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Neural Network Models

*Pioneer Models:
> Cohen-Grossberg (1983)

x(t) = — (x,(t)( Zau (x;(t ) i=1,....,n (1)
» Hopfield (1984)
xXi(t) = =bi(xi(t)) + > azhi(x(t)), i=1,...,n. (2)
j=1

where, n € N is the number of neurons;
d; amplification functions; b; controller functions;

h; activation functions; A = [ajj] connection matrix.
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*Some Hopfield neural network models in the literature:

> Xiao & Zhang (2007) and Yuan et al.(2008 and 2009)
X (t) = —=Bi(t)xi(t) + Z; ain (t)hi(xi(t)) + ; aip(t)hi(xi(t — (1)) + (t), (3)
> Zhou et al. (2008)
xi (t) = —Bi(t)gi(xi(t)) + JZ_; ain (t)hi(x(t)) + ; aip(t)hi(xi(t — (1)) + (), (4)

In both cases: t >0and i=1,...,n, with n € N,
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» Zhao (2004)

x;(t) = —=Bi(t)xi(t) +Zau )hi(>(t))

Jj=1

+i ci(t)f; (aj /70 Gij(—s)x;(t + s)ds) + i(t), (5)

» Zhu & Feng (2014)

X (t) = —bi(xi(t)) +Z‘3ul hir(x() + > ai(t)hia(xi(t — 7(t)))

Jj=1

n 0
3 a(e) / Gi(—5)gi((t + 5))ds + (), (6)

j=1

where Gj; : [0,00) — [0, 00) are piecewise continuous and
integrable such that

/ Gj(u)du =1 and / u)du < 400
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*Generalized Hopfield neural network model

x/(t) = =bi(t,xi(t) + > (ao'p(t)hfjp(&(t — 7ip(t)))

j=1 p=1

vt ([ Ooo s+ N)dp(s) ) ) +1(2), £ 0. (1)

where n,P € Nand, fori,j=1,...,n,p=1,...,P,

b; : [0,00) x R — R, jjp; Cijp; li - [0,00) — R,

hijp, fijp, &ijp : R = R, and 7jj, : [0, 00) — [0, 00) are continuous,

Njjp : (—00,0] = R are non-decreasing bounded and normalized
1ijp(0) — 7jp(—00) = 1.

*Initial Condition

Xtg = ¥, t0207()0€BC (8)

where
BC :={p € C((—00,0];R") : ¢ is bounded}, |

ol = sup |¢(s)]-
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» Consider a FDE with unbounded delay
X'(t) = f(t,xt), t >0

where x; : (—o0,0] — R" is defined by x¢(s) = x(t + s) for
s <0.
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» Consider a FDE with unbounded delay
X'(t) = f(t,xt), t >0

where x; : (—o0,0] — R" is defined by x¢(s) = x(t + s) for
s <0.
» The admissible phase space [ Hale and Kato (1978)]

UG, = {gf) € C((—o0,0];R") : sup [#(s)] < 00, 9(s) unif. cont.} ,

s<0 &(5) g(s)
o) .

ol = sup 2 with [x] = ... x0)] = max [
where:
(g1) g : (—00,0] — [1, 00) non-increasing, continuous,

g(0)=1;
(g2) lim % = 1 uniformly on (—o0, 0];

u—0—

(g3) g(s) = o0 as s — —o0.
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From T.Faria & J.J.Oliveira (2011), we have the following:
Lemma: If, for some o > 0,

0
/ dnlJP(s) < a7 Vi7j7p7
—0oQ

then there is a sequence 0 < r,, * oo such that the function
g : (—00,0] — [1,00) defined by
(i) &(s) = 1 on [~1,0];
(i) g(=rm)=m, meN,
(iii) g is continuous and piecewise linear (linear on intervals
[7rm+1a 7rm])'

satisfies (g1), (g2), (g3). and

0
/ g(s)dnp(s) < o

—0o0
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» From T.Faria & J.J.Oliveira (2011), we have the following:
Lemma: If, for some o > 0,

0
/ dnlJP(s) < a7 Vi7j7p7

—0oQ
then there is a sequence 0 < r,, * oo such that the function
g : (—00,0] — [1,00) defined by
(i) &(s) = 1 on [~1,0];
(i) g(=rm)=m, meN,
(iii) g is continuous and piecewise linear (linear on intervals
[=rmi1, —m]),

satisfies (g1), (g2), (g3). and

0
/ g(s)dnp(s) < o

» We consider IVP (7)-(8) in the phase space UCj.
Note that BC C UG,.
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For (7) we assume the following hypotheses:
Foreachi,j=1,....,n,p=1,...,P
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For (7) we assume the following hypotheses:
Foreachi,j=1,....,n,p=1,...,P

» (A1) 3 5;:[0,00) = (0,00), Vu,v e R u # v:
(bi(t,u) — bi(t,v))/(u—v) > Bi(t), Vt>0;

[In particular, for b;i(t, u) = Bi(t)u.]
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For (7) we assume the following hypotheses:
Foreachi,j=1,....,n,p=1,...,P

» (A1) 3 5;:[0,00) = (0,00), Vu,v e R u # v:
(bi(t,u) — bi(t,v))/(u—v) > Bi(t), Vt>0;

[In particular, for b;i(t, u) = Bi(t)u.]
> (A2) hjjp, fijp, gijp : R — R are Lipschitz functions with
Lipschitz constants ;jp, 1jjp, and ojjp, respectively;
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For (7) we assume the following hypotheses:
Foreachi,j=1,....,n,p=1,...,P

» (A1) 3 5;:[0,00) = (0,00), Vu,v e R u # v:
(bi(t,u) — bi(t,v))/(u—v) > Bi(t), Vt>0;

[In particular, for b;i(t, u) = Bi(t)u.]
> (A2) hjjp, fijp, gijp : R — R are Lipschitz functions with
Lipschitz constants ;jp, 1jjp, and ojjp, respectively;

> (A3) lim (& —7(t)) = oo;
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For (7) we assume the following hypotheses:
Foreachi,j=1,....,n,p=1,...,P

» (A1) 3 5;:[0,00) = (0,00), Vu,v e R u # v:
(bi(t,u) — bi(t,v))/(u—v) > Bi(t), Vt>0;

[In particular, for b;i(t, u) = Bi(t)u.]
> (A2) hjjp, fijp, gijp : R — R are Lipschitz functions with
Lipschitz constants ;jp, 1jjp, and ojjp, respectively;

> (A3) lim (& 7jp(t)) = oo;
> (A4) Thereis (di,...,dp) > 0 such that
n P d:
limsup | —Bi(t) + > j(wplaijp(f)l + wipiplcip(t)]) | <O.

t—+o00 j=1 p=1 i
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» The scalar ODE'’s

K (t) = —x(t) + (t2_:—f)2x2(t), £>0, (9)
and
X'(t) = —x(t)+0x*(t), t>0. (10)
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» The scalar ODE'’s

Xﬁ):_“”+uiT%%“% £>0, (9)
and
X'(t) = —x(t)+0x*(t), t>0. (10)

» We say that the equation (10) is an asymptotic equation of
(9) because

Hmﬂﬂ(l”Odem((H¢20>:Q

t—00 t—oo \ (t+ 1)
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» The scalar ODE'’s

K (t) = —x(t) + (t2_:—f)2x2(t), £>0, (9)
and
X'(t) = —x(t)+0x*(t), t>0. (10)

» We say that the equation (10) is an asymptotic equation of
(9) because

: . 2+t
» Note: The dynamic behavior of systems (9), (10) are totally
different because:
» ODE (9) has an unbounded solution, x(t) =t + 1;
» the zero solution of (10) is globally exponentially stable.
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The system
(1) = —Bi(t. (1)) + Zz<aup i 5t — F3(D))) +

(o)t [ Ooo st + D)) ) + 0. (1)

is an asymptotic system of (7) if
bi(t, u), djip(t), Ejp(t), Tijp(t), and [;(t) are continuous such that
b; satisfies (A1) for some non-negative function j3; and

Tim (Bi(t) = Bi(8)) = lim (bi(t, u(t) — Bi(t, u(1))) = lim (ai(t) — 335(2)
Jim (cip(t) = &ip(£)) = lim (7i(2) — F3p(1))

Tim (() — h(£) =0,

for every bounded continuous function v : R — R.

José J. Oliveira Asymptotic Stability of Hopfield Neural Network Models



Model
Phase space

Hypotheses
Asymptotic system

> ldea:

To understand the behavior of the Hopfield neural model (7)
by studying one of its asymptotic systems (11).
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» Lemma: Assume (Al) and (A2).
Then, each solution x(t) = x(t, ty, ¢) of (7) is defined on R.
(where tg > 0 and ¢ € BC)

Proof: (omitted)

» Generalized Gronwall's inequality
» Continuation Theorem (Hale & Kate 1978)
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» Lemma: Assume (Al) and (A2).
Then, each solution x(t) = x(t, ty, ¢) of (7) is defined on R.
(where tg > 0 and ¢ € BC)

Proof: (omitted)

» Generalized Gronwall's inequality
» Continuation Theorem (Hale & Kate 1978)

» The solutions of (11) with bounded initial conditions are also
defined on R.

José J. Oliveira Asymptotic Stability of Hopfield Neural Network Models



Bounded coefficient functions
Examples
Global convergence of asymptotic systems Unbounded coefficient functions

Global convergence of asymptotic Hopfield systems

» Bounded coefficient functions
(important to do applications, today)

» Unbounded coefficient functions

José J. Oliveira Asymptotic Stability of Hopfield Neural Network Models



Bounded coefficient functions
Examples
Global convergence of asymptotic systems Unbounded coefficient functions

Global convergence of asymptotic Hopfield systems

» Remark: Hypothesis set (Al)-(A4) does not imply the
boundedness of solutions of (7).
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Global convergence of asymptotic Hopfield systems

» Remark: Hypothesis set (Al)-(A4) does not imply the
boundedness of solutions of (7).

» Example: The model

t t
sinx(t—1)4+ ~————+t"+ - +1

X (8) = —tx(t) + 2tsint 2

vt
44 2sint
has an unbounded solution x(t) = t + 1 and the hypotheses
(A1)-(A4) hold.
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Global convergence of asymptotic Hopfield systems

» Remark: Hypothesis set (Al)-(A4) does not imply the
boundedness of solutions of (7).

» Example: The model

t t
sinx(t—1)4+ ~————+t"+ - +1

X (8) = —tx(t) + 2tsint 2

vt
44 2sint
has an unbounded solution x(t) = t + 1 and the hypotheses
(A1)-(A4) hold.

» We note that the coefficient functions are unbounded.
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> (B) The coefficient functions b;(-,0), ajjp, Cjjp, i : [0,00) = R
are bounded.
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> (B) The coefficient functions b;(-,0), ajjp, Cjjp, i : [0,00) = R
are bounded.

» Theorem: Assume (Al), (A2), (A4), and (B).
Then all solutions of (7) with initial bounded condition are
bounded.
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> (B) The coefficient functions b;(-,0), ajjp, Cjjp, i : [0,00) = R
are bounded.

» Theorem: Assume (Al), (A2), (A4), and (B).
Then all solutions of (7) with initial bounded condition are

bounded.
» Proof(idea): By (B), there is M > 0 such that

M > |bi(t, 0)| + [ H(e)[+ > (Iafjp(t)l hip(0)] + [€ip ()] Iﬁyp(gvp(o))\)

j=1 p=1
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v

(B) The coefficient functions b;(-, 0), ajjp, Cjjp, /i : [0,00) = R
are bounded.

» Theorem: Assume (Al), (A2), (A4), and (B).
Then all solutions of (7) with initial bounded condition are

bounded.
» Proof(idea): By (B), there is M > 0 such that

M = [bi(t, 0)] +[/i(t \+ZZ (Iaup () [hip(0)] + [ ciip (2)] Iﬁyp(gvp(o))\)

Jj=1 p=1
» By contradiction, assume that
x(t, to, ) = x(t) = (x1(t),...,xn(t)) is unbounded and
define z(t) = (dl_l\xl(t)], oo d Y xa(B)).
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(B) The coefficient functions b;(-, 0), ajjp, Cjjp, /i : [0,00) = R
are bounded.

Theorem: Assume (Al), (A2), (A4), and (B).
Then all solutions of (7) with initial bounded condition are

bounded.
Proof(idea): By (B), there is M > 0 such that

M = [bi(t, 0)] +[/i(t \+ZZ (Iaup () [hip(0)] + [ ciip (2)] Iﬁyp(gvp(o))\)

Jj=1 p=1
By contradiction, assume that
x(t, to, ) = x(t) = (x1(t),...,xn(t)) is unbounded and
define z(t) = (dl_l\xl(t)], oo d Y xa(B)).
Thus, for some i, there is a positive sequence (tx)ken such
that some tx " o0, 0 < z(tx) 7 o0,

zi(tk) = ||ze,|| = lz¢ll, and  Z(tx) >0, VkeN, Vt< t.

José J. Oliveira Asymptotic Stability of Hopfield Neural Network Models



Bounded coefficient functions
Examples

Global convergence of asymptotic systems Unbounded coefficient functions

For each kK € N, we have
Z/(t) = sign(xi(te))d;x! (ti)

= —d sign(xi(tk)) (bi(tk,xi(tk)) — bi(t, 0))

+sign(s(50)d; (<160 + 1) )

n

P
+signs(00)d; 3 5 Lot (st — 3 (50) 15 (0)

Jj=1 p=1

veanto) (1 ([ Ooo s+ $))dins)) ~ i) |

+oignu(00)d; 325 (@3t)110(0) + i) islain(0) ).

j=1 p=1
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» From (A1) and (A2) we obtain

26) < —Ait)z(t) +ZZ (aup(m ip (8 — Tip(14)
j=1 p=1 di
+|c,-jp<rk)w,-jpmjp|\zj,tkH) +dM
< Bwa) DY % (1ot + )i ) + 07
j=1 p=1
<

n P
d; _
( Bi(tx) +ZZ dJ (laUP t) i + |Cup(tk)|ﬂupaup)> [Ize, I +d; ‘M

Jj=1 p=1
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» From (A1) and (A2) we obtain

26) < —Ait)z(t) +ZZ (aup(m ip (8 — Tip(14)
j=1 p=1 di
+|c,-jp<rk)w,-jpmjp|\zj,tkH) +dM
< Bwa) DY % (1ot + )i ) + 07
j=1 p=1
<

( Bi(t) +ZZ (|‘3'JP ti) i + |Cup(tk)|ﬂupaup)> llze |l + dfilM

Jj=1 p=1
» Thus, from (A4) we have, for some / < 0,
2/ () < lzi(te) + d7 "M — —o0, as k — oo,

which is a contradiction.
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» Theorem 1: Assume (Al)-(A4) and (B). Then
lim (t) = (5] =0, Vi=1....n

for all x(t) = (x1(t),...,xn(t)) solutions of (7) and
R(t) = (X1(t), ..., Xn(t)) solution of (11).
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» Theorem 1: Assume (Al)-(A4) and (B). Then
lim (t) = (5] =0, Vi=1....n

for all x(t) = (x1(t),...,xn(t)) solutions of (7) and
R(t) = (X1(t), ..., %n(t)) solution of (11).
» Proof(idea):
» Let x(t) and X(t) solutions of (7) and (11) respectively, with
bounded initial conditions. Define

y(t) = (d pa(t) = fa(t)], -, d Hxa(t) = Za(2)]).

» The function y(t) is bounded and define ¥ := sup |y(t)|,
teR

ui = limsupy;(t), Vi, and wu:=max{u} € [0,00)

t—o0

» It remains to be proven that u = 0.
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» Let i€ {1,...,n} be such that u; = u.
» Then, there is a positive sequence t, " 0o such that

yi(ty) = u, and y/(tx) — 0, as k — cc. (12)

» For the sake of contradiction, assume that u > 0.
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v

Let i € {1,...,n} be such that u; = u.
Then, there is a positive sequence t, " 0o such that

v

yi(ty) = u, and y/(tx) — 0, as k — cc. (12)

v

For the sake of contradiction, assume that u > 0.

Fix0 <0 <wandlet T=T(§) > 0 such that
ly(t)| < us :=u+0 fort > T and

v

T 5
/ dTIUP(S) < ?7 VJ,p
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» Let i€ {1,...,n} be such that u; = u.
» Then, there is a positive sequence t, " 0o such that

yi(ty) = u, and y/(tx) — 0, as k — cc. (12)

» For the sake of contradiction, assume that u > 0.

» Fix0<d <wandlet T=T(5) > 0 such that
ly(t)| < us :=u+0 fort > T and

T 5
/ dTIUP(S) < ?7 VJ,p

—00

> As t — Tjjp(t) — 00, Tijp(t) — Tijp(t) = 0 as t — oo, and
yi(te) = u as k — oo,
then there is kg € N such that, for all kK > kg,

ty — 7A','jp(tk) > T, te>2T, and y,'(tk) > u_g:=u—29.
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Global convergence of asymptotic systems Eﬁ)lgs:iied coefficient functions
For k > ko, from the hypotheses (A1) and (A2) we have
yi(t) = sign(xi(t) —if(tk))d-_l(x"(tk) - %i(t)) =
< —Bi(n)y tk)+ZZ |:3UP t) iipy; (8 — Tijp ()
j= 10p 1
+|Eip (i) | oo /,ooyj(t" +s)d17,-,—,,(s)] + €i(ti),
where
ei(t) = dfllb'(f xi()) = bi(t, xi(t))|
Yy [123a(6) = (0 ¢~ 70D +
=1 p=1

a0 bt — Tin(8)) — x(t — Fin(D)] +
A sl + Nens(s) )| | + a6 ~ o).

As (11) is an asymptotic system of (7), then
tim ei(t) =0.

+cip(t) — Eiip(t)]
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Now, we have

yi (te)

<

IN

IA

IN

n P

—Bi(t)yi(t) + YD

{lﬁap(fk)l%pyj(tk — Tip(tx))
Jj=1 p=1

aja

0

+|6,-,-p(tk)\u,-jpa,-jp/ ¥j(t +S)d77fjp(5)} +ei(te)

—o0

ei(t) — Biti)u- 5+ZZ [|aup ti) Vi s

lel’

+|a-,-p(tk)m,-jpa,-jp( Dttt [ nte+ ) |

—0o0

0
Z Z [|aup t) i s + |Ciip (t) | i i (5 + us / ; dnijp(s))}

Jj=1 p=1

_ﬁi(tk)u—zs +€i(tx)
P

d;
e+ 35 % (It + 16y ) s + (60

Jj=1 p=1
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For k > kg, we have

n

P
d;
(tk) < /3, (t)u=s + Z dj (|aup ti) | viip + |Cup(tk)‘ﬂupgup) uzs + €i(tk)

Jj=1 p=1

Letting k — oo and § — 0, we have y/(tx) — 0, thus (A4) implies

0< (Iimsup { ﬂ: tk)"'zz <|3up tic) | viip + 6Up(tk)|NUpUijp>]) u<o,

k—+o0 j=1 p=1

which is a contradiction.
Consequently v = 0 and the proof is concluded.
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» Example I
Xiao & Zhang (2007), Zhou et al.(2008), Yuan et al.(2009)

X (t) = =Bi(t)xi(t) + Z agn()hi((1)) + > ap(t)h(xi(t — (1)) + h(t) (3)

Jj=1

xi(t) = =Bi(t)xi(t) + Z ai (t)h;(x;(t)) + Z 352(2)hiOg (¢ — (1)) + Ii(t) (13)

with lim (8i(t) = Bi(1)) = lim (aip(t) — &ip(£)) = lim ((2) = fi(£)) = 0.

t—o0
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» Example I
Xiao & Zhang (2007), Zhou et al.(2008), Yuan et al.(2009)

X (t) = =Bi(t)xi(t) + Z agn()hi((1)) + > ap(t)h(xi(t — (1)) + h(t) (3)

Jj=1

xi(t) = =Bi(t)xi(t) + Z ai (t)h;(x;(t)) + Z 352(2)hiOg (¢ — (1)) + Ii(t) (13)

with lim (8i(t) = Bi(1)) = lim (aip(t) — &ip(£)) = lim ((2) = fi(£)) = 0.

t—o0

» Corollary 1: Assume (A2), (A3), (B), and
d = (di,...,dp) > 0 such that

lim sup (—,Bi(t) + Z %'yjﬂam(t)\ + a;p(t)|)) <0 Vi=1,...,n (14)
t—+00 j=1 i

Then
tlrgo |X,'(t)—)A<,'(t)’ =0, Vi=1,...,n
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To obtain the global convergence of the models:

» In Xiao & Zhang (2007) assume that (3) has a periodic
asymptotic system, i.e. model (13) is periodic, and for some
n >0,

n d: .
—Bi(t)+ > j’}/j(|aij1(t)| +lap(t)) <-n,  Vi=1,....m
=1
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To obtain the global convergence of the models:

» In Xiao & Zhang (2007) assume that (3) has a periodic
asymptotic system, i.e. model (13) is periodic, and for some
n >0,

n d: .
—Bi(t)+ > j’}/j(|aij1(t)| +lap(t)) <-n,  Vi=1,....m
=1

> In Zhou et al.(2008) assume the same hypotheses as in Xiao
& Zhang (2007), but with b;(t,x) = Bi(t)gi(x), where g;
satisfies (A1), instead of b;(t,x) = Bi(t)x;
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To obtain the global convergence of the models:

» In Xiao & Zhang (2007) assume that (3) has a periodic
asymptotic system, i.e. model (13) is periodic, and for some
n >0,

n d: .
—Bi(t)+ > j’}/j(|aij1(t)| +lap(t)) <-n,  Vi=1,....m
=1

> In Zhou et al.(2008) assume the same hypotheses as in Xiao
& Zhang (2007), but with b;(t,x) = Bi(t)gi(x), where g;
satisfies (A1), instead of b;(t,x) = Bi(t)x;

> In Yuan et al.(2009), instead of (14), assume

”wp(Zd,-v,-(|a,-,-ljitﬁ)j(t+)aﬁz(t)|)><O Vieil..n  (5)

j=1
with Iitrlinf,B,-(t) > 0.
Conditions (15) and (14) in Corollary 1 are different.
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» Numerical example:

xi(t) = —(2+ e xi(t) + (cose)xi(t — 1) + (sine")x(t —2) + e~ *
. (16)
x5(t) = —3x2(t) + (cose’)x1(t — 1) + 2(sine’)x(t —2) + e~ *

It is straightforward to check that the system
x1(t) = —2xa(t) + (cos e")xi(t — 1) + (sin e")xo(t — 2)
(17)

X5(t) = —3x2(t) + (cos e')xa(t — 1) + 2(sin e')x2(t — 2)

is an asymptotic system of (16).
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» Numerical example:

xi(t) = —(2+ e xi(t) + (cose)xi(t — 1) + (sine")x(t —2) + e~ *

. (16)
x5(t) = —3x2(t) + (cose’)x1(t — 1) + 2(sine’)x(t —2) + e~ *
It is straightforward to check that the system
x1(t) = —2xa(t) + (cos e")xi(t — 1) + (sin e")xo(t — 2)
(17)

X5(t) = —3x2(t) + (cos e')xa(t — 1) + 2(sin e')x2(t — 2)

is an asymptotic system of (16).
» Model (17) has the equilibrium solution (x1(t), x2(t)) = (0, 0);
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» Numerical example:

{ xi(t) = —(2+ e xi(t) + (cose)xi(t — 1) + (sine")x(t —2) + e~ *
. (16)
x5(t) = —3x2(t) + (cose’)x1(t — 1) + 2(sine’)x(t —2) + e~ *
It is straightforward to check that the system
{ x1(t) = —2xa(t) + (cos e")xi(t — 1) + (sin e")xo(t — 2)
(17)
X5(t) = —3x2(t) + (cos e')xa(t — 1) + 2(sin e')x2(t — 2)

is an asymptotic system of (16).
» Model (17) has the equilibrium solution (x1(t), x2(t)) = (0, 0);
» From Corollary 1, all solution (x1(t), x2(t)) of (16) converge

to (0,0) as t — oo, but (0,0) is not an equilibrium solution of
(17);
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» Numerical example:

x1(t) = —(2+ e )xa(t) + (cos e)xi(t — 1) + (sine)xa(t — 2) + e~ *
{ 35(£) = —3x(t) + (cos et )xa(t — 1) + 2(sin e*)a(t — 2) + e~ (19
It is straightforward to check that the system
x1(t) = —2x1(t) + (cos e")x1(t — 1) + (sin e")xo(t — 2)
{ (17)

X5(t) = —3x2(t) + (cos e')xa(t — 1) + 2(sin e')x2(t — 2)

is an asymptotic system of (16).
» Model (17) has the equilibrium solution (x1(t), x2(t)) = (0, 0);
» From Corollary 1, all solution (x1(t), x2(t)) of (16) converge
to (0,0) as t — oo, but (0,0) is not an equilibrium solution of
(17);
» Condition (14) holds, but condition (15) does not hold.

José J. Oliveira Asymptotic Stability of Hopfield Neural Network Models



Bounded coefficient functions
Examples

Global convergence of asymptotic systems Unbounded coefficient functions

2
15 B
1l ]
5
x
<
.5 0.5 1
3
o
2]
ol
_0.57 B
-1 I I .
0 5 10 15 20

time t

José J. Oliveira Asymptotic Stability of Hopfield Neural Network Models



Bounded coefficient functions
Examples

Global convergence of asymptotic systems Unbounded coefficient functions

» Example 2: Zhao (2004)
xi (t) = —Bi(t)xi(t) + Zau t)hi(x(t))

+; cii(t)f; (Uj /_000 Gij(—s)x(t + S)ds) + 1i(t) (5)

X/ (t) = =Bi(t)xi(t) + Zéu(t)hj(&'(t))
+i6ij(t)6‘ (Uj /0 G,'j(*S)Xj(t“FS)dS) +Ii(t) (18)

with  lim (6/( ) = Bi(t)) = Jim (a5(t) — 85(2)) = lim (cj(t) — &(1)) =
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» Theorem [Zhao (2004)] For each i,j=1,...,n
(i) Bi, ajj, 6U,i; : [0,00) — R are continuous almost periodic and

B,- = inf B;(t) > 0;

— >0

(ii) hj, f; : R — R are Lipschitz functions with Lipschitz constants
vj and p; respectively;

(iii) Gjj : [0,+00) — [0,400) is piecewise continuous and
integrable with [ Gj(u)du = 1.

(iv) 3d=(d,...,d,) > 0 such that,

— Bidi+ > di(vd5 + mo&s) <0, Vie{l,...,n}, (19)

=1
where §; = sup |4;;(t)| and & = sup |&;(t)|.
t>0 £>0

Then the system (18) has an almost periodic solution, X(t).
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» With the same hypotheses Zhao(2004) obtained
tln;o Ixi(t) — Xxi(t)| =0, Vi=1,...,n,

for all x(t) = (x1(t),...,xn(t)) solutions of (18).
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» With the same hypotheses Zhao(2004) obtained
tln;o Ixi(t) — Xxi(t)| =0, Vi=1,...,n,

for all x(t) = (x1(t),...,xn(t)) solutions of (18).

» From Theorem 1,
Corollary 2: Assume (i)-(iv), and f;, ajj, ¢, i : [0, +00) — R,
are continuous functions such that
Jim (8:(8) = Bi()) = lim (ay(2) — 35(1))
lim (h(t) — ii(t))=o0.
Then

(ci(t) = &()) =

= lim
t—oo

lim |x;(t) —xi(t)]=0, Vi=1,...,n

t—0o0

for all x(t) = (x1(t),...,xn(t)) solutions of (5) and Xx(t) the
almost periodic solution (18).
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> Here, we do not assume (B), but we consider Tjj,(t) = 7jp(t).
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> Here, we do not assume (B), but we consider Tjj,(t) = 7jp(t).
» Theorem: Assume (A1), (A2), and (A4).

If (7) has a bounded solution, then all solutions of (7) and
(11), with initial bounded conditions, are bounded.
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> Here, we do not assume (B), but we consider Tjj,(t) = 7jp(t).
» Theorem: Assume (A1), (A2), and (A4).
If (7) has a bounded solution, then all solutions of (7) and
(11), with initial bounded conditions, are bounded.
» Theorem 2: Assume (Al)-(A4).
If (7) has a bounded solution, then
tIer;O Ixi(t) — Xi(t)| =0, Vi=1,...,n.
for all x(t) = (x1(t),...,xn(t)) and RX(t) = (X1(2),...,%a(t))
solutions of systems (7) and (11) respectively, with bounded
initial conditions.
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Thank you
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