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Generalized Hopfield model | Continuous Hopfield model

N
zi(t) = —ai(t)zi(t) + > kit xi(t — aij(t), t>0,i=1,...,N
=1

neuron state vector at time ¢
(21(0), ..., zn(t) € RY

neuron charging time
ai: Ry — R{  continuous
neuron activation functions

kij IRE)F xR — R continuous, Lip on the second variable

time delay
aij Ry - Ry  continuous, bounded
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Generalized Hopfield model | Discrete Hopfield model
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Generalized Hopfield model | Discrete Hopfield model

N

wi(t) = —ai(t)ai(t) + D kij(t, 25 (t — (1))

=1

Discretization method in:

S. Mohamad, K. Gopalsamy, Exponential stability of continuous-time and
discrete-time cellular neural networks with delays, Appl. Math. Comput.
135 (1) (2003) 17-38
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Generalized Hopfield model | Discrete Hopfield model

N

wi(t) = —ai(t)ai(t) + D kij(t, 25 (t — (1))

=1

Zi(t) = —a;([t/h]h)x; (t) + ﬁ‘; kij ([t/h]h, v ([t/h]h - [‘“([Z/h]h)} h))

Vm € No, t € [mh, (m+ 1R = [t/h] =m;  7yy(m) = [24mt)]

N
e ML (8) + ai(mh)e® M () = e N "k (mhb, ay ((m = 7i5(m)) h))

j=1
t - ) eai(mh)t _ pai(mh)ymh N
/7nh(ea1(m )525(s)) ds = ai(mh) Zk” (mh,z; (m — 13;(m)) h))
1— e—al(m)h N
zi(m+1) = e %My (m) + ka (m, z;(m — 7;5(m)))
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Generalized Hopfield model | Discrete Hopfield model

N
zi(m+1) = c;(m)x;(m) + Zh” (m,zj(m —7;;(m))), i=1,...,N
j=1

@ ¢;: Ny —]0,1[, 7; : Ng — INg bounded with 7 := ?}a%({nj (m)}

@ h;j: INg x R — R are Lip on the second variable, i.e.,

|hij(m,u) — hij(m,v)| < Hij(m)lu —v|, Yu,v € R, m € INo.
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Generalized Hopfield model | Discrete Hopfield model

N
zi(m+1) = c;(m)x;(m) + Zh” (m,zj(m —7;;(m))), i=1,...,N
j=1

¢ : Nog =10, 1], 735 : Ng — Ny bounded with 7 := ?}a%({nj (m)}

@ h;j: INg x R — R are Lip on the second variable, i.e.,
|hij(m,u) — hij(m,v)| < Hij(m)lu —v|, Yu,v € R, m € INo.

Generalizes:

zi(m+ 1) = 25(m) e~k 40, (m Zbu m) f;(a;(m — 7(m))) + I (m)

where 6;(m) = %

H. Xu, R. Wu, Periodicity and exponential stability of discrete-time neural
networks with variable coefficients and delays, Adv. Difference Equ. (2013)
2013:226.
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Stability of nonuniform contractions | Setting

reNg; NeN
Iz, = I N7, where I is a real interval

e Y - Banach space with norm | - |

e X -space of a: [—7,0]z — Y, with the norm ||a|| = max |a(j)]
jE[*T,O]Z

o XV and YV equipped with the supremum norm
e Given m € INy and

T: [, +oo[z — YN
s = (z1(8),...,zN(s))

define z;,, € X and 7, € X N respectively by
zim(j) =xi(m+j), j=-r,—r+1,...,0, i=1,...,N,

Zm(j) =Z(m+j), j=—-r,—r+1,...,0.
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Stability of nonuniform contractions | Setting

Consider the general nonautonomous delay difference equation

zi(m+1) = LY(m)zim + fO(m,T), meNg,i=1,...,N

o LW (m): X — Y are bounded linear operators;

o f(0 (m,-) : XN = Y are Lip perturbations with f(i)(m, 0) =0;

o given n € Ng and @ = (o, ...,ay) € X%, there is a unique
solution Z(-,n,a): [n —r,+00)z — Y such that z,, = @;

o for m,n € Ng with m > n, define the evolution operator
Fmpn: XN 5 xN by
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Stability of nonuniform contractions | Setting

vi(m +1) = LY (m)vipm, i=1,...,N

° Vim(j) =vi(m+j), j=-r,—r+1,...,0;

e for n € Ny and a; € X, we obtain a unique solution
vi(-,m, ) : [n — 7, +00[z— Y such that v; (-, n, 04) = a;

° for' m,n € Ny with m >n, i=1,..., N, define evolution operator
W, X = X by

A%%nai =Uim(n, o), o € X.

Lemma | Properties of A®(m,n)

° A%)n is linear for m > n;
o AY =1Idy;
° Al(;)nﬂq(fz)’n — A9 for | > m and m > n.

l,n
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Stability of nonuniform contractions | Setting

o I''Y — X defined by I'u: [-r,0]z — Y where

Tuj) u if 5 =0,
u pry
=0 itj<o,

o Foralla = (ay,...,ay) € XV,

m—1 ) )
?%zn(a) = -A%),naz + Z ‘A&),k—l—lr‘f(l)(kvjk)? i=1...,N

k=n
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Stability of nonuniform contractions | Abstract stability theorem

Theorem | Abstract result

Assume

o f@(m,): X¥ — YN are Lip functions with f@(m,0) =0, Vi

o||Amn|| amnga’ m>=n,i=1...,N

m,n’

<1

1 m—1 @) ) »
2= o

Fmn (@Il < 7=l

for every @ = (aq,...,ay) € XY and m > n > 0.

Banach fixed point theorem in suitable complete metric space...
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Stability of Hopfield models | Stability of the general model

Coming back to the Hopfield model

N
xi(m+1) = ¢;(m)x;(m) + Zhij (m,zj(m —7;;(m))), i=1,...,N

Theorem | General stability for Hopfield model

Assume
m—
oa(z = H < mna i=1,...,N, m>2n>0

N
Z am k1% ZHZJ(IC) <1
j=1
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Stability of Hofield models | Proof of the general stability theorem

@ The change y(m) = Z(m,n, @) — T(m,n,a*) transforms
N

xi(m + 1) = ¢;(m)z;(m) + Z hij(m,z;(m — 7;;(m))) into
] 1
yi(m+1) = ¢;(m Z (m, yj(m — 7ij(m)))

e Lip (?Lz] (m, )) = H;j(m) and § = 0 is an equilibrium point
e For Y = R, by the abstract result (previous Theorem)

_ — 1 =
T (57 B || < T o] |

o Setting f = @ — a*, we conclude that

1 /

||Tm('7nva)_fm('vn7a*)” = ||ym(7n7a_a*)” < 11—\ am,nH@—a
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Stability of Hopfield models | Stability of the Xu-Wu model

zi(m+ 1) = zi(m) e~ ™" 40, (m Zb” m) f3(w;(m = 7(m))) + L;(m)

a; = ifql@f a;(m) b;; = sip bij(m)| 0 = Slnlqp 6;(m) F}; Lip. constant of f;

Corollary | Stability

Assume
a; >Z] JOEF, i=1,...,N
Then

model Xu-Wu is globally exponentially stable, i.e., there are u > 0 and C > 1
such that, for every @,a* : [-7,0]z — RN, m > n > 0,

||Em(" n, @) - Em(" nva*)” < Ce—u(m—n) ”a - a*Hv
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Stability of Hopfield models | Stability of the Xu-Wu model

° cl(m) _ efai(m)h = a(z H —a;(s)h < eflll(m n) <e —pu(m—m) __ CL

where v; :==a; hand 0 < < mlnz v; such that
P a >ZbUF foralli=1,...N

@ by computatlons we have

1 m—1 N
— (1) /
A= max | Sup Qo D ap i (k) Y 1o (R
EARR) mzn MmN p—p j=1
[ = 1—e e k1
< max_|sup E etimm)k—m) & gvs = : a;
=L N Imzn | f= a; evi —1

Il
=
o
»
Il
-

[ 1 — eri—m)(n—m)
e — vi—p
i=1,...,N _:};I:L { evi—H ] } (e 1)}
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Stability of Hopfield models | Stability of the Xu-Wu model

Corollary | Stability

Assume

M =diag(ay,...,ay) — [b;;FJ} is an M-matrix
Then

model Xu-Wu is global exponential stable, i.e., there are u > 0, C' > 1
such that

[ (-, 1, @) = T (-, 0, @) < Ce™ ™) |lg — 7).

for every @, a@* : [-7,0]z — RY and m > n > 0.
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Stability of Hopfield models | Stability of the Xu-Hu model

e M is an M-matrix < there is d = (dy,...,dy) > 0 such that

Md >0, ie.,
N
dia; > dibF;
j=1
o The change y;(m) = d; *z;(m) =
N ~
yi(m+1) = y;(m) e~ (MW" sz] —7(m))) + I;(m)

where Bij(m) = di_lbij(m), f](u) = f;(d;ju), and fi(m)

o a; >N d'bidiF; & ap > YN bLF;

= d; 'Ii(m)
o f; Lip with constant F; = f] Lip with constant Fj = d; F}
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Stability of Hopfield models | Existence of periodic orbits for the Xu-Wu model

Theorem | Existence and stability of periodic solution
Assume

® a;, byj, I;, T are w-periodic functions

o M =diag(ay,...,ay) — [b;;FJ] is an M-matrix
Then

the w-periodic Xu-Wu model has a unique w-periodic solution which is
globally exponentially stable.

Xu-Wu assume:
® a;, by, I;, T are w—periodic functions

e 3d>0: diai_>Zd]bZ]F t=1,...,N (& M is an M-matrix)
=1

N

w—1 -
e a; > FzZ|b]z|77f: 1,..., N, where q; ::%Zai(n), _%Z
n=1 n=1

Jj=1
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Stability of Hopfield models | Existence of periodic orbits for the Xu-Wu model

e Previous Corollary = there are p > 0,C > 1 such that
T (-, 7, @) = T (-, @) | < C e | — |

e choose k € IN such that Ce # < 1

o Define P: XV — XN by P(a) = Tpyw(-,n, @)

o [[PH(@) — P(@)|l < Cek o —a|

e P* contraction on X = there is a unique € X* such that
PH®) =% © Tnyw(n,9) =7

o T(m,n,p) =Z(m,n,Tntw(-,n,9)) = T(Mm+ w,n,P)

e T(m,n,p) is a w-periodic solution and all other solutions converge
to it with exponential rates.
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Thank you

A .Bento, J.J.Oliveira, C.Silva, Nonuniform behavior and stability of
Hopfield neural networks with delays Nonlinearity 30 (2017) 3088-3103.

José J. Oliveira (CMAT-Uminho) Stability of discrete-time Hopfield ... 19 / 19



	Generalized Hopfield model
	Continuous Hopfield model
	Discrete Hopfield model
	Discrete Hopfield model

	Stability of nonuniform contractions
	Setting
	Abstract stability theorem

	Stability of Hopfield models
	Stability of general Hopfield models
	Proof of the general stability theorem
	Xu-Hu model: stability and existence of periodic órbits


