

−
n∑

j=1

P∑
p=1

ωjkiµ
γijp

ijp |cijp|αijp > σ. (10)

[2] H. Jiang, J. Cao and Z. Teng, Dynamics of Cohen-Grossberg neural networks with time-varing delays, Phys.

Lett. A 354 (2006) 414-422.
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I Example 3:

ẋ1(t) = −(8 + 2 sin x1(t))[7x1(t)− tanh x1(t)− 2 tanh x2(t)

− tanh(x1(t − 1
3 sin t − 1))− tanh(x2(t − 1

4e− sin t − 1)) + 2]

ẋ2(t) = −(5 + 2 cos x2(t))[10x2(t)− 2 tanh x1(t)− tanh x2(t)

− tanh(x1(t − 1
4e− sin t − 1))− 2 tanh(x2(t − 1

3 sin t − 1)) + 3]

I N = diag(7, 10)−
(

2 3
3 3

)
is a non-singular M-matrix.

I If (10) holds, then there are ω1, ω2 > 0 such that{
22ω1 − 30ω2 > 0
−21ω1 + 9ω2 > 0

,

which is impossible.
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ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

I Example 3:
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ẋi (t) = −ρi (xi (t))

bi (xi (t)) +
n∑

j=1

fij (xj,t )

 , i = 1, . . . , n

I Example 3:
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Thanks you

Obrigado
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