
Model
Global exponential stability

Application

Exponential stability of nonautonomous neural
network models with unbounded distributed

delays
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Departamento de Matemática e Aplicações, CMAT,
Universidade do Minho
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*Pioneer Models:
I Cohen-Grossberg (1983)

x ′
i (t) = −ai (xi (t))

(
bi (xi (t))−

n∑
j=1

cij fj(xj(t))

)
, i = 1, . . . , n. (1)

I Hopfield (1984)

x ′
i (t) = −bi (xi (t)) +

n∑
j=1

cij fj(xj(t)), i = 1, . . . , n. (2)

where
ai amplification functions; bi controller functions;
fj activation functions; C = [cij ] conection matrix.
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*Nonautonomous Cohen-Grossberg neural network model

x ′
i (t) = −ai (xi (t))

[
bi (t, xi (t)) +

n∑
j=1

fij(t, xj,t)

]
, t ≥ 0 (3)

I ai : R→ (0,+∞) and bi : [0,+∞)× R→ R are continuous
functions,

* Phase Space: For a convenient ε > 0,

UCn
ε =

{
φ ∈ C ((−∞, 0]; Rn) : sup

s≤0

|φ(s)|
e−εs

<∞, φ(s)

e−εs
unif. cont.

}
,

‖φ‖ε = sup
s≤0

|φ(s)|
e−εs

with |x | = |(x1, . . . , xn)| = max
1≤i≤n

|xi |

I fij : [0,+∞)× UC 1
ε → R are continuous functions.
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* Initial Condition

x0 = ϕ, ϕ ∈ BCε (4)

where BCε := {ϕ ∈ C ((−∞, 0]; Rn) : ϕ is bounded} ≤ UCε.

* Definition
The model (3) is said globally exponentially stable if there are
δ > 0 and M ≥ 1 such that,

|x(t, 0, ϕ1)− x(t, 0, ϕ2)| ≤ Me−δt‖ϕ1 − ϕ2‖∞,

for all t ≥ 0, ϕ1, ϕ2 ∈ BCε.
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For (3) we assume the following hypotheses:
For each i , j = 1, . . . , n

I (A1) ∃ρi , ρi
> 0, ∀u ∈ R:

ρ
i
≤ ai (u) ≤ ρi ;

I (A2) ∃ βi : [0,+∞)→ (0,+∞), ∀u, v ∈ R u 6= v :

(bi (t, u)− bi (t, v))/(u − v) ≥ βi (t), ∀t ≥ 0;

[In particular, for bi (t, u) = βi (t)u.]
I (A3) ∃ε > 0, ∃ lij : [0,+∞)→ (0,+∞)

|fij(t, ϕ)− fij(t, ψ)| ≤ lij(t)||ϕ−ψ||ε, ∀t ≥ 0, ∀ϕ,ψ ∈ UC 1
ε ;

I (A4) There exists λ : R→ (0,+∞) a continuous function:

ρ
i
βi (t)−e

∫ t
0 λ(s)−εds

n∑
j=1

ρj lij(t) > λ(t) and

∫ t

0
λ(s) ds ≥ εt, ∀t ≥ 0.
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Lemma: Each solution x(t) = x(t, 0, ϕ) of (3) is defined on R.

* Proof of Lemma (idea)
I x(t) = x(t, 0, ϕ) a maximal solution on (−∞, α), with
α ∈ (0,+∞] and ϕ ∈ BCε

I Assume α ∈ (0,+∞).
I For z(t) = (z1(t), . . . , zn(t)) := (ρ−1

1 |x1(t)|, . . . , ρ−1
n |xn(t)|),

there are i ∈ {1, . . . , n} and (tk)k ↗ α such that, ∀k ∈ N,

zi (tk)↗ +∞, zi (tk) ≥ ||ztk ||ε > 0, and z ′i (tk) ≥ 0.

I z ′i (tk) = ρ−1
i sign(xi (tk))x ′i (tk)

= −ρ−1
i sign(xi (tk))ai (xi (tk))

[(
bi (tk , xi (tk))−bi (tk , 0)

)
+

n∑
j=1

(
fij(tk , xj ,tk )−fij(tk , 0)

)
+

(
bi (tk , 0) +

n∑
j=1

fij(tk , 0)

)]
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I By (A2), (A3), and (A4) we obtain

z ′i (tk) ≤ −ai (xi (tk))

βi (tk)zi (tk)−
( n∑

j=1

ρj

ρi

lij(tk)

)
‖ztk‖ε − Ci


≤ −ai (xi (tk))

(βi (tk)−
n∑

j=1

ρj

ρi

lij(tk)

)
zi (tk)− Ci


≤ −ρ

i

(
λ(tk)

ρi

zi (tk)− Ci

)
< 0, for large k ,

where Ci = max
t∈[0,α]

ρ−1
i

∣∣∣∣∣∣bi (t, 0) +
n∑

j=1

fij(t, 0)

∣∣∣∣∣∣ ∈ R.

I Contradiction, then α = +∞.
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Finite delay
Periodic systems

Global exponential stability

Theorem: Assume (A1)-(A4)
Then the system (3) is globally exponentially stable.

* Proof of Theorem (idea)
x(t) = x(t, 0, ϕ) and y(t) = y(t, 0, ψ) solutions, with
ϕ,ψ ∈ BCε.
Define, for t ≥ 0, V(t) = (V1(t), . . . ,Vn(t)) by

Vi (t) = e
∫ t
0 λ(s)dssign(xi (t)− yi (t))

∫ xi (t)

yi (t)

1

ai (s)
ds.

I By (A1), |xi (t)− yi (t)| ≤ ρiVi (t)e−
∫ t
0 λ(s)ds

I and |xi (t)− yi (t)| ≥ ρ
i
Vi (t)e−

∫ t
0 λ(s)ds
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I If |V(t)| ≤ max
j

{
ρ−1
j

}
‖ϕ− ψ‖, for all t ≥ 0, then

|x(t)−y(t)|min
j

{
ρ−1
j

}
e

∫ t
0 λ(s)ds ≤ |V(t)| ≤ max

j

{
ρ−1
j

}
‖ϕ−ψ‖,

|x(t)−y(t)| ≤
maxj

{
ρ−1
j

}
minj

{
ρ−1
j

} e−
∫ t
0 λ(s)ds‖ϕ−ψ‖ ≤ Me−εt‖ϕ−ψ‖,

with M :=
maxj

{
ρ−1

j

}
minj{ρ−1

j }
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∫ t
0 λ(s)ds ≥ εt)

I We need to prove: |V(t)| ≤ max
j

{
ρ−1
j

}
‖ϕ− ψ‖, ∀t ≥ 0.
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Vi (0) ≤ ρ−1
i
|xi (0)− yi (0)| ≤ max

j

{
ρ−1
j

}
‖ϕ− ψ‖, ∀i

then there is t1 > 0 such that |V(t1)| > maxj

{
ρ−1
j

}
‖ϕ− ψ‖.
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I Defining

T := min

{
t ∈ [0, t1] : |V(t)| = max

s∈[0,t1]
|V(s)|

}
and choosing i ∈ {1, . . . , n} such that Vi (T ) = |V(T )|, then

Vi (T ) > 0, V ′i (T ) ≥ 0, and Vi (T ) > |V(t)|, ∀t < T .

I By other hand, hypotheses (A1)-(A3) imply

V ′i (T ) = λ(T )Vi (T )− e
∫ T
0 λ(s)dssign(xi (T )− yi (T )) ·(

1

ai (xi (T ))
x ′i (T )− 1

ai (yi (T ))
y ′i (T )

)
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From hypotheses (A1)-(A3)

V ′i (T ) ≤ λ(T )Vi (T )− e
∫ T
0 λ(s)dsβi (T )|xi (T )− yi (T )|+

e
∫ T
0 λ(s)ds

n∑
j=1

lij(T )‖xj ,T − yj ,T‖ε

≤ λ(T )Vi (T )− ρ
i
βi (T )Vi (T ) + e

∫ T
0 λ(s)ds

n∑
j=1

lij(T )ρj ·

·max

{
‖ϕ− ψ‖
ρje

εT
, sup
−T<s≤0

Vj(T + s)

eεT

}
then, (A4) implies

V ′i (T ) ≤

λ(T )− ρ
i
βi (T ) + e

∫ T
0 λ(s)−εds

n∑
j=1

ρj lij(T )

Vi (T ) < 0,

which is a contradiction.

I Corollary 1: Assume (A1), (A2) and
(A3*)

|fij(t, ϕ)−fij(t, ψ)| ≤ lij(t)||ϕ−ψ||∞, ∀t ≥ 0, ∀ϕ,ψ ∈ UC 1
ε ;

(A4*)

ρ
i
βi (t)−e

∫ t
0 λ(s)ds

n∑
j=1

ρj lij(t) > λ(t) and

∫ t

0
λ(s) ds ≥ εt, ∀t ≥ 0,

then the system (3) is globally exponentially stable.
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Finite delay

Corollary 2: Assume (A1), (A2) and

I (Af 3) For fij : [0,+∞)× Cij → R, ∃lij : [0,+∞)→ (0,+∞)

|fij(t, ϕ)− fij(t, ψ)| ≤ lij(t)||ϕ− ψ||, ∀t ≥ 0, ∀ϕ,ψ ∈ Cij ,

where Cij = C ([−τij , 0]; R) with τij > 0, τ = max
ij
τij ;

I (Af 4) There exists λ : R→ [−τ,+∞) a continuous function:

ρ
i
βi (t)−

n∑
j=1

e
∫ t
t−τij

λ(s)ds
ρj lij(t) > λ(t) and

∫ t

0
λ(s) ds ≥ εt, ∀t ≥ 0,

then the system (3), is globally exponentially stable.
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Corollary 3: Assume (A1), (A2) and (Af 3)
I If lij(t) are bounded and there exists α > 0:

ρ
i
βi (t)−

n∑
j=1

ρj lij(t) > α, ∀t ≥ 0, (5)

then the system (3), is globally exponentially stable.

* (Proof) For lij(t) < Lij , from (5), we have

ρ
i
βi (t)−

n∑
j=1

ρj lij(t)

(
1 +

α

2nLijρj

)
>
α

2
.

Taking ε∗ij = 1
τij

log
(

1 + α
2nLijρj

)
> 0 and ε = min

ij
{α

2
, ε∗ij},

ρ
i
βi (t)−

n∑
j=1

ρj lij(t)eετij > ε.

With λ(t) = ε, the condition (Af 4) holds.
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In phase space Cn = C ([−τ, 0],Rn), assume that system

x ′i (t) = −ai (xi (t))

[
bi (t, xi (t)) +

n∑
j=1

fij(t, xj ,t)

]
, t ≥ 0 (3)

is ω-periodic, ω > 0, that is:

bi (t, u) = bi (t + ω, u), ∀t ≥ 0, ∀u ∈ R;

fij(t, ϕ) = fij(t + ω, ϕ), ∀t ≥ 0, ∀ϕ ∈ Cij .

Theorem: Assume (A1), (A2), (Af 3) and

ρ
i
βi (t)−

n∑
j=1

ρj lij(t) > 0, ∀t ∈ [0, ω].

Then (3) has a ω-periodic solution which is globally exponentially
stable.
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* (Proof) Show the existence of a periodic solution.
From previous result

‖xt(ϕ)− xt(ϕ̄)‖ ≤ e−ε(t−τ)‖ϕ− ϕ̄‖, ∀t ≥ τ, ∀ϕ, ϕ̄ ∈ Cn.

I Let k ∈ N such that e−(kω−τ) ≤ 1
2 and define

P : Cn → Cn by P(ϕ) = xω(ϕ).

‖Pk(ϕ)− Pk(ϕ̄)‖ = ‖xkω(ϕ)− xkω(ϕ̄)‖ ≤ 1

2
‖ϕ− ϕ̄‖,

Pk is a contraction map on Banach space Cn. Thus, Pk has a
unique fixed point ϕ∗ ∈ Cn: Pk(ϕ∗) = ϕ∗.

I As Pk(P(ϕ∗)) = P(Pk(ϕ∗)) = P(ϕ∗), then

P(ϕ∗) = ϕ∗ ⇔ xω(ϕ∗) = ϕ∗

and x(t, 0, ϕ∗) is the periodic solution of (3).

Salete Esteves, Elçin Gökmen, José J. Oliveira Exponential stability of Cohen-Grossberg model



Model
Global exponential stability

Application

Main result
Finite delay
Periodic systems

* (Proof) Show the existence of a periodic solution.
From previous result

‖xt(ϕ)− xt(ϕ̄)‖ ≤ e−ε(t−τ)‖ϕ− ϕ̄‖, ∀t ≥ τ, ∀ϕ, ϕ̄ ∈ Cn.

I Let k ∈ N such that e−(kω−τ) ≤ 1
2 and define

P : Cn → Cn by P(ϕ) = xω(ϕ).

‖Pk(ϕ)− Pk(ϕ̄)‖ = ‖xkω(ϕ)− xkω(ϕ̄)‖ ≤ 1

2
‖ϕ− ϕ̄‖,

Pk is a contraction map on Banach space Cn. Thus, Pk has a
unique fixed point ϕ∗ ∈ Cn: Pk(ϕ∗) = ϕ∗.

I As Pk(P(ϕ∗)) = P(Pk(ϕ∗)) = P(ϕ∗), then

P(ϕ∗) = ϕ∗ ⇔ xω(ϕ∗) = ϕ∗

and x(t, 0, ϕ∗) is the periodic solution of (3).
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Hopfiel model
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Hopfield neural network model [1]

x ′
i (t) = −bi (t)xi (t) +

n∑
j=1

aij(t)fj(xj(t)) +
n∑

j=1

bij(t)fj(xj(t − τij(t))) + Ii (t) (6)

I bi , aij , bij : [0,+∞)→ R, τij(t) ≥ 0 are continuous;
I fj : R→ R are Lipschitz functions with constant lj ;

I bi (t)−
n∑

j=1

lj

(
|aij(t)|+ |bij(t)|e

∫ t
t−τij

λ(s)ds
)
> λ(t)

and
∫ t
0 λ(s)ds ≥ εt, for some ε > 0 and some function λ(t).

Then system (6) is globally exponentially stable.
I In [1], a different set of conditions is assumed to get the same

conclusion.

[1] Q. Zhang, X. Wei, J. Xu, Chaos Solitons & Fractals 39 (2009) 1152-1157.
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For the periodic model:

x ′
i (t) = −bi (t)xi (t) +

n∑
j=1

aij(t)fj(xj(t)) +
n∑

j=1

bij(t)fj(xj(t − τij(t))) + Ii (t) (7)

I bi , aij , bij : [0,+∞)→ R, τij(t) ≥ 0 are ω-periodic continuous;

I fj : R→ R are Lipschitz functions with constant lj ;

I bi (t)−
n∑

j=1

lj(|aij(t)|+ |bij(t)|) > 0, ∀t ∈ [0, ω].

Then (7) has a global exponential stable ω-periodic solution.

I In [2] assumed the additional hypothesis

bi (t)−
n∑

i=1

lj(|aij(t)|+ |bij(t)|) > 0, ∀t ∈ [0, ω],

[2] M. Tan, Y. Tan, Appl. Math. Model. 33 (2009) 373-385.
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bi (t)−
n∑

i=1

lj(|aij(t)|+ |bij(t)|) > 0, ∀t ∈ [0, ω],

[2] M. Tan, Y. Tan, Appl. Math. Model. 33 (2009) 373-385.
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x ′
i (t) = −ai (xi (t))

bi (xi (t))−
m∑

j=1

aij(t)fj(yj(t − τij(t)))− Ii (t)


(8)

y ′
j (t) = −cj(yj(t))

[
dj(yj(t))−

n∑
i=1

cji (t)gi (xi (t − σji (t)))− Ij(t)

]
i = 1, . . . , n and j = 1, . . . ,m.

I ∃ai , ai , c j > 0, c j , ∀t ∈ [0,+∞):

0 < ai ≤ ai (t) ≤ ai , 0 < c j ≤ cj(t) ≤ c j ;

I ∃βi , δj > 0, ∀u ∈ R:

bi (u)− bi (v)

u − v
≥ βi ,

dj(u)− dj(v)

u − v
≥ δj ;
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Salete Esteves, Elçin Gökmen, José J. Oliveira Exponential stability of Cohen-Grossberg model



Model
Global exponential stability

Application

Hopfiel model
Cohen-Grossberg BAM model

Cohen-Grossberg BAM neural network model [3]

x ′
i (t) = −ai (xi (t))

bi (xi (t))−
m∑

j=1

aij(t)fj(yj(t − τij(t)))− Ii (t)


(8)

y ′
j (t) = −cj(yj(t))

[
dj(yj(t))−

n∑
i=1

cji (t)gi (xi (t − σji (t)))− Ij(t)

]
i = 1, . . . , n and j = 1, . . . ,m.

I ∃ai , ai , c j > 0, c j , ∀t ∈ [0,+∞):

0 < ai ≤ ai (t) ≤ ai , 0 < c j ≤ cj(t) ≤ c j ;

I ∃βi , δj > 0, ∀u ∈ R:

bi (u)− bi (v)

u − v
≥ βi ,

dj(u)− dj(v)

u − v
≥ δj ;
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I fj , gi : R→ R are Lipschitz functions with Lipschitz constants
Fj and Gi ;

I τij(t) ≥ 0, σji (t) ≥ 0, aij(t), cji (t), are ω-periodic continuous.

I 

aiβi −
m∑

j=1

c jFj |aij(t)| > 0,

c jδj −
n∑

i=1

aiGi |cji (t)| > 0,

∀t ∈ [0, ω]. (9)

Then (8) has a global exponential stable periodic solution.

I In [3] a strong hypothesis than (9) is assumed to get the same
conclusion.

[3] K. Liu, Z. Zhang, L. Wang, Abstract and Applied Analysis ID805846 (2012).
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Thank you

Some results published at Appl. Math. Comput. 219 (2013)
2861-2870.
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