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Geometrical Quantum Mechanics

B Pure states are a complex projective space

L ([dyedy)  @ldy) ()
G 0
m: H — PH
By
W) = e

8 Orthonormal basis  {l|e;)} <6j o — 5%
Gy =il

dz? @ dz; (Z7dz;®) ® (dzgz"®)

h =
& |2]]*
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Geometrical Quantum Mechanics

non-linear coordinates

zj:@ewj (pj >0, ijzl)
J

dz? @ dz; (Zdz;®) ® (dziz")

h =
|2]]° |2]]*

S P

h Zzgdpj@@dpj + |[dp; ® der, + dp; @ depg|
— Py
J
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Geometrical Quantum Mechanics (s il

H = L3(x) ) = (z|¢) = Y(z)
(¥ |z) = ¢* ()
Immersion of a measure space manifold © into PH
(|8) = V/p(z]@)e1®

ol - %dlnp(aﬁ\ﬂ) i idaled)

h=g—1w
E,(dlnp) ® (dInp)| + E,|da ® da] — E,(da) ® E,y(da)
dInp A da]

[ =

g
w

|
=

ldr) = fx(df)pdx

F = i Ep(d Inp ® d In p) Fisher-Rao metriC,
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Information Geometry

® Statistical Manifold: M
Each point p € M represents a probability density

® Fisher-Rao metric, a Riemannian metric: ¢
Infinitesimal “distinguishability” of probability densities

® Dualistic Structure: :
(9,V,V7)

X,Y,Z € X(M)

X(g(Y,2)) =9(VxY,Z)+ g(Y, VX Z)
Usually defined by perturbation of the hermitean connection

B — lBe e B
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Divergence Function

B Statistical manifold: M

® Divergence function: S: M x M =R
S(x,y) =0

Blcy) -0 <— x -y

Oriented distance-like function

S(z,y) # Sy, )
If S is differentiable

g5y 05

. - —— 250
ox* X=y (9y7f X=y
® S is a generating function
[ [ (] 2
B Generates tensors intrinsically Q@SJ = gi;
r*ox
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Generating Potentials for arbitrary Tensors <G

® Some examples

B Hessian Riemannian Structures!!!:
x = {2'} Local coordinates on U C M
Convex function: f:U —R

0° f
9ij (%) := 0x'0x)

This is not a tensor!

B Kai3hler Potential

W

g
- 020z

Quote from Wikipedia: “There is no comparable way of describing a general

Riemannian metric in terms of a single function.”

[1]: J.J. Duistermaat. On Hessian Riemannian Structures. Asian J. Math, 5 (1) (2001), pp. 79-92
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Contrast Functions as Generating Potentials | €«

® Two copies of the manifold to define a two-point
function

S MxM-—=R
B Provides several canonical structures:
X € X(M)
M X M —> M Left-lift: X € X(M x M)
TR MXM— M Right-lift: Xg € X(M x M)

Diagonal embedding:
d: M —=> Mx M
p (P, p)
Restriction to the diagonal:
g —d 5
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Contrast Functions as Generating Potentials I s i

® Consider the contrast function S MxM=R
(’CXL‘CYLS)Id i g(Xv Y)

It is clearly f-linear in X
| et us show that it is also f-linear in Y

Lx LigyyS = Lx (fLy,S)
== fﬁXLﬁyLS —+ ﬁXLf'ﬁyLS
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Contrast Functions as Generating Potentials ||

® Consider the contrast function S:MxM-=R

(B By 5] — (X ¥

P

It is clearly f-linear in X
| et us show that it is also f-linear in Y

(EXLL(fY)LS>}d:( (f[’YL ))|d
(FLx, Ly, S+ (Lx, f- c/é
— oo
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Contrast Functions as Generating Potentials I s i

® Consider the contrast function S:MxM-=R

(B By 5] — (X ¥

P

It is clearly f-linear in X
| et us show that it is also f-linear in Y

(EXLL(]CY)LS)‘CZ:( (f[’YL ))|d
(FLx, Ly, S+ (Lx, f- c/é
— oo

One can define more rank 2 tensors:

(LXRLYRS)‘d o (‘CXL‘CYLS)|CZ = _(ﬁXREYLS)‘d o g(X7 Y)
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Contrast Functions as Generating Potentials Ili <

® This procedure can be used for tensors of order 3

B One needs to find suitable linear combinations to
cancel the non-tensorial terms

(Lx, Lyulz,S — LxoLv, L2z, 9)|,=T(X,Y, Z)

d

or
(Lxy Ly, L2728 — LxpLynLz,8)|, = T(X,Y, Z)
® There are 8 possible combinations that lead to
tensorial quantities.

They define the same symmetric tensor up to a sign

In information geometry this is used to define pairs of dual
connections
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® Can one go to higher order tensors?

For instance the Riemann tensor

® Can one generate non-symmetric tensors?’

ucdm | Universidad Carlos lll de Madrid

Departamento de Matemdticas

J.M. Peérez-Pardo



7N

Outline L=

® [ntroduction and motivation

B Generating Potentials for arbitrary tensors

B Hamilton-Jacobi approach to contrast functions

vcdm | Universidad Carlos Il de Madrid

Departamento de Matemdticas

J.M. Peérez-Pardo



Hamilton-Jacobi Approach to Contrast Functions

Find a canonical contrast function

Given 9 T
Construct a two point function with vanishing derivatives

® Hamilton's Principal function

Sh] = / RORION

tin
Solution of the equations of motion 7

gl e )y
il / 2(4(8), 4(0)dt

dS = p;(x,y)dz’ — P;(x,y)dy’

) 9 X=y — 0
X =Y ’Y(t):X i p(X Y)‘ y
Pi(%,y)lx—y =0 _
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Hamilton-Jacobi Approach to Contrast Functions I

Choose the Lagrangian

1 Sigeie iy SR
W) — §gijv7’v3 + ETijkvzvjvj

Compute derivatives

We need the relation between van, and x,y
Taylor expansion

3(8) = 7(1) + Van(1 — ) + 5 Van(l = 1) + SVan(1 ~ 1)°

2
i NEn — —X—I—lif —li}
fin — Y 9 fin 6 fin

Eq. of motion

- 1
= —Tl R — ngv%k — EgerrijfU]vka
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Hamilton-Jacobi Approach to Contrast Functions Il ~—~

Assuming that v is analytic in v

AR g

0S 1 1

9y 9(¥)kA" = ST (y)ATAT + ST (y) ARA'

1 1
+ g Ljir (¥) 15 () ARATA® — EAJMS(Y)MNAS
04 S 038
0x* 0yl ld =~ ) 0x'dxk oyl ‘d = e
S . 038
By similar calculations: SOy O ‘d = =Dk — Tp
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Hamilton-Jacobi Approach to Contrast Functions IV~ -

® Find a combination of 4th order derivatives that
s f-linear

Cx,LynLz, LwnS|, = LRLR
® Two possible linear combinations:

Q:1(X,Y,Z,W)=(LRRL — RLLR) + (LRRR — RLLL)
+ (LRLL — RLRR) + (LRLR — RLRL)

Q2(X,Y,Z,W) =(LLLL — RRRR) + (LLLR — RRRL)
+ (LLRL — RRLR) + (LLRR — RRLL)
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Hamilton-Jacobi Approach to Contrast Functions IV~ -

® Find a combination of 4th order derivatives that
s f-linear

Cx,LynLz, LwnS|, = LRLR
® Two possible linear combinations:

Q:1(X,Y,Z,W)=(LRRL — RLLR) + (LRRR — RLLL)
+ (LRLL — RLRR) + (LRLR — RLRL)

Q2(X,Y,Z,W) =(LLLL — RRRR) + (LLLR — RRRL)
+ (LLRL — RRLR) + (LLRR — RRLL)

® After a lengthy calculation:

Q1 =0Q2=0
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Hamilton-Jacobi Approach to Contrast Functions V.~

B Choose a lagrangian

SEu)— §gijvzv9 + - LU v ﬂcijklvzvjvjvl
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Hamilton-Jacobi Approach to Contrast Functions V.~

B Choose a lagrangian

SEu)— §gijvzv9 + - LU v ﬂcijklvzvjvjvl

After a lengthy calculation:

Q1 =Q2=0
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Hamilton-Jacobi Approach to Contrast Functions V.~

B Choose a lagrangian

SEu)— §gijvzv7 + - LU v ﬂcijklvzvjvjvl

® After a lengthy calculation:
(1 =0Q2=0

® What about non-symmetric tensors?
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