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Neural Network Models

*Pioneer Models:
» Cohen-Grossberg (1983)

n

(0 = ~as() (B0s(0) = S s05(0) ). 1= Lo (1)

=1

> Hopfield (1984)

X1 = =bila() + Y ciflg(t). =1 (@)

where _
a; amplification functions;  b; controller functions;
f; activation functions; C = [cjj] conection matrix.
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

*Nonautonomous Cohen-Grossberg neural network model

x,-'(t)=—a;(x,-(t))[b,-(t,x,-(t))+Zﬁ-j(t,xj-,t)] t>0  (3)

Salete Esteves, Elgcin Gokmen, José J ivei Exponential stability of Cohen-Grossberg model



Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

*Nonautonomous Cohen-Grossberg neural network model

X;’(t)=—ai(Xf(t)){bi(bxf'(t))JrZﬁj(t’Xj,r)}7 t>0  (3)

> a; : R — (0,400) and b; : [0, +00) x R — R are continuous
functions,
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

*Nonautonomous Cohen-Grossberg neural network model

X;’(t)=—ai(Xf(t)){bi(bxf'(t))JrZﬁj(t’Xj,r)}7 t>0  (3)

> a; : R — (0,400) and b; : [0, +00) x R — R are continuous
functions,

* Phase Space: For a convenient ¢ > 0,

uct = {qﬁ € C((—o0,0];R") : sup ‘Z{S)‘ < 00, 0(s) unif. cont.} ,

<0 €S e—ES
)] _ _
18]l = SUP s with [x| = |(x1,....xn)| = max x|

Salete Esteves, Elgin Gokmen, José J. Oliveira Exponential stability of Cohen-Grossberg model



Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

*Nonautonomous Cohen-Grossberg neural network model

X;’(t)=—ai(Xf(t)){bi(bxf'(t))JrZﬁj(t’Xj,r)}7 t>0  (3)

> a; : R — (0,400) and b; : [0, +00) x R — R are continuous
functions,

* Phase Space: For a convenient ¢ > 0,

uct = {qﬁ € C((—o0,0];R") : sup ‘Z{S)‘ < 00, 0(s) unif. cont.} ,

<0 €S e—ES
)] _ _
18]l = SUP s with [x| = |(x1,....xn)| = max x|

> f;:[0,+00) x UC} — R are continuous functions.
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

* Initial Condition
X0 = @, RS BCE (4)

where BC; := {p € C((—00,0];R") : ¢ is bounded} < UC..

Salete Esteves, Elcin Gokmen, José J. Olivei Exponential stability of Cohen-Grossberg model



Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

* Initial Condition
X0 = @, RS BCE (4)

where BC, := {p € C((—00,0];R") : ¢ is bounded} < UC..

* Definition
The model (3) is said globally exponentially stable if there are
0 >0 and M > 1 such that,

[x(£,0, ¢1) = x(£,0,02) < Me™*[|ip1 — 2]|oo,

forall t >0, @1, € BC..
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

For (3) we assume the following hypotheses:
Foreachi,j=1,...,n
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

For (3) we assume the following hypotheses:
Foreachi,j=1,...,n
> (A1) Jpj,p, >0, Vu € R:

B; S ai(u) S pi;
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

For (3) we assume the following hypotheses:
Foreachi,j=1,...,n
> (A1) Jpj,p, >0, Vu € R:
B; S ai(u) S pi;
> (A2) 3 5;: [0, +00) — (0, +00), Yu,v e R u# v:
(bi(t, u) — bi(t,v))/(u—v) > Bi(t), Vt=>0;
[In particular, for bi(t, u) = Bi(t)u.]
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

For (3) we assume the following hypotheses:
Foreachi,j=1,...,n
> (A1) Jpj,p, >0, Vu € R:
B; < ai(u) < pi;
> (A2) 3 5;: [0, +00) — (0, +00), Yu,v e R u# v:
(bi(t, u) — bi(t,v))/(u—v) > Bi(t), Vt=>0;

[In particular, for bi(t, u) = Bi(t)u.]
» (A3) 3¢ >0, 3 /;; : [0, +00) — (0, +00)

f(t,0) = (. 0)] < l(t)llo—ll-, V=0, Voo, € UC
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Nonautonomous Cohen-Grossberg neural network model

Model Goal

Hypotheses
Solutions defined on R

For (3) we assume the following hypotheses:
Foreachi,j=1,...,n
> (A1) Jpj,p, >0, Vu € R:
B; < ai(u) < pi;
> (A2) 3 5;: [0, +00) — (0, +00), Yu,v e R u# v:
(bi(t, u) — bi(t,v))/(u—v) > Bi(t), Vt=>0;

[In particular, for bi(t, u) = Bi(t)u.]
» (A3) 3¢ >0, 3 /;; : [0, +00) — (0, +00)

|f;'j(t7 90)7 ﬁj(tv¢)| < /U(t)||907¢”67 vVt > 07 V‘Pa¢ € Ucelv
> (A4) There exists A : R — (0,+400) a continuous function:

t n t
p,Bi(t)—elo =N "5 p (1) > A(t) and / A(s)ds > et, ¥t >0
j=1 0
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

Lemma: Each solution x(t) = x(t,0, ) of (3) is defined on R.

Salete Esteves, Elcin Gokmen, José ivei Exponential stability of Cohen-Grossberg model



Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

Lemma: Each solution x(t) = x(t,0, ) of (3) is defined on R.
* Proof of Lemma (idea)
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

Lemma: Each solution x(t) = x(t,0, ) of (3) is defined on R.
* Proof of Lemma (idea)
> x(t) = x(t,0,¢) a maximal solution on (—oo, a), with
a € (0,4+00] and ¢ € BC,
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

Lemma: Each solution x(t) = x(t,0, ) of (3) is defined on R.
* Proof of Lemma (idea)
> x(t) = x(t,0,¢) a maximal solution on (—oo, a), with
a € (0,4+00] and ¢ € BC,
» Assume « € (0, +00).
> For 2(t) = (21(8),. .., 20()) := (3 (E)]s - B xa(E)]),
there are i € {1,...,n} and (tx)x /" « such that, Vk € N,

Z,'(tk) / +00, Z,'(tk) > HZtkHE > 0, and Z,{(tk) > 0.
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

Lemma: Each solution x(t) = x(t,0, ) of (3) is defined on R.

* Proof of Lemma (idea)

> x(t) = x(t,0,¢) a maximal solution on (—oo, a), with
a € (0,4+00] and ¢ € BC,

» Assume « € (0, +00).

> For 2(t) = (21(8),. .., 20()) := (3 (E)]s - B xa(E)]),
there are i € {1,...,n} and (tx)x /" « such that, Vk € N,

Z,'(tk) / +00, Z,'(tk) > HZtkHE > 0, and Z,{(tk) > 0.

> z/(tk) = p; sign(xi(t))x] (tx)
— 5 sign(a(t))ai(x(5) [(b,-(tk,x,w))b,-(tk, o>) n

n

3 (f,j(tk,xj,tk)f,j(tkvo)> + <b;(tz«0) 59 fa‘(fkvo)ﬂ

Jj=1 Jj=1
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Nonautonomous Cohen-Grossberg neural network model
Goal

Hypotheses
Solutions defined on R

» By (A2), (A3), and (A4) we obtain

Zi(t) < —ai(xi(tx)) ﬁi(tk)zi(tk)—<

n

Jj=1

—ai(xi(tk))
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here C; = max 7, * |bi(t,0) + fi(t,0)| € R.
wher tem[O,)c(x]p’ ( ) ;J( )
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Nonautonomous Cohen-Grossberg neural network model
Goal
Hypotheses

Solutions defined on R

» By (A2), (A3), and (A4) we obtain

4 —ai(xi i(tk)zi(te) — E, z |l = G
zi(te) < —ai(xi(te)) _ﬁ(tk) (k) <j_1 pil.l(tk)>|| llle = C
< —aj(xi(t)) <ﬁi(tk)—j§glij(tk)>zi(tk)—Ci
<

At
—p, ( ( k)z,-(tk) - C;) < 0, for large k,

1

here C; = max 7, * |bi(t,0) + fi(t,0)| € R.
wher tem[O,)c(x]p’ ( ) ;J( )

» Contradiction, then o = +o0.
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Main result
Global exponential stability Finite delay
Periodic systems

Global exponential stability

Theorem: Assume (A1)-(A4)
Then the system (3) is globally exponentially stable.
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Main result
Global exponential stability Finite delay
Periodic systems

Global exponential stability

Theorem: Assume (A1)-(A4)
Then the system (3) is globally exponentially stable.
* Proof of Theorem (idea)
x(t) = x(t,0,¢) and y(t) = y(t,0,%) solutions, with
v, € BC..
Define, for t > 0, V(t) = (Vi(t),..., Va(t)) by

X,‘(t) 1

Vi(t) = elo M) gign (x;(t) — }/i(t))/

yi(t) a,-(s)
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Main result
Global exponential stability Finite delay
Periodic systems

Global exponential stability

Theorem: Assume (A1)-(A4)
Then the system (3) is globally exponentially stable.

* Proof of Theorem (idea)
x(t) = x(t,0,¢) and y(t) = y(t,0,) solutions, with
v, € BC..
Define, for t > 0, V(t) = (Vi(t),..., Va(t)) by

X,‘(t) 1
ds.

Vi(t) = elo M) gign (x;(t) — }/i(t))/

yi(t) a,-(s)

» By (A1), |xi(t) — yi(t)] < p;Vi(t)e™ Jo Ms)ds
> and |x;(t) — yi(t)| > giV;(t)e*fot/\(s)ds
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Main result
Global exponential stability Finite delay

Periodic systems

> I V(8)] < max {p; "} o — ], for all £ >0, then

(e) (@) min {771 } i X% < (6)] < max {7 | o]

max; B
x(t)=y(t)] < {1}6 JoXeE oy || < Me™=t |-

min; 4 p;

with M := maxji 1% (recall [ \(s)ds > et)
mlnj
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Main result
Global exponential stability Finite delay

Periodic systems

> I V(8)] < max {p; "} o — ], for all £ >0, then

(e) (@) min {771 } i X% < (6)] < max {7 | o]

A U
X(£)=y(8)] € —— e A% oyl < Me™||p—].
min; pj

with M := maxji 1% (recall [ \(s)ds > et)
mlnj

> We need to prove: |V(t)| < max{ } llp — ]|, Vt > 0.

If not, as

Vi(0) < o xi(0) — yi(0)] < max {p*} llp — . Vi

then there is t; > 0 such that |V(t1)| > max; { } lo— 2l
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Main result
Global exponential stability Finite delay

Periodic systems

» Defining

T := min {t € [0,t1] : [V(t)] = max W(S)’}

s€[0,t1]
and choosing i € {1,...,n} such that V;(T) = [V(T)|, then

Vi(T)>0, V{(T)>0, and Vi(T)>|V(t)], Vt<T.
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Main result
Global exponential stability Finite delay

Periodic systems
Defining

T :=min {t €[0,t1] : V(t)| = ng(;)a’ﬁ] W(s)]}
and choosing i € {1,...,n} such that V;(T) = [V(T)|, then
Vi(T)>0, VI(T)>0, and Vi(T)>|V(t)], Vt<T.
By other hand, hypotheses (A1)-(A3) imply
VAT) = MTW(T) - eld ¥sign(x(T) - yi(T)) -

1 L
(a,-(x,-(T»X’(T) a,-(y,-<T))y'(T)>
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Main result
Global exponential stability Finite delay

Periodic systems

From hypotheses (A1)-(A3)
W < AT ) = ek OB GTX(T) = (T +

s)dszlu Mo, = y;,7ll

< MTWIT) = p,B(TYVI(T) + elo 2% 3™ 1(T)p; -
o — ol V(T +5)
{ pesT 7—7§EE<0 eaT

then, (A4) implies

VUT) < | M(T) = p,8i(T) + ele X835 1(T) | wi(T) <o,
j=1

which is a contradiction.
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Main result
Global exponential stability Finite delay

Periodic systems

From hypotheses (A1)-(A3)
W < AT ) = ek OB GTX(T) = (T +

s)dszlu Mo, = y;,7ll

< MTWIT) = p,B(TYVI(T) + elo 2% 3™ 1(T)p; -
o — ol V(T +5)
{ pesT 7—7§EE<0 eaT

then, (A4) implies

VUT) < | M(T) = p,8i(T) + ele X835 1(T) | wi(T) <o,
j=1

which is a contradiction.
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Main result
Global exponential stability Finite delay

Periodic systems

Corollary 1: Assume (Al), (A2) and
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Main result
Global exponential stability Finite delay

Periodic systems

Corollary 1: Assume (Al), (A2) and
(A3¥)

fi(t, @)= (£, )] < (&) lo—l|oe,  VE >0, Yo, € UCY;

(A4%)
-t n t
0, 5i(t)—es X% 51 (6) > A(t) and /0 As)ds > et, Vit > 0.
=1

Then the system (3) is globally exponentially stable.
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Main result
Global exponential stability Finite delay
Periodic systems

Finite delay

Corollary 2: Assume (Al), (A2) and
> (Af3) For f; : [0,400) x Cjj — R, 3l : [0,400) — (0, +00)

fi(t, o) — f(t, )] < l(t)||e — I, Vt>0, Vp,9 € G,

where Cj = C([—7j,0]; R) with 7;; > 0, 7 = max7y;
i
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Main result
Global exponential stability Finite delay
Periodic systems

Finite delay

Corollary 2: Assume (Al), (A2) and
> (Af3) For f; : [0,400) x Cjj — R, 3l : [0,400) — (0, +00)

fi(t, o) — f(t, )] < l(t)||e — I, Vt>0, Vp,9 € G,

where Cj = C([—7j,0]; R) with 7;; > 0, 7 = max7y;
i

> (Af4) There exists A : R — [—7, +00) a continuous function:
Sy A(s)ds '
pBi(t)=> e’ Bili(t) > A(t) and [ X(s)ds >et, ¥t >0
- 0

then the system (3), is globally exponentially stable.
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Main result
Global exponential stability Finite delay

Periodic systems

Corollary 3: Assume (A1), (A2) and (Ar3)
> If /;j(t) are bounded and there exists a > 0:

p.Bi(t Zp,u >a, Vt>0, (5)

then the system (3), is globally exponentially stable.
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Main result
Finite delay
Periodic systems

Global exponential stability

Corollary 3: Assume (A1), (A2) and (Ar3)
> If /;j(t) are bounded and there exists a > 0:

p.Bi(t Zp,u >a, Vt>0, (5)

then the system (3), is globally exponentially stable.
* (Proof) For [;;(t) < Ljj, from (5), we have

n
_ a «
p.Bi(t) — Zﬂj/ij(t) (1 + QNL/'p-) >
j=1 yry
. 1 ey
Taking ¢ = = log (1 + 2,1?7,@) >0ande= muln{a,su}

p.Bi(t iju )T > e.

With A(t) = ¢, the condltlon (Ar4) holds.

Exponential stability of Cohen-Grossberg model
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Main result
Global exponential stability Finite delay

Periodic systems

In phase space C, = C([—7,0],R"), assume that system

n

o
—
w
~

x;(t)=—a,-(x,-(r))[b,-<t,x,-<t))+ ﬁy-(t,xj,t)], £

Jj=1
is w-periodic, w > 0, that is:

bi(t,u) = bi(t + w,u), Vt>0, VueR,;

fi(t,p) = fi(t +w, ), Vt>0, Vo e (.
Theorem: Assume (A1), (A2), (Af3) and

p.Bi(t ZpJ,J >0, Vtel[0,w].

Then (3) has a w-periodic solution which is globally exponentially
stable.
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Main result
Global exponential stability Finite delay

Periodic systems

* (Proof) Show the existence of a periodic solution.
From previous result

Ixe(p) = xe(@) < e Dllp = @ll, Ve, Vo, 5 € Co.
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Main result
Global exponential stability Finite delay

Periodic systems

* (Proof) Show the existence of a periodic solution.
From previous result

Ixe(p) = xe(@) < e Dllp = @ll, Ve, Vo, 5 € Co.

» Let k € N such that e~ (k*=7) < 1 3nd define

P: Cy— G, by P(¢) = xu(¥).

1
2

1PA(¢) = PH@)I = Ial) = (@) < 110 — B

P¥ is a contraction map on Banach space C,. Thus, P¥ has a
unique fixed point p* € C,: PK(¢*) = ¢*.
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Main result
Global exponential stability Finite delay

Periodic systems

* (Proof) Show the existence of a periodic solution.
From previous result

Ixe(p) = xe(@) < e Dllp = @ll, Ve, Vo, 5 € Co.

» Let k € N such that e~ (k*=7) < 1 3nd define

P: Cy— G, by P(¢) = xu(¥).

1
2

1PA(¢) = PH@)I = Ial) = (@) < 110 — B

P¥ is a contraction map on Banach space C,. Thus, P¥ has a
unique fixed point p* € C,: PK(¢*) = ¢*.
> As PX(P(¢%)) = P(P*(¢*)) = P(¢"), then

*

P(¢") = ¢ & x,(¢") =

and x(t, 0, ¢*) is the periodic solution of (3).
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Hopfiel model

Application Cohen-Grossberg BAM model

Hopfield neural network model [1]

(S
[

X(e) = =bi(t)x(6) + 3 a5 05(0) + 3 by 0(e = m5(0) + h(e) (6)

[1] Q. Zhang, X. Wei, J. Xu, Chaos Solitons & Fractals 39 (2009) 1152-1157.
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Hopfiel model

Application Cohen-Grossberg BAM model

Hopfield neural network model [1]

X(e) = =bi(t)x(6) + 3 a5 05(0) + 3 by 0(e = m5(0) + h(e) (6)

> bj,ajj, bjj : [0,4+00) — R, 7(t) > 0 are continuous;
» f; : R — R are Lipschitz functions with constant /;;

[1] Q. Zhang, X. Wei, J. Xu, Chaos Solitons & Fractals 39 (2009) 1152-1157.
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Hopfiel model

Application Cohen-Grossberg BAM model

Hopfield neural network model [1]

X(e) = =bi(t)x(6) + 3 a5 05(0) + 3 by 0(e = m5(0) + h(e) (6)

> bj,ajj, bjj : [0,4+00) — R, 7(t) > 0 are continuous;

» f; : R — R are Lipschitz functions with constant /;;
n

ft 7y Ms)ds
> bi(6) = 3 (Jas(o) + (05" ) > 7o)
j=1
and fo s)ds > et, for some € > 0 and some function A(t).
Then system (6) is globally exponentially stable.

[1] Q. Zhang, X. Wei, J. Xu, Chaos Solitons & Fractals 39 (2009) 1152-1157.
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Hopfiel model

Application Cohen-Grossberg BAM model

Hopfield neural network model [1]

X(e) = =bi(t)x(6) + 3 a5 05(0) + 3 by 0(e = m5(0) + h(e) (6)

> bj,ajj, bjj : [0,4+00) — R, 7(t) > 0 are continuous;

» f; : R — R are Lipschitz functions with constant /;;
n

ft 7y Ms)ds
> bi(6) = 3 (Jas(o) + (05" ) > 7o)
j=1
and fo s)ds > et, for some € > 0 and some function A(t).
Then system (6) is globally exponentially stable.
» In [1], a different set of conditions is assumed to get the same
conclusion.

[1] Q. Zhang, X. Wei, J. Xu, Chaos Solitons & Fractals 39 (2009) 1152-1157.
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Hopfiel model
Cohen-Grossberg BAM model

Application

For the periodic model:

x{(t) = =bit)x(t) + Y ag(t)0g(t)) + Y by(t)i((t — (1)) + hi(t) (7)
j=1 j=1

[2] M. Tan, Y. Tan, Appl. Math. Model. 33 (2009) 373-385.
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Hopfiel model
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Application

For the periodic model:

x{(t) = =bit)x(t) + Y ag(t)0g(t)) + Y by(t)i((t — (1)) + hi(t) (7)
j=1 j=1

> bj, ajj, bjj : [0,4+00) — R, 7;;(t) > 0 are w-periodic continuous;

» f; : R — R are Lipschitz functions with constant /;;

[2] M. Tan, Y. Tan, Appl. Math. Model. 33 (2009) 373-385.
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Application

For the periodic model:

x{(t) = =bit)x(t) + Y ag(t)0g(t)) + Y by(t)i((t — (1)) + hi(t) (7)
j=1 j=1

> bj, ajj, bjj : [0,4+00) — R, 7;;(t) > 0 are w-periodic continuous;

» f; : R — R are Lipschitz functions with constant /;;

> bi(t) = > fi(lag(8)] + |bs(1)]) >0, Vte 0]
j=1

Then (7) has a global exponential stable w-periodic solution.

[2] M. Tan, Y. Tan, Appl. Math. Model. 33 (2009) 373-385.
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For the periodic model:

x{(t) = =bit)x(t) + Y ag(t)0g(t)) + Y by(t)i((t — (1)) + hi(t) (7)
j=1 j=1

> bj, ajj, bjj : [0,4+00) — R, 7;;(t) > 0 are w-periodic continuous;

» f; : R — R are Lipschitz functions with constant /;;

> bi(t) = > fi(lag(8)] + |bs(1)]) >0, Vte 0]
j=1

Then (7) has a global exponential stable w-periodic solution.
» In [2] assumed the additional hypothesis

n

bi(t) = 3 llag(t)] + [by(1)]) >0, vt e [0.u],
i=1

[2] M. Tan, Y. Tan, Appl. Math. Model. 33 (2009) 373-385.
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Application Cohen-Grossberg BAM model

Cohen-Grossberg BAM neural network model [3]

m

X/(t) = —ai(xi(t)) | bilxi(1)) = D a(t)fily(t — m(t))) — h(2)

Jj=1

yi(t) = —g(y(1) [ dis(1)) = > ci(t)gixi(t — oi(t))) — Ii(¢t)
i=1

Salete Esteves, Elgin Gokmen, José J. Oliveira Exponential stability of Cohen-Grossberg model



Hopfiel model

Application Cohen-Grossberg BAM model

Cohen-Grossberg BAM neural network model [3]

m

X/(t) = —ai(xi(t)) | bilxi(1)) = D a(t)fily(t — m(t))) — h(2)

Jj=1

yi(t) = —g(y(1) [ dis(1)) = > ci(t)gixi(t — oi(t))) — Ii(¢t)
i=1

i=1...,nand j=1,....m
» Ja;, a5, ¢; > 0,¢j, Vt € [0, +00):

0<a; <at) <3, 0<g <c(t)<c;
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Application Cohen-Grossberg BAM model

Cohen-Grossberg BAM neural network model [3]

/(1) = —ai((1)) bi(Xi(t))—Zau(t)ﬂ(y/‘(t—m(t)))—/i(t)]
j (8)
yi(6) =~ () | d Zc,, )gi(xi( a,-,-(tm/,-(r)]

i=1,. nandj—l
> Elg,,a,,fj > 0,¢, Vt E [O,+oo):

0 < a; <a(t) <3, 0<gi < ¢(t) <<cj;
> 3,@,’,5j >0, VueR:
bi(u) — bi(v) > 6. dj(u) — di(v) > 4

u—v u—v
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Application

> f;,gi : R — R are Lipschitz functions with Lipschitz constants
Fi and G;j;

[3] K. Liu, Z. Zhang, L. Wang, Abstract and Applied Analysis ID805846 (2012).
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> f;,gi : R — R are Lipschitz functions with Lipschitz constants
Fi and G;j;

> 7;i(t) >0, oji(t) >0, aji(t), ¢ji(t), are w-periodic continuous.

[3] K. Liu, Z. Zhang, L. Wang, Abstract and Applied Analysis ID805846 (2012).
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> f;,gi : R — R are Lipschitz functions with Lipschitz constants
Fi and G;j;

» 7;i(t) >0, gji(t) >0, ajj(t), ¢ji(t), are w-periodic continuous.

>

B~ S GFlay(t)] > 0,
j=1
vt € [0,u]. (9)

gj5j — Zﬁ,‘G,"CJ','(t” > 0,
i=1

\

Then (8) has a global exponential stable periodic solution.

[3] K. Liu, Z. Zhang, L. Wang, Abstract and Applied Analysis ID805846 (2012).
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> f;,gi : R — R are Lipschitz functions with Lipschitz constants
Fi and G;j;

» 7;i(t) >0, gji(t) >0, ajj(t), ¢ji(t), are w-periodic continuous.

>

2B — > TiFila (1) > 0,
j=1
vt € [0,w]. (9)

gj5j — Zﬁ,‘G,"CJ','(t” > 0,
i=1

\

Then (8) has a global exponential stable periodic solution.

» In [3] a strong hypothesis than (9) is assumed to get the same
conclusion.

[3] K. Liu, Z. Zhang, L. Wang, Abstract and Applied Analysis ID805846 (2012).
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Application

Thank you

Some results published at Appl. Math. Comput. 219 (2013)
2861-2870.
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