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Commutative Differential Graded Algebras (CDGAs)

Definition

A CDGA (A,d) is a graded vector space A =⊕k∈NAk with

a graded commutative product

Ak ×Al → Ak+l

ab = (−1)∣a∣ ∣b∣ba;

a degree one differential d ∶ Ak → Ak+1, d2 = 0;

Leibniz rule: d(ab) = d(a)b + (−1)∣a∣a d(b).
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Examples of CDGAs

Given a manifold M, the de Rham algebra

(Ω(M),∧,d);

Any graded commutative algebra A with the trivial differential
d = 0;

The de Rham cohomology algebra

(H(M),∪,d = 0);

The Chevalley-Eilenberg complex (⋀g∗,∧,dCE) of a Lie
algebra g with the multiplication of the exterior algebra.
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Cohomology of a CDGA

Given a CDGA (A,d) we can always form its cohomology

Hk(A) = Kerd ∶ Ak → Ak+1

Imd ∶ Ak−1 → Ak
.

It easy to check that

H(A) =⊕
k

Hk(A)

inherits the product of A, so we can treat H(A) as a CDGA with
zero differential.
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Morphisms and quasi-isomorphisms

A morphism of CDGAs is a linear map f ∶ A→ B such that

f ∶ Ak → Bk

f (ab) = f (a)f (b)
f ○ d = d ○ f

A morphism of CDGAs f ∶ A→ B induces a morphism in
cohomology

H(f ) ∶ H(A)→ H(B)

Definition

A quasi-isomorphism is a morphism of CDGAs f ∶ A→ B such that
it induces an isomorphism in cohomology.
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Models

A CDGA (A,d) is a model of a CDGA (B,d) if there is a
chain of quasi-isomorphisms

(A,d)→ (A1,d)← ⋅ ⋅ ⋅→ (Ak ,d)→ ⋅ ⋅ ⋅← (B,d)

As a consequence one has an induced isomorphism between
the cohomologies H(A) and H(B).

Definition

We say that a CDGA (A,d) is a model of a manifold M if it is a
model of the CDGA (Ω(M),d).
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Formality

Definition

We say that a manifold M is formal if the de Rham cohomology is
a model of M.

So, there is a chain of quasi-isomorphisms

(H(M),0)→ (A1,d)← ⋅ ⋅ ⋅→ (Ak ,d)→ ⋅ ⋅ ⋅← (Ω(M),d)

In this case, at least if M is formal and simply connected one
can show that the real homotopy type of M is determined by
the de Rham cohomology of M.
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Examples of formal manifolds

compact Lie groups

Riemannian symmetric spaces of compact type

compact k-connected manifolds of dimension ≤ 4k + 2 [Miller
1976]

compact Kähler manifolds [Deligne-Griffiths-Morgan-Sullivan
1975]

compact co-Kähler manifolds [Chinea-de Leon-Marrero 1993]



CDGAs quasi-Sasakian manifolds Vaisman and quasi-Vaisman manifolds Nilmanifolds

Almost contact metric manifolds

An almost contact manifold (M, φ, ξ, η) is an odd-dimensional
manifold M which carries a (1,1)-tensor field φ, a vector field
ξ, a 1-form η, satisfying

φ2 = −I + η ⊗ ξ and η (ξ) = 1.

Every almost contact manifold admits a compatible metric g ,
that is, such that

g (φX , φY ) = g (X ,Y ) − η (X )η (Y ) ,

for all X ,Y ∈ Γ (TM).
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Normality

An almost contact manifold (M, φ, ξ, η) is said to be normal if

[φ,φ] + dη ⊗ ξ = 0.

M is normal iff the almost complex structure J on the product
M ×R defined by setting, for any X ∈ Γ (TM) and
f ∈ C∞ (M ×R),

J (X , f d

dt
) = (φX − f ξ, η (X ) d

dt
)

is integrable.
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Quasi-Sasakian manifolds

A quasi-Sasakian structure on a (2n + 1)-dimensional manifold
M is a normal almost contact metric structure (φ, ξ, η,g)
such that dΦ = 0, where Φ is defined by

Φ(X ,Y ) = g(X , φY ).

They were introduced by D. E. Blair to unify Sasakian
geometry (dη = Φ) and co-Kähler geometry (dη = 0, dΦ = 0).

A quasi-Sasakian manifold is said to be of rank 2p + 1 if

η ∧ (dη)p ≠ 0 and (dη)p+1 = 0,

for some p ≤ n.
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Examples of quasi-Sasakian manifolds

An example of a manifold that admits a quasi-Sasakian structure is
the nilpotent Lie group

G = H(1, l) ×R2(n−l),

where H(1, l) is the (generalized) Heisenberg group of dimension
2l + 1. The Heisenberg group H(1, l) is the Lie subgroup of
dimension 2l + 1 in the general linear group GLl+2(R) with
elements of the form

⎛
⎜
⎝

1 P t
0 Il Q
0 0 1

⎞
⎟
⎠
,

where Il denote the l × l identity matrix, P,Q ∈ Rl and t ∈ R.
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Examples of quasi-Sasakian manifolds

If Γ is a cocompact discrete subgroup of G = H(1, l) ×R2(n−l),
then the structure, being left-invariant, goes to the quotient.
Thus, Γ/G is a compact quasi-Sasakian nilmanifold.

Note that if n ≠ l and l ≠ 0 then the nilmanifold Γ/G does not
admit either a Sasakian or a co-Kähler structure.
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Basic cohomology with respect to a given foliation

Consider a manifold M with a foliation F . Let TF ⊂ TM be the
tangent distribution to F .
The space of basic k-forms with respect to F is defined as

Ωk
B (M) ∶= {ω ∈ Ωk (M) ∣ iXω = 0, iXdω = 0,∀X ∈ Γ(TF)} .

The restriction of the exterior derivative d to Ωk
B (M) sends basic

forms into basic forms, so one obtains a sub-complex

(Ω∗
B (M) ,d) .

The basic cohomology H∗
B(M,F) with respect to the foliation F is

defined as the cohomology of this complex.
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A model for quasi-Sasakian manifolds

Theorem

Let (M2n+1, ϕ, ξ, η,g) be a compact quasi-Sasakian manifold.
Then the CDGA

(HB(M, ξ)⊗⋀ ⟨y⟩ ,dy = [dη]B)

is a model of M.

Here ⋀ ⟨y⟩ is the exterior algebra generated by a free element y of
degree 1 and the differential is assumed to be zero on the elements
of HB(M, ξ).

As a special case of our result one obtains the model
discovered by Tievsky for Sasakian manifolds.
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Almost formal CDGAs

Motivated by the model described in the above theorem, we
introduce the following class of CDGAs.

Definition

We say that a CDGA (B,d) is almost formal of index l if it is
quasi-isomorphic to the CDGA (A⊗⋀ ⟨y⟩ ,dy = z), where A is a
connected CDGA with the zero differential and z ∈ A2 is a closed
element satisfying z l /= 0, z l+1 = 0.

A manifold M is said to be almost formal if it has an almost formal
model.
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Quasi-Sasakian manifold are almost formal

The previous definition and the above model suggest us to
introduce the following notion for quasi-Sasakian manifolds.

Definition

Let (M2n+1, ϕ, ξ, η,h) be a quasi-Sasakian manifold. The index of
M is the natural number l , 0 ≤ l ≤ n, satisfying

[dη]lB ≠ 0 and [dη]l+1
B = 0.

From our result it follows that the model of a compact
quasi-Sasakian manifold M is an almost formal CDGA with the
same index of M.
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Vaisman manifolds

An Hermitian manifold is a complex manifold (M, J) with a
compatible Riemannian metric g , that is

g(JX , JY ) = g(X ,Y ).

Then, the fundamental 2-form is defined by

Ω(X ,Y ) = g(X , JY ), for X ,Y ∈ Γ(TM),

If Ω is closed, then (M, J,g) is called a Kähler manifold.
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Vaisman manifolds

A Hermitian manifold (M, J,g) such that the fundamental 2-form
Ω satisfies

dΩ = θ ∧Ω.

for some (closed) 1-form θ, is called an LCK manifold.
Then, if θ is parallel, that is

∇θ = 0,

we say that M is a Vaisman manifold.
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Quasi-Vaisman manifolds

Definition

A Hermitian manifold (M, J,g) is said to be quasi-Vaisman if the
fundamental 2-form Ω satisfies

dΩ = θ ∧ dη,

where θ is a closed 1-form and η = −θ ○ J.
Moreover, the metric dual U of θ must be unitary, Killing and
holomorphic (that is LUJ = 0).
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Canonical foliations on quasi-Vaisman manifolds

In a quasi-Vaisman manifold M,

The 1-form θ and the vector field U are parallel;

the couple (U,V = JU) defines a flat foliation F of rank 2
which is transversely Kähler;

the orthogonal bundle to the foliation generated by U is
integrable and the leaves are quasi-Sasakian manifolds.

A quasi-Vaisman manifold is Vaisman if and only if it is LCK or
equivalently

θ ∧ dη = θ ∧Ω.
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A Model for quasi-Vaisman manifolds

Theorem

Let (M2n+2, J,g) be a compact quasi-Vaisman manifold and U, V ,
F are defined as above. Then the CDGA

(HB(M,F)⊗⋀ ⟨x , y⟩ ,dx = 0,dy = [dη]B) (1)

is a model of M.

Note that the model in the above theorem is in fact an almost
formal CDGA. To see this we can take

A ∶= HB(M,F)⊗⋀ ⟨x⟩

and z = [dη]B considered as an element in A.
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Quasi-Vaisman manifolds are almost formal

Now, as in the quasi-Sasakian case, we can also introduce the
following definition.

Definition

The index of a quasi-Vaisman manifold (M2n+2, J,g) with quasi
anti-Lee 1-form η is the natural number l , 0 ≤ l ≤ n, which satisfies

[dη]lB ≠ 0 and [dη]l+1
B = 0.

From the above theorem it follows that the model of a compact
quasi-Vaisman manifold is an almost formal CDGA with the same
index of M.
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Examples of quasi-Vaisman manifolds

If (N, ϕ, ξ, η,h) is a quasi-Sasakian manifold then the product
N ×R admits a quasi-Vaisman structure (J,g), with J and g given
by

J = ϕ + ξ ⊗ dt − ∂

∂t
⊗ η, g = h + dt ⊗ dt,

So, the nilpotent Lie group

G = H(1, l) ×R2(n−l)+1

admits a left-invariant quasi-Vaisman structure.
Thus, if Γ is a cocompact discrete subgroup then the compact
nilmanifold Γ/G admits a quasi-Vaisman structure.
Note that if n ≠ l and l ≠ 0 then Γ/G doesn’t admit either a
Vaisman or a Kähler structure.
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Models of Nilmanifolds

The minimal model of a nilmanifold was found by Hasegawa using
Nomizu theorem. Namely

Theorem (Hasegawa)

Let M ≅ Γ/G be a compact nilmanifold. Then the
Chevalley-Eilenberg complex (⋀g∗,dCE) is a minimal model of
Ω(M).

The model being minimal implies that for any other model (A,d)
of Ω(M), there is a (direct) quasi-isomorphism

(⋀g∗,dCE)Ð→ (A,d).
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Models of almost formal Nilmanifolds

In the case of almost formal Nilmanifolds we do have another
model, by definition of almost formal manifold. Thus we have a
morphism from the minimal model to the other model.
This allows us to find out what the Lie algebra g can be:

Theorem

A nilmanifold Γ/G of dimension m admits an almost formal model
of index l if and only if G is isomorphic to H(1, l) ×Rm−2l−1.



CDGAs quasi-Sasakian manifolds Vaisman and quasi-Vaisman manifolds Nilmanifolds

Quasi-Sasakian and quasi-Vaisman nilmanifolds

Corollary

A 2n + 1-dimensional compact nilmanifold Γ/G admits a
quasi-Sasakian structure of index l if and only if

G ≅ H(1, l) ×R2(n−l)

as a Lie group.

Corollary

A 2n + 2-dimensional compact nilmanifold Γ/G admits a
quasi-Vaisman structure if and only if

G ≅ H(1, l) ×R2(n−l)+1

as a Lie group.
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