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Notations and Definitions
o T cRT:

e C =C([-7,0];R)

lellc = sup |le(6)]];
0c[—7,0]

e For x € C([a—T,b];R), where b >a € R, and
t € [a,b], we define x; by
2:(0) ;= x(t+0), 0 €[—1,0]

xtEC;

e For v € R,
Cy:={peC:¢p(0)>~,0c[-T1,0), and ©(0) >~}



We consider the scalar functional differential
equation (FDE) in general form

z(t) = f(t,z), tel :=[0,400) (1)

where f: I x C' — R is continuous with

£(t,0) =0 Vt > 0,

to have x = 0 as an equilibrium point.

We consider initial conditions

ro=¢, pelC.

Main Objective
To get sufficient conditions for the global at-
tractivity of the zero solution of (1), i.e.,

x(t) — 0, as t — 40,

for all solutions x(¢) of (1).



Delayed Logistic Equation
1
#(1) = ax(t) (1 — - T)) > 0(2)

rg = ¢, ¢ € C,
with a, 7,k € RT.
Admissible solutions (i.e., positive solutions):

xt € Cp, Vt>0

e x(t) = k is the positive equilibrium.

e [ he change of variables

vy =" 1

transforms (2) in the form
y(t) = (1 +y(@)[—ay(t —71)], t=>0(3)

ro =, € C_1,

Theorem [E. M. Wright, 1955]
If a7 < 3/2, then every admissible solution
x(t) of (2) satisfies

x(t) — k, as t — +oo.



J. A. Yorke [1970]

z(t) = f(t,2t)
Hypotheses:

(Y1) Vt, — +oo, Vo, € C,
(Y2) Jda >0,Vt > 0,Vp € C:-
—aM(p) < f(t,p) < aM(—¢p),

where M(yp) := max{0, n[”uaxo]ap(e)}

y A

y = —ax

T heorem

If ar < 3/2, then every solution z(t) of (1)
converges to zero as t — +oo.



Yorke condition (Generalizations)

T. Yoneyama [1987]
A [0,4o0) — [0,00) continuous,
—AOM(p) < f(t,0) S ABOM(=p).  (4)

t 3
sup A(s)ds < =
t>T Jt—T1 2

X. Zhang & J. Yan [2004]
i - [0,40) — [0,00), i = 1,2, continuous,
—A1(OM(p) < f(E ) < A(@)M(—p). (5)
t

;1= Sup Ai(s)ds, i =1,2
t>T Jt—T1

minfay, as} max{a3, a3} < (3/2)3



E. Liz, V. Tkachenko & S. Trofimchuk [2003]

There are a > 0 and b > O:

ar(M(p)) < f(t, @) < ar(—M(—=p)),
where r(z) = ﬁ, x > —1/b.

y A

o e

Notes:
o If b = 0, then we have the original Yorke

condition.

e If b > 0O then, to have bounded soluti-
ons, we need an extra bounded condition on
f(t, o) when ¢ < 0.



Our setting: hypotheses (H):
(H1) There is a piecewise continuous (P.C.)
function g : 1 — I such that

t

sup B(s)ds < 400,
t>71 Jt—T

and Vq € R, 3In(q) € R:

f(t,p) <B(t)n(g), Vte I, o >q,;

(H2) If w : [-7,+>) — R is continuous and

lim t) = w* %« 0, then
t_)+oow() w” #

—+ o0
/o f(s,ws)ds diverges;

(H3) There are P.C. functions A, > : 1 — I
and b > 0 such that

A1(@)r(M(p)) < f(t,9) < A(@)r(=M(—yp)),
where r(x) = 1__|_—“”bw x> —1/b;

aor(T)
: Yy




(H4) There is T > 7 such that, for

t
o 1= Sup A(s)ds, i =1,2,

t>T Jt—T1
we have
M(ag,a2) <1, (6)
where [ is defined by
( 2
(a1 — 1/2)%7 a1 > %
M(a1,02) =4 (01 = 1/2)(02 = 1/2), 01,023
- 5
\ ! ap > >

o2

Do Ot

=N W

1 3
2

o If \1(t) = M(t) (o := a7 = ap), then (6)
has the form

t 3
sup A(s)ds < —.
t>T Jt—T1 2

o ajas < (3/2)2 imply M(ag,as) < 1.



Thecase b=0 in (H3): r(x) = —=x

(H3’) There are P.C. functions A\{, > : I — I
and h : R — R a non-increasing function such
that

|h(z)| < |z|, = # O,

AL ()h(M(p)) < (&, 0) < Aa(D)h(=M(—¢)).

(H3")=(H3)
(H3")+(H4)=(H1)

Theorem 1
Assume (H2), (H3’) and (H4). Then the
zero solution of (1) is globally attractive.

Corollary

Assume (H2), (H3) with b = 0 and (H4)
with M(aq,a2) < 1. Then the zero solution
of (1) is globally attractive.

In particular, the same conclusion holds when

2
arap < @) and (ay,an) # (3/2,3/2).
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Proof Let z(¢) a solution of (1)
e(H3’) = z(t) bounded on [—7,+00).

e Case z(t) is non-oscillatory:
If z(t) is eventually positive, from (H3") z(t) =
f(t,z¢) <0, then z(t) is eventually non-increasing,
so xz(t) — u > 0.
If u> 0, from (H2)
x(t) = a:(to)—l—/tt f(s,x5)ds — 400, as t — o0

0

a contradiction. Hence, u = 0.

e Case x(t) is oscillatory:

w:= Ilim supz(t) >0; —v:= Ilim infz(t) <O

t—00 t——4o0
2
(1) u < h(—v) max{3,ap — 5}; u < h<_v)%2
(II) —v > h(u) max{%, ] — %}; —y > h(u)%

Using (I)-(I1), if w > v and v > 0,

u S —h(U)r(Oé]_,OéQ) S —h(U) < u,

a contradiction. Hence vw = 0 and v = 0.
Then xz(t) — 0 as t — 4co.

10



z(t) = f(t,¢)

Case b >0 in (H3): r(z) = —ﬁ, x> —1/b

Theorem 2 Assume (H1)-(H4), with b > 0
and \;(t) > 0O for t large.
If a1 < asp then, for all solutions x(¢) of (1),

x(t) — 0, as t — oo.

T he proof uses some arguments in the work
of [E. Liz, V. Tkachenko & S. Trofimchuk
2003].

Without losing generality, we can let b =1
and T = 1.

11



i=1,2

For 0 < a1 < ap, we define A;, B; and D1 by

1 /0
x4+ o;r(x) + r(t)dt, x#0
A = < @

\ O? r — O
( 1 O
/ r(t)dt, *#0
B;(z) = r(z) J—a;r(z) ;
\ 07 €r — O

Bi(x)
Ai(z), 0<z<a;-—1
Dl(:r;)Z{ 1( ) ~ 1

Bi(x), x> max{0,a; — 1}
For a; > 1/2, we define R; by

Ri(x) = A}(0)—

1 €T’ :B>VZ7

vy
.__2A(0) _  6a;—3
com y; = A70) — —6a§_1 <0
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Note: If a1 < ap, then the composition
R> o Dq is well defined on [0, +00).

M(a1,02) <1= Ro(Di(x)) <z, Vx>0 (7)

Let x(¢t) be a solution of (1)
(H1)+(H3) = z(t) bounded on [—T7,4+00).

e Case z(t) is non-oscillatory:

(H2)4+(H3)= z(t) - 0 as t — 4+

e Case z(t) is oscillatory:

u:= |lim supz(t) >0; —v:= Ilim infz(t) <O
t——+o0 t——+o0

Using (H3), if v > 0, then

u < Ao(—v) < Ro(—v) < Ra(D1(u)),

is a contradiction by (7).
Hence v =0 and u = 0. Then

x(t) — 0 as t — 4o0.
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Scalar Population Models

z(t) = z(8)f(t,z¢), =0
(8)

ro = ¢, ¢ € Cop,

where f : [0,+00) x C — R is continuous and

Co={peC:pB)>0,0c[-7,0), and p(0) > 0}.

If u(t) is the solution of (8), then the change
of variables

transform (8) in to

z(t) = (1 +=z())F(t,z¢), t>0
(9)
ro =¢, peC_j,
where F(t,p) = f(t,u(1+ ¢)) — f(E,u).

Note: To study the global stability of the
solution u(t) of (8) is equivalent to study the
global stability of the zero solution of (9).
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Consider the initial value problem (IVP)

z(t) = (L4 () F(t, z4),

o =@, peC_jq.
For F : [0,400) x C_1 — R we assume hy-
potheses (H1)-(H4) with ¢ restricted to C_q,

i.e. we suppose (H1)-(H4) hold with p € C
replaced by o € C'_1.

Note: If b < 1, then (H3) imply (H1).

Theorem 3

For F : [0,400) x C_1 — R continuous, as-
sume (H1)-(H4) with ¢ restricted to C_;.
Case b # %, assume )\;(t) > 0, for ¢ large, and

1
(i) b>§and a1 < as

or .
(ii) b< > and a1 > ao.

Then the solution z(t) of (9) converge to
Zero as t — +oo.
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Proof
The change of variables y(t) = log(1 4+ z(t))
transforms the IVP (9) in the form

y(t) — f(ta yt)7
yo =@, p€C,
with f(t,p) := F(t,e¥ —1).
Fort> 0 and ¢ € C,
AL () r(eMP) 1) < f(t,0) < Ao()r(eMTP)I1).

o If b = 3, then f satisfies (H2), (H4) and
(H3’) with

h(z) . =r(e’®—1) = -2 <1 — exi 1),

then, by theorem 1, we have

y(t) — 0 as t — oo,
i.e., z(t) — 0 as t — oo.
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o If b > 5, then f satisfies (H1), (H2), (H4)
and (H3) with
—X
1+ (b-3)z
Hence, by theorem 2, if a1 < ap, then

r1(z) =

y(t) — 0 as t — oo,

i.e., z(t) - 0 as t — oo.

e If 0 <b< % the change z(t) = —log(1 +
x(t)) transforms the IVP (9) in the form

z(t) = g(1, 2t),

Z0 =@, PE C,
where g(t,o) = —F(t,e ¥ — 1) satisfies the
hypotheses (H), where (H3) is

A2(0)r2(M(p)) < g(t, ) < A1 (D)r2(=M(=p)),

—X

ith = :
with r5(x) = (% .

Hence, if as < a1, then z(¢t) — 0, i.e.,
x(t) — 0 as t — co.
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Example [K.Golpalsamy book, 1992; Y.Liu,
2001; T.Faria,2004]

N = pON [ o | (10)
No=¢, p€ CO

with p, A : [0, 4+0c0) — [0, 400) are continuous,
a,k,m > 0 and « > 1 is the ratio of two odd
integers.

k
N(t) = - is the positive equilibrium.

T heorem Assume

/+°O p(s)
0 (14 A(s))e
For A(t) = min{a, A(t)}, let

a®p(t) p(t)
A (t) = and M\ (t) = ,
A NOL () = T
and assume that there is 7' > 7 such that
M(a1,a0) <1, where

t
o 1= Sup Ai(s)ds,i=1,2. (12)
t>T Jt—T

Then the solution N(t) of (10) satisfies

ds = 0. (11)

k
N(t) — —, as t — 4o0.
a
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Proof By the change z(t) = %(t) — 1, the
IVP (10) has the form

t(t) = (1 +z(t))F(t,z)
rg =, € C_q,
with

«

©(—T)

(13)
1+ 2801 + o(—n))

F(t,z) = —p(t)

e (11)=(H2)

e (H3) restricted to C_; holds for F with
A1 (1), Aa(t) as above and r(z) = —

1—|—%:U.

In particular, the result holds if ajas < (%)2,
i.e.,

of 1 PLs) o p(s) 9
¢ </t YO ) (ft_T 1 —I—aA(s)dS> = tlarge

Y. Liu [2001] (k=a = 1)

t
e \(t)>1 lim Sup/ p(s)ds <3
t——4o0 t—1
t
e 0<A\(¥) <1 lim sup p(s) ds < 3

t——+o0 t—1 )\(S)a
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o \(t) >a
Let Ao :=a tinf A(t) > 1.
t>0

Theorem
Assume (11).
If X(t) > a, Vt >0, and ' (a1,a0) < 1, with

1 t p(s)

= a% " su ds,
M R e (T e A 1
1 t
o = su s)ds,
2 14+ )Xo tZ]Q t—Tp( )
then the solution N(t) of (10) satisfies
k
N(t) — —, as t — +o0.
a
Proof
(H3) restricted to C_71 holds for F in (13)
with
a®1p(t) p(t)
A (t) = ; M (t) = ,
=G r e DoneeT PP T 14

and r(z) = %, x > —1, where
b .= A0 > l
14+ X 2
Note that A1 (t) < X (t), hence a1 < an.
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oO<)\(t)<a

Let A0 :=a1supA(r) < 1.
t>0

Theorem
Assume (11).
If A(#) <a, Vt >0, and I'(a1,ao) < 1, with

X0 bop(s)
a1 = a® su s,
1 14 X0 tZZQ —T )\(s)o‘
t
o = SUp p(s) ds,

t>T Jt—r 1 + a=1X(s)
then the solution N(t) of (10) satisfies
k
N(t) — —, as t — +o0.
a

Proof
(H3) restricted to C_7 holds for F' in (13)

with
_a®XY p(t) e
M = 1770 NOLk M) =171 a—IA(t)’
and r(x) = ﬁ”é’x, x > —1, where

A0 _1
T 1+ AO =2’
Note that A\1(¢) > X (t), hence a1 > an.
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