Unity in structural proof theory and
structural extensions of the )\-calculus

José Espirito Santo
Departamento de Matematica
Universidade do Minho
Portugal

4th International Workshop on Proof Theory,
Computation, Complexity (PCC'05)
Lisbon, 16-17 July 2005



Motivation

Two closely related problems

1. Unity in structural proof theory

2. Structural extensions of the \-calculus

Goal: fully realize the programme suggested
by

1. von Plato’s natural deduction with general
elimination rules

2. Herbelin's “X-calculus structure” for sequent
calculus

3. JES’' isomorphism between a fragment of
LJT and an extension of natural deduction
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Sequent calculi (left) and natural deduction
systems (right)



The \9™-calculus (1)

EXxpressions

(Terms) t,u,v = x|Az.t|tl
(Applicative L N
contexts) I = u-(zx)v|u::l

Abbreviations [u] =u-(2)x
Extracting hidden information
Match
t(ug ... um - ()v) (m>1)
with W(F,upm - (x)v) for some F, or

with W(F' u,,_1 > um - (x)v) for some F/, etc.
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The \9™-calculus (2)

Sequents

Fr=t: A AFIl: B

Typing rules

I_,a::Al—x:AAxiOm

[,x.: AFt: B
(FXxt: ADB

Right

r-¢t: A I:AFIl: B

r-i-B h — Cut

B A I:BkRIL:C

= w
ADBrFru::l:C

lc — Left

fFu: A T@Nz:BFov:C
MADBlFu-(zx)v:C

[ — Left



The \9-calculus (3)

Reduction rules

(B1)  (Qzt)(u-(y)v) — s(s(u,z,t),y,v)
(82) (Az.t)(uw::l) — s(u,x,t)l
() WV(F,u-(x)v)l — W(F,u-(x)vl)
() u- ()l — w:l, ifaodl

t is in |Bm-nf| iff every cut occurring in t is of
the form zl (morally a left introduction)

1) For typable terms, reduction is SN

2) Any combination of the reduction rules is
confluent

Proof: Because this holds of AJm. Think of
t(ug oo i wm - (2)v)

das

t(ug,uo oo um i [], ()v)



The \9™-calculus (4)

Permutation rules

(p) V(F,u-(z)v) — s(W(F [u]),z,v),ifv#zx
(q) WV(Fu:l) — W(F, [u])l

t is in |g-nf|iff every cut occurring in t is of the
form t(u- (x)v) (morally a general application)

t is in |pg-nf| iff every cut occurring in t is of
the form t[u] = t(u - (x)x) (morally an ordinary
application)




The A\gs-calculus (1)

EXxpressions

(Terms) M,N, P
(Functions) F

x| Az.M | app(F, N, () P)
hd(M) | FN

Abbreviations app(F,N) = app(F, N, (x)x)

Extracting hidden information

Match
app(hd(M)N7...Ny—1, Nm, (z)P) (m>1)

with ©(hd(M),1) for some [, or

with ©(hd(M)N1,l") for some ', etc.



The A\gs-calculus (2)

Sequents

FT=M: A F>F: A

Typing rules

F2 AFz: A Assumption

rz:A+M:B ;
A o.M : A Bintro

I Ii4>DFBN %I_N Aznne’r—Elzm

[ >F:ADB ITHEFN:A T,z:BFP:C outer—
I+ app(F,N,(x)P) : C —FElim

r=M:A Coercion
> hd(M) : A




Reduction rules

The A\gs-calculus (3)

(81) app(hd(Az.M),N,(y)P) — [[N/z]M/y]P

(62)

hd(Az.M)N — hd([N/z]M)

(r) ©(hd(app(F, N, (x)P),l) —

— app(F, N, (z)©(hd(P),1))

() app(F,N,(x)©(hd(x),l)) — ©(FN,l), ifx ¢l

M is in

Bmr-nf

iff every coercion occurring in

M is of the form hd(x)

A derivation D in Ags is |Bm-normal| iff every
coercion formula occurring in D is an assump-

tion




The A\gs-calculus (4)

Permutation rules

(p) app(F,N,(:c)P) — [app(F,N)/x]P,P;&a:
(q) FN — hd(app(F,N))

M is in |g-nf| iff every gs-application occur-
ring in M is of the form app(hd(M), N, (x)P)
(morally a general application)

M is in |pg-nf| iff every gs occurring in M is of
the form app(hd(M), N) = app(hd(M), N, (z)x)

NJ
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Isomorphism (1)

Idea:

t(ug 2. wm - (2)v)

a'pp<hd(M)N1'“Nm—1aNm7 ($>P>
aslongast~ M, u; ~ N; and v~ P
Case m > 1:

1) Sequent calculus: right-associativity, head
at the surface

2) Natural deduction: left-associativity, tail at
the surface

3) To each occurrence of u :: [ corresponds
one occurrence of FFN

4) Inversion of associativity of applicative terms
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Isomorphism (2)

Case m =1

t(u- (z)v)

app(hd(M), N, (z)P)

1) Translation between notational variants of
generalised application, inducing a translation
between two copies of AJ

2) Neutral associativity, both head and tail at
the surface

3) AJ (and hence the A) are neutral w.r.t. the
characterization of sequent calculus and natu-
ral deduction in terms of associativity
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Isomorphism (3)

Y
S

A8

W (app(F, N, (z)P))
W/(FN,I)
W/ (hd(M),1)

W/(F, WN - (z)WP)
W/(F, WN ::1)
(W M)

O (tl)
SQ'(F,u :: 1)
O (F,u- (z)v)

Q' (hd(©t),1)
Q' (FOu,l)
app(F,Qu, (x)Ov)

Mappings W and © are sound, mutually inverse
bijections. For each R € {81, 62,7, 1, p,q}:

2) t »pt'in A8 ff ©t —»p Ot' in Ags.

Corollary: Ags inherits the properties of A8™
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Isomorphism (4)

A8 hd A
o g
g L
NJ
W(app(hd(M), N, (z)P)) = (WM)(WN - (z)VP)

O(t(u- (z)v)) = app(O(1), O(u), (z)O(v))

Mappings W and © translate between two copies
of AJ
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Roadmap again

®

AC = AN
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W =
\ ) /
A8 = A
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The AS-calculus (1)

EXxpressions

(Terms) t,u,v = x|Ax.t|tk
(Contexts) k= (z)v|u:k
Abbreviations [ul = u :: (2)z
Typing rules

I_,x:AI—:U:AAmom

[,x: AFt: B
FrFXxet: ADB

Right

B A I'1)BFEk:C

Fu
FASBFu. k.C Left

-t A
=
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The AC-calculus (2)

Reduction rules

(o) t((zx)v) — s(t,z,v)

(B) Azt)(u k) — uw((x)t)k

(r) W(E,(x)v)(u::k) — W(E, (z)v(u::k))
() (x)xk — k, ifx &k

Permutation rules

() W(EN,@)v) — s(W(E,[WN]),z,v), if vz
(¢9) W(EN,u: k) — W(E,[VN]D(u: k)

t is in |pg-nf| iff every cut occurring in t is of
the form tlu] = t(u :: (x)x) or t((x)v). Hence,
t is in pg-nf iff ¢ is morally a Ax-term
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The A\y-calculus (1)

EXxpressions

(Terms) M,N,P
(FAP- 5
-EXxpressions)

x| .M |{E/x}P
hd(M) | EN

Abbreviations ap(F) ={FE/z}z

Typing rules

F 2 AFz A Assumption

FxAFM’BI
- o.M : A Bintro

r>EFE:A>DB FFNlAZ
>FEN : B Elim

[>FE:A I,x:AFP: . B
r-{FE/x}P: B

Subst

=M. A Coercion
> hd(M): A
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The A\y-calculus (2)

Reduction rules

(o) {hd(M)/z}P — [M/x]P
(3) hdOx.M)N — hd({hd(N)/z} M)

() ©(hd({E/x}P),u :: k) —
— {E/z}O(hd(P),u :: k)
(n) {E/x}0(hd(x),k) — ©(E,k), ifx ¢k

Permutation rules

(p) {EN/xz}P — J[ap(EN)/x]P, if P # x
(q) ENN' — hd(ap(EN))N’

A derivation D in Ay is |Bmo-normal| iff every
coercion formula occurring in D is an assump-
tion and the main premiss of an elimination

M is in |pg-nf|iff every substitution occurring in
M is of the form ap(hd(M)M) = {hd(M)N/x}x
or {hd(M)/x}P. Hence, M is in pg-nf iff M is
morally a Ax-term
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Decompositions of general elimination

r-M:A>DB ITTHFN:A T',x:BFP:C

- M(N,z.P): C

From AJ = \8 C \8™ C )G

I_,:I::BI—fUZC(l)
F~u: A r;BI—(LE)’U(Q)
rFt:AD>DB T ADBru::(x)v:C

F=t(u:: (x)v) : C (3)
(1) Selection (2) Left (3) Cut

From AJ = )\g C )\gs C )\N

r-M:ADB

I‘th(M):ADB(l) FrEN:A

r > hd(M)N : B (Q)I‘,:c:BI—C?)
FF {hd(M)N/z1 P C (3)

(1) Coercion (2) Elim (3) Subst
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Conclusions and future work

1) Natural deduction isomorphic to full se-
quent calculus

2) Both proof system presented as (meaning-
ful) extensions of the simply typed A-calculus

3) Difference reduced to associativity of ap-
plicative terms

4) Isomorphism: at the logical level

left-introduction ~ elimination
cut primitive substitution

%

5) Isomorphism: at the X-calculi level, inver-
sion of associativity

6) Future work: unification of sequent calcu-

lus and natural deduction
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