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Generalized Hopfield model | Continuous Hopfield model

x′i(t) = −ai(t)xi(t) +
N∑
j=1

kij(t, xj(t− αij(t))), t > 0, i = 1, . . . , N

neuron state vector at time t
(x1(t), . . . , xN (t)) ∈ RN

neuron charging time
ai : R+

0 → R+
0 continuous

neuron activation functions
kij : R+

0 ×R→ R continuous, Lip on the second variable

time delay
αij : R+

0 → R+
0 continuous, bounded
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Generalized Hopfield model | Discrete Hopfield model

x′i(t) = −ai(t)xi(t) +
N∑
j=1

kij(t, xj(t− αij(t)))

Discretization method in:
S. Mohamad, K. Gopalsamy, Exponential stability of continuous-time and
discrete-time cellular neural networks with delays, Appl. Math. Comput.
135 (1) (2003) 17–38
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Generalized Hopfield model | Discrete Hopfield model

x′i(t) = −ai(t)xi(t) +
N∑
j=1

kij(t, xj(t− αij(t)))

x′i(t) = −ai([t/h]h)xi (t) +
N∑
j=1

kij

(
[t/h]h, xj

(
[t/h]h−

[
αij ([t/h]h)

h

]
h

))
∀m ∈ N0, t ∈ [mh, (m+ 1)h[ ⇒ [t/h] = m; τij(m) :=

[
αij(mh)

h

]
eai(mh)tx′i(t) + ai(mh)eai(mh)txi(t) = eai(mh)t

N∑
j=1

kij (mh, xj ((m− τij(m))h))

∫ t

mh

(eai(mh)sxi(s))′ds = eai(mh)t − eai(mh)mh

ai(mh)

N∑
j=1

kij (mh, xj ((m− τij(m))h))

xi(m+ 1) = e−ai(m)hxi(m) + 1− e−ai(m)h

ai(m)

N∑
j=1

kij
(
m,xj(m− τij(m))

)
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Generalized Hopfield model | Discrete Hopfield model

xi(m+ 1) = ci(m)xi(m) +
N∑
j=1

hij
(
m,xj(m− τij(m))

)
, i = 1, . . . , N

ci : N0 →]0, 1[, τij : N0 → N0 bounded with τ := max
i,j,m
{τij(m)}

hij : N0 ×R→ R are Lip on the second variable, i.e.,
|hij(m,u)− hij(m, v)| 6 Hij(m)|u− v|, ∀u, v ∈ R, m ∈ N0.

Generalizes:

xi(m+ 1) = xi(m) e−ai(m)h +θi(m)

 N∑
j=1

bij(m)fj(xj(m− τ(m))) + Ii(m)


where θi(m) = 1−e−ai(m)h

ai(m) .

H. Xu, R. Wu, Periodicity and exponential stability of discrete-time neural
networks with variable coefficients and delays, Adv. Difference Equ. (2013)
2013:226.
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Stability of nonuniform contractions | Setting

r ∈ N0; N ∈ N
IZ = I ∩Z, where I is a real interval

Y - Banach space with norm | · |

X - space of α : [−r, 0]Z → Y , with the norm ‖α‖ = max
j∈[−r,0]Z

|α(j)|

XN and Y N equipped with the supremum norm

Given m ∈ N0 and
x : [−r,+∞[Z → Y N

s 7→ (x1(s), . . . , xN (s))

define xi,m ∈ X and xm ∈ XN respectively by
xi,m(j) = xi(m+ j), j = −r,−r + 1, . . . , 0, i = 1, . . . , N,

xm(j) = x(m+ j), j = −r,−r + 1, . . . , 0.
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Stability of nonuniform contractions | Setting

Consider the general nonautonomous delay difference equation

xi(m+ 1) = L(i)(m)xi,m + f (i)(m,xm), m ∈ N0, i = 1, . . . , N

L(i)(m) : X → Y are bounded linear operators;

f (i)(m, ·) : XN → Y are Lip perturbations with f (i)(m, 0) = 0;

given n ∈ N0 and α = (α1, . . . , αN ) ∈ XN , there is a unique
solution x(·, n, α) : [n− r,+∞)Z → Y N such that xn = α;

for m,n ∈ N0 with m > n, define the evolution operator
Fm,n : XN → XN by

Fm,n (α) = xm(·, n, α), α ∈ XN .
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Stability of nonuniform contractions | Setting

vi(m+ 1) = L(i)(m)vi,m, i = 1, . . . , N

vi,m(j) = vi(m+ j), j = −r,−r + 1, . . . , 0;

for n ∈ N0 and αi ∈ X, we obtain a unique solution
vi(·, n, αi) : [n− r,+∞[Z→ Y such that vi,m(·, n, αi) = αi;

for m,n ∈ N0 with m > n, i = 1, . . . , N , define evolution operator
A

(i)
m,n : X → X by

A(i)
m,nαi = vi,m(·, n, αi), αi ∈ X.

Lemma | Properties of A(i)(m, n)

A
(i)
m,n is linear for m > n;

A
(i)
m,m = IdX ;

A
(i)
l,mA

(i)
m,n = A

(i)
l,n for l > m and m > n.
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Stability of nonuniform contractions | Setting

Γ: Y → X defined by Γu : [−r, 0]Z → Y where

Γu(j) =
{
u if j = 0,
0 if j < 0,

For all α = (α1, . . . , αN ) ∈ XN ,

F(i)
m,n(α) = A(i)

m,nαi +
m−1∑
k=n

A
(i)
m,k+1Γf (i)(k, xk), i = 1, . . . , N

Lemma (Barreira & Valls 2007) | equation for F(i)(m, n)

Fm,n(α) =
(
F(1)
m,n(α), . . . ,F(N)

m,n(α)
)
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Stability of nonuniform contractions | Abstract stability theorem

Theorem | Abstract result
Assume

f (i)(m, ·) : XN → Y N are Lip functions with f (i)(m, 0) = 0, ∀i

‖A(i)
m,n‖ 6 a

(i)
m,n 6 a′m,n, m > n, i = 1 . . . , N

λ := max
i=1,...,N

[
sup
m>n

{
1

a′m,n

m−1∑
k=n

a
(i)
m,k+1 Lip(f (i)(k, ·))a′k,n

}]
< 1

Then
‖Fm,n(α)‖ 6 1

1− λ a
′
m,n‖α‖

for every α = (α1, . . . , αN ) ∈ XN and m > n > 0.

Proof
Banach fixed point theorem in suitable complete metric space...
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Stability of Hopfield models | Stability of the general model

Coming back to the Hopfield model

xi(m+ 1) = ci(m)xi(m) +
N∑
j=1

hij
(
m,xj(m− τij(m))

)
, i = 1, . . . , N

Theorem | General stability for Hopfield model
Assume

a(i)
m,n :=

m−1∏
s=n

ci(s) 6 a′m,n, i = 1, . . . , N , m > n > 0

λ := max
i=1,...,N

 sup
m>n

 1
a′m,n

m−1∑
k=n

a
(i)
m,k+1a

′
k,n

N∑
j=1

Hij(k)


 < 1

Then, for every α, α∗ : [−r, 0]Z → RN and m > n > 0

‖xm(·, n, α)− xm(·, n, α∗)‖ 6 1
1− λ a

′
m,n‖α− α∗‖

José J. Oliveira (CMAT-Uminho) Stability of discrete-time Hopfield ... 11 / 19



Stability of Hofield models | Proof of the general stability theorem

Proof
The change y(m) = x(m,n, α)− x(m,n, α∗) transforms

xi(m+ 1) = ci(m)xi(m) +
N∑
j=1

hij
(
m,xj(m− τij(m))

)
into

yi(m+ 1) = ci(m)yi(m) +
N∑
j=1

h̃ij(m, yj(m− τij(m)))

Lip
(
h̃ij(m, ·)

)
= Hij(m) and y = 0 is an equilibrium point

For Y = R, by the abstract result (previous Theorem)

‖ym(·, n, β)‖ 6 1
1− λ a

′
m,n‖β‖

Setting β = α− α∗, we conclude that

‖xm(·, n, α)−xm(·, n, α∗)‖ = ‖ym(·, n, α−α∗)‖ 6 1
1− λ a

′
m,n‖α−α∗‖
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Stability of Hopfield models | Stability of the Xu-Wu model

xi(m+ 1) = xi(m) e−ai(m)h +θi(m)

 N∑
j=1

bij(m)fj(xj(m− τ(m))) + Ii(m)


a−i = inf

m
ai(m) b+

ij = sup
m
|bij(m)| θ+

i = sup
m
θi(m) Fj Lip. constant of fj

Corollary | Stability
Assume

a−i >
∑N
j=1 b

+
ijFj , i = 1, . . . , N

Then

model Xu-Wu is globally exponentially stable, i.e., there are µ > 0 and C > 1
such that, for every α, α∗ : [−τ, 0]Z → RN , m > n > 0,

‖xm(·, n, α)− xm(·, n, α∗)‖ 6 C e−µ(m−n) ‖α− α∗‖,
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Stability of Hopfield models | Stability of the Xu-Wu model

Proof

ci(m) = e−ai(m)h ⇒ a(i)
m,n =

m−1∏
s=n

e−ai(s)h 6 e−νi(m−n) 6 e−µ(m−n) = a′m,n

where νi := a−i h and 0 < µ < mini νi such that

eνi−µ−1
eνi −1 a−i >

N∑
j=1

b+
ijFj , for all i = 1, . . . N

by computations we have

λ = max
i=1,...,N

 sup
m>n

 1
a′m,n

m−1∑
k=n

a
(i)
m,k+1a

′
k,n θi(k)

N∑
j=1
|bij(k)|Fj




< max
i=1,...,N

[
sup
m>n

{
m−1∑
k=n

e(νi−µ)(k−m)

}
eνi

1− e−νi

a−i

eνi−µ−1
eνi −1 a−i

]

= max
i=1,...,N

[
sup
m>n

{
1− e(νi−µ)(n−m)

eνi−µ−1

}
(eνi−µ−1)

]
= 1
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Stability of Hopfield models | Stability of the Xu-Wu model

Corollary | Stability
Assume

M = diag(a−1 , . . . , a
−
N )−

[
b+
ijFj

]
is an M-matrix

Then

model Xu-Wu is global exponential stable, i.e., there are µ > 0, C > 1
such that

‖xm(·, n, α)− xm(·, n, α∗)‖ 6 C e−µ(m−n) ‖α− α∗‖.

for every α, α∗ : [−τ, 0]Z → RN and m > n > 0.
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Stability of Hopfield models | Stability of the Xu-Hu model

Proof
M is an M -matrix ⇔ there is d = (d1, . . . , dN ) > 0 such that
M d > 0, i.e.,

dia
−
i >

N∑
j=1

djb
+
ijFj

The change yi(m) = d−1
i xi(m) ⇒

yi(m+1) = yi(m) e−ai(m)h +θi(m)

 N∑
j=1

b̃ij(m)f̃j(yj(m− τ(m))) + Ĩi(m)


where b̃ij(m) = d−1

i bij(m), f̃j(u) = fj(dju), and Ĩi(m) = d−1
i Ii(m)

fj Lip with constant Fj ⇒ f̃j Lip with constant F̃j = djFj

a−i >
∑N
j=1 d

−1
i b+

ijdjFj ⇔ a−i >
∑N
j=1 b̃

+
ijF̃j
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Stability of Hopfield models | Existence of periodic orbits for the Xu-Wu model

Theorem | Existence and stability of periodic solution
Assume

ai, bij , Ii, τ are ω-periodic functions

M = diag(a−1 , . . . , a
−
N )−

[
b+
ijFj

]
is an M -matrix

Then

the ω-periodic Xu-Wu model has a unique ω-periodic solution which is
globally exponentially stable.

Xu-Wu assume:
ai, bij , Ii, τ are ω-periodic functions

∃d̄ > 0 : dia
−
i >

N∑
j=1

djb
+
ijFj , i = 1, . . . , N (⇔M is an M -matrix)

âi > Fi

N∑
j=1
|b̂ji|, i = 1, . . . , N , where âi := 1

ω

ω−1∑
n=1

ai(n), b̂ij := 1
ω

ω−1∑
n=1

bij(n)
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Stability of Hopfield models | Existence of periodic orbits for the Xu-Wu model

Proof
Previous Corollary ⇒ there are µ > 0,C > 1 such that

‖xm(·, n, α)− xm(·, n, α∗)‖ 6 C e−µ(m−n) ‖α− α∗‖

choose k ∈ N such that C e−µkω < 1

Define P : XN → XN by P (α) = xn+ω(·, n, α)

‖P k(α)− P k(α∗)‖ 6 C e−µkω ‖α− α∗‖

P k contraction on XN ⇒ there is a unique ϕ ∈ XN such that
P k(ϕ) = ϕ ⇔ xn+ω(·, n, ϕ) = ϕ

x(m,n, ϕ) = x(m,n, xn+ω(·, n, ϕ)) = x(m+ ω, n, ϕ)

x(m,n, ϕ) is a ω-periodic solution and all other solutions converge
to it with exponential rates.
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Thank you

A.Bento, J.J.Oliveira, C.Silva, Nonuniform behavior and stability of
Hopfield neural networks with delays Nonlinearity 30 (2017) 3088-3103.
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