Issues in a calculus of multiary
sequent terms

J. Espirito Santo, M.J. Frade, L. Pinto

Dep. de Matematica and Dep. Informatica
Universidade do Minho

Days in Logic '06

Coimbra, 19-21 January 2006



Plan

. The system AJm

. Permutative conversions

. Combining reduction and permutation

. Redundancies, overlap between multiarity
and generality

. Refinements



AJm: the generalised multiary A-calculus

EXxpressions

tiu,v = x| Azt | t(u,l, (x)v)

gm—apfa?ica tion

U = ] |w::l

Sequents Mt A [:B-Il:C

Typing rules

. x. A THt.B
A TEFz: AP Fexzt:ADB

Right

N-t:A DB Fu:A [ BHL:C x:C’,I’I—v:Dg

Ft(u, 1, (2)v): D m — Elim

MN~uw:A M:BHL:C
A D Bru::l:C

Ax

CHI[]:C Lft
Remark: In I';BHI[:C
1. Bis “main and linear”

2. B=B1D>..D>B, >/, for some k > 0.



Reduction rules

(Az.t)(u, (], (y)v) —p s(s(u,z,t),y,v)
(Az.t)(u, vl (y)v) —p, s(u,z,t)(v, 1, (y)v)
t(u,l, (2)v) (W, U, (y)v')  —x t(u,l, (@), 1, (y)v'))

(s stands for gm-substitution)

B = p1UpBo

Bm-normal forms:

t,u, v

[

x| Ax.t | x(u,l, (y)v)
wiil| ]

Other reduction rules

t(u,l, (x)z(u, U, (Y)v")) —u t(u,append(l, v’ 1 1), (y)v')
t(u,l, (z)z) (W, U, (y)v') —n tlu,append(l,u’ 1 1), (y)v')
Proviso for u: x & u/,U',v

(i.e., v=z(/,l', (y)v") introduces z in a linear fashion)

Remark: h C m;

Results:
1. Each combination of g, m and u is confluent.

2. —pqu 1S SN for typable terms.



Elimination rules for subsystems of AJm

(2) (1)
M-¢t:A>B T+Fu:A T:BHI:C z:C,THv:D
M=t(u,l, (x)v): D

gm — Elim

Subsystem A\J

(2) must be an instance of Ax, | = [] and B = C.
t(u-(x)v) abbreviates t(u,[], (x)v)

=t A DB [Fu: A x.B,Fv:D
M=t(u-(x)v): D

g— Elim

Subsystem Am (=APh)

(1) must be an instance of Axiom, v = xz and C = D.
t(u-1) abbreviates t(u,l, (z)x)

Ht:AD B MFu: A [:B-L:C
M=t(u-l):C

m — Elim

Subsystem X\ (=)G)

Both restrictions defining AJ and Am apply.
t[u] abbreviates t(u,[], (z)x)

N=t:ADB TFu:A
M=tlu]: B

Elim



AJm, subsystems and natural fragments
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The 2 features added to \-calculus

t,u,v = x| Ax.t]|t(u,l,(x)x)

| t(u,l, (x)v) &x#=v (1)

[ = ]

| u:: (2)

added feature | abbreviation | map/perm.
(1) generality J D
(2) multiarity m q




Permutation rules

Rules (p1), (p2), (p3):
(p1) t(u,l,(2)y) —»y if z#£y
(p2) t(u,l, (x)Ay.v) — \y.t(u,l, (x)v)

(p3) ti(u1,ly, (x)tz2(u2,l2, (y)v)) —

t1(u,l1, (x)t2) (t1(u1, b1, (x)u2), t1(u1, l1, (x)12), (y)v)
if x v

p=p1Up2Up3

Rule (q):
(q) t(u,v::l,(x)v) — tlu](v,l, (x)v")

Results:

1. The rewriting system induced by p (resp. g,
pq) is confluent and SN.

2. The p (resp. ¢q, pg) normal forms are the
set of terms of Am (resp. A\J, \).

3. Hence p eliminate generality and q elimi-
nates multiarity.



Combining reduction and permutation

AJm
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A | cut-free multiary sequent terms (S.)
C| cut-free sequent terms

= von Plato’s fully-normal natural deductions)

Herbelin| “m-normal” multiary sequent terms (S.)
(= Herbelin's cut-free terms)
Mints| Mint's “normal” cut-free sequent derivations

B| B-normal A-terms




Combining reduction and permutation (2)

1. p#m and h#tqg

t € |Herbelin| iff t is Bph-nf
te|B| iff tis Bpg-nf

2.

3. Any combination of 3, p and ¢q (resp. h) is
confluent.

4. Reduction to Bpg-nf and Bph-nf can always
be split into two stages

|
B
l
tvl
N
e N
Herbelin|> to t3 €|B

5. Thereisatypedte A\Js. t. tis not Bp-SN.
Hence G#p.



A systematic analysis of overlaps in AJm

Three ways of expressing multiple application: (1) mul-
tiary application. (2) normal generality. (3) iterated
application.

t(u,append(l,u’ :: 1), (y)v) t(u, 1, (@)a (I, (y)v))

% A\ Proviso:
x & u, ' v

t l ! 7/
(u-l) (1, (y)v)
t(u,l,(z)x)

e . express multiarity (=non-empty lists) with gen-
eralised application

e p is split into
1. r: eliminates normal generality

2. p—. eliminates non-normal generality
e ¢ is slightly extended
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The 3 features added to A-calculus

t,u,v = x| Ax.t]|t(u,l,(x)x)
| t(u,l, (2)v) &mla(z,v) (1)
| t(u,l, (x)v) & mla(x,v)&xr F*v (2)
[ = ]
| w:l (3)
feature abbrev. | map/perm.
(1) normal generality n r
(2) | non-normal generality n p-
(3) multiarity m q
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AJm, subsystems and natural fragments

Refinements (1)

AJm
)\ (<

p_ .
Allm AJ j AJ

Anm .

An N - An
Am An An
A N

Nomenclature: each system is named as A1 ||2 |

1
2

is either empty or n or n or J(= nn)
is either empty or m
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Refinements (2)

Combining reduction and permutation

Herbelin

Mints
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Current goals

1. Goal: to prove the conjectured relation-
ships between the 3 features, subsystems
of AJJm and permutations

2. Goal: to prove the conjectured results about
the combination of reduction and permuta-
tion. In particular, to prove termination of
B together with weakened form of p (p—7)
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