EQUIDISTRIBUTION FOR HIGHER-RANK ABELIAN ACTIONS

ON HEISENBERG NILMANIFOLDS

SALVATORE COSENTINO AND LIVIO FLAMINIO

ABSTRACT. We prove quantitative equidistribution results for actions of
Abelian subgroups of the 2g 4+ 1 dimensional Heisenberg group acting
on compact 2g 4 1-dimensional homogeneous nilmanifolds. The results
are based on the study of the C*-cohomology of the action of such
groups, on tame estimates of the associated cohomological equations
and on a renormalisation method initially applied by Forni to surface
flows and by Forni and the second author to other parabolic flows. As
an application we obtain bounds for finite Theta sums defined by real
quadratic forms in g variables, generalizing the classical results of Hardy
and Littlewood [HL14, HL26] and the optimal result of Fiedler, Jurkat
and Korner [FJK77] to higher dimension.
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1. INTRODUCTION

In the analysis of the time evolution of a dynamical system many problems
reduce to the study of the cohomological equation; in the case, for example,
of a smooth vector field X on a connected compact manifold M this means
finding a function # on M that is solution of the equation

(1.1) Xu=f,

where f is a given function on M.

For a detailed discussion of the cohomological equation for flows and
tranformations in ergodic theory the reader may consult [Kat03].

In the 2006 paper [FF06] Forni and the second author used renormaliza-
tion techniques coupled with the study of the cohomological equation to
derive the equidistribution speed of nilflows on Heisenberg three-manifolds.
This approach had initially been used by Forni for the study of flows on
translation surfaces and subsequently by Forni and the second author [FF03]
for the study of horocycle flows, where precise asymptotics of the equidis-
tribution of these flows were obtained (see also [BF14]). Renormalization
fails for homogeneous flows on higher-step nilmanifolds as, in general, the
automorphism group of the underlying nilpotent group is rather poor, lacking
semi-simple elements. In a recent paper [FF14] Forni and the second au-
thor developped a novel “rescaling technique” to overcame this difficulty in
higher-step nilmanifold; as a consequence they obtained non-trivial estimates
on Weyl sums, estimates which have recently improved independently by
Wooley [Wool5].

The present paper moves in a different direction: the study of higher-rank
Abelian actions, a theme of research that has been the subject of several
investigations, primarily by A. Katok and co-authors ([KK95, KS97, DK10,
KRH10, DK10, KN11], ...). In fact, homogeneous actions of Abelian
subgroups of higher dimensional Heisenberg groups provide a setting where
renormalization methods may still be applied, yielding precise quantitative
estimates of the rate of equidistribution of the orbits once an in-depth analysis
of the cohomological equations is carried out. Thus, an important part of
this work is devoted to the study of the full cohomology of the actions of
these groups; our attention has been focused on obtaining tame estimates for
the solutions of cohomological equations with minimal loss of smoothness,
a result that has its own interest in view of future applications to the study of
some perturbations of these actions.

An immediate consequence of the quantitative estimates of the rate of
equidistribution are bounds on exponential sums for quadratic forms in
terms of certain diophantine properties of the form. To our knowledge
these bounds, which generalise the classical results of Hardy and Littlewood
[HL14, HL26] and the optimal result of Fiedler, Jurkat and Korner [FIK77],
are new.
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Cohomology in Heisenberg manifolds. In this article we study the coho-
mology of the action of an abelian subgroup P of the (2g + 1)-dimensional
Heisenberg group H® on the algebra of smooth functions on a homogeneous
manifold H8/I". The linearity of the problem and the fact that the unitary
dual of H¢ is classical knowledge make the use of harmonic analysis par-
ticularly suitable to our goal, as it was the case in the works of L. Flaminio
and G. Forni [FFO3, FF06, FFO7]. As a consequence, our results on the
cohomology of P also apply to more general H8-modules, those for which
the action of the center of H8 has a spectral gap.

Before stating our results let us fix some notation.

Let G be a connected Lie group of Lie algebra g, and let M = G/I be
a compact homogeneous space of G. Then G acts by left translations on
C=(M) via

(1.2) (h.f)(m)=f(h"'m), heG, feC(M).

Let F be a closed G-invariant subspace of C**(M). The space F is a tame
graded Fréchet space [Ham82, Def. 11.1.3.2] topologized by the family of
increasing Sobolev norms || - ||, defining L? Sobolev spaces W*(M).

For any connected Lie subgroup P < G with Lie algebra p, the action
by translations of P on G/I" turns F into a p-module. Therefore we may
consider the Chevalley-Eilenberg cochain complex A*(p, F) := A*p’ @ F of
F-valued alternating forms on p, endowed with the usual differential “d”. By
cohomology of the p-module F' we simply mean the Lie-algebra cohomology
H*(p, F) of this cochain complex. When F = C*(M) we also refer to this
cohomology as the cohomology of the action of P on M.

A natural question that arises when we consider a Lie group or Lie algebra
cohomology with values in a topological module, is whether the reduced
cohomology coincides with ordinary cohomology; that is whether the spaces
B*(p,F) of co-boundaries are closed in the spaces Z*(p,F) of cocycles.
Following A. Katok [KatO1], we give the following definition.

Definition 1.1. The p-module F is cohomologically C*-stable in degree k
if the space B¥(p, F) of F-valued co-boundaries of degree k is closed in the
C* topology.

Let Z(p, F') denote the space of closed currents of dimension k, that is the
space of all continuous linear functionals on A (p, M) vanishing on B(p, F).
By the Hahn-Banach Theorem, B*(p, F) is a closed subspace of A¥(p, F) if
and only if it is equal to the intersection of the kernels of all D € Z;(p,F).

We recall that a tame linear map ¢ : F; — F;, between tame graded Fréchet
spaces satisfies a tame estimate of degree r with base b if, denoting by || - ||
the norms defining the grading, we have ||¢(f)||s < C||f||s+» for all s > b
and f € Fy; the constant C may depends on s.

The tame grading of F implies that A*(p,F) is a tame graded Fréchet
cochain complex and that the differentials are tame maps of degree 1. Thus,
besides C*-stability, another question that arises naturally is whether, for
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a given a co-boundary , there exists a primitive 2 whose norm is tamely
estimated by the norm of .

Definition 1.2. We say that the p-module F is tamely cohomologically C*-
stable in degree k > 1 if there exists a tame map d_;: BX(p,F) — AK"1(p, F)
assigning to every co-boundary @ € B¥(p, F) a primitive of @.

A related question, which is fundamental in perturbation theory, is whether
the chochain complex A*(p, F) has a tame splitting [Ham82] (see [KKO05,
DK11]). Recall that a graded Fréchet space Fj is a tame direct summand of
a graded Fréchet space F; if there are tame maps L: F| — F, and M: F, —
Fi such that M o L is the identity map of F; [Ham82, Def. 11.1.3.1]. In
this situation we also say that the short exact sequence 0 — F| — F, —
F>/L(F;) — 0 splits tamely.

Definition 1.3. We say that the p-module F has tame splitting in degree k if
the space BX(p, F) is a tame direct summand of A*(p, F).

Let H® be the Heisenberg group of dimension 2g + 1. Any compact
homogeneous space M = H8/T is a circle bundle p : M — H8 /(I Z(H$))
over the 2g-dimensional torus T2 = H& /(' Z(H#)), with fibers given by the
orbits of the center Z(H#) of H8. The space of C* functions on M splits as a
direct sum of the H8-invariant subspace 7*(C**(T?¢)) and the H&-invariant
subspace Fp = C;7 (M) formed by the smooth functions on M having zero
average on the fibers of the fibration p. The following theorem is a particular
case of Theorem 3.16 below.

Definition 1.4. A connected Abelian subgroup of H® without central ele-
ments will be called an isotropic subgroup of H8. A Legendrian subgroup of
H$ is an isotropic subgroup of H& of maximal dimension g.

Theorem 1.5. Let P be a d-dimensional isotropic subgroup of H8 with Lie
algebra p. The p-module Fy is tamely cohomologically C”-stable in all
degrees. In fact, for all k =1,....d there are linear maps

d-1: BX(p, Fo) = A (p, Fy)
associating to each ® € Bk(p,Fo) a primitive of ® and satisfying tame
estimates of degree (k+1)/2+ € for any € > 0.
We have H*(p,Fy) = 0 for k < d; in degree d, we have that H%(p, Fy)
is infinite dimensional if d < g or one-dimensional if d = g (i.e. if p is a
Legendrian subspace) in each irreducible p-sub-module of Fy.

The p-module Fy has tame splitting in all degrees: for k =0,...,d and
any € > 0, there exist a constant C and linear maps

M A¥(p, Fy) — B(p, Fy)

such that the restriction of M* to BX(p,Fy) is the identity map and the
following estimates hold

1M oll; < Cllo]siw, Yo €A (p,F)
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wherew = (k+3)/2+¢€, ifk<dandw=d/2+¢€ifk=d.

Let P < HE be a subgroup as in the theorem above and let P be group
obtained by projecting P on H8/Z(H¢) ~ R?8. As before we set T?8 =
H8 /(T Z(H#)). The P-module 7*(C>(T?8)) is naturally isomorphic to the P-
module C*(T28). It should be considered as folklore that the cohomology of
the action of a subgroup P on a torus depends on the Diophantine properties
of P, considered as vector space. The Diophantine condition p € DC(I")
mentioned in the theorem below will be precised in section 3.1.

Theorem 1.6. Let P be an isotropic subgroup of H8, let M := H8 /T be a
compact homogeneous space and let F := C*(M). Let P be the projection of
P into H& /Z(H8) ~ RS, let p its Lie algebra, and let T =T /(TN Z(H?)) ~
Z28. Then action of P on M is tamely cohomologically C*-stable and has
a tame splitting in all degrees if and only if p € DC(T) for some T > 0. In
this case we have

H*(p,F) = A'p itk <dimp, H(p,F) = A'p @ H (p, Ro) if k = dimyp

Equidistribution of isotropic subgroups on Heisenberg manifolds. Let
M = H8 /T be the standard Heisenberg nilmanifold (see Section 2 for details
on the definitions and notations). Let (Xi,...,Xg,E1,...,E4,T) be a fixed
rational basis of h8 = Lie(H?$) satisfying the canonical commutation relations.
Then the symplectic group szg(R) acts on H8 by automorphisms'. For
1 <d < g, let P4 be the subgroup generated by (X1,...,X,) and, for any
& € Spye(R), set X := a~1(X;), 1 <i<d. We define a parametrization of
the subgroup o~!(P?) according to

PL% = exp(x| XF 4 -+ x4X%), x=(x1,...,x7) € RY.

Given a Jordan region U C R? and a point m € M, we define a d-dimensional
d,o
p-current & "m by

(1.3) <<@57°‘m, a)> = /Uf(P)‘f’“m)dx

for any degree d p-form @ = fdX{* A--- NdXF, with f € C5(M) (here
Cy (M) denotes the space of smooth functions with zero average along the
fibers of the central fibration of M).

It is well-known that the Diophantine properties of a real number may be
formulated in terms of the speed of excursion, into the cusp of the modular
surface, of a geodesic ray having that number as limit point on the boundary
of hyperbolic space. This observation allows us to define the Diophantine
properties of the subgroup P4% in terms of bounds on the height of the
projection, in the Siegel modular variety £, = K \Sp,,(R)/Spy,(Z), of the
orbit of o under the action of some one-parameter semi-group of the Cartan

1by acting on the left on the components of elements of h® in the given basis.
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subgroup of szg(R) (here K, denotes the maximal compact subgroup of
Spy,(R)). We refer to Section 4.4 for the definition of height function.

Let {exptg (d)}rer be the Cartan subgroup of Sp,,(R) defined by the

formula exp(tg(d))Xi =éX;, fori=1,...,d and exp(tg(d))Xi = X;, for
i=d+1,...,g. Roughly, the definition 4.10 states that & € Sp,,(R) satisfies
a g(d)-Diophantine condition of type o, if the height of the projection of
exp(—tg(d))(x in the Siegel modular variety X, is bounded by ¢*¢(1=9); if,
for any & > 0, the height considered above is bounded by e*“¢, then we say

that & € Sp,,(R) satisfies a s (d)-Roth condition; finally we say that ¢ is

of bounded type if the height of exp(—9J)c, stays bounded as & ranges in a
positive cone a™ in the Cartan algebra of diagonal symplectic matrices (see
Def. 4.10).

As the height function is defined on the Siegel modular variety X,, the
Diophantine properties of @ depend only on its class [o] in the quotient
Space mg - Sp2g (R)/Sp2g (Z’)

The definitions above agree with the usual definitions in the g = 1 case.
Several authors (Lagarias [LLag82], Dani [Dan85], Kleinbock and Margulis
[KM99], Chevallier [Chel3]) proposed, in different contexts, various gener-
alizations of the g = 1 case: we postpone to Remark 4.11 the discussion of
these generalizations.

We may now state our main equidistribution result.

Theorem 1.7. Let P4 < H8 be an isotropic subgroup of dimension d < g.
Set Q(T) = [0,T)¢. For any s > %d(d+ 11)+g+1/2 and any € > O there
exists a constant C = C(P, &, s,g,€) > 0 such that, for all T > 1 and all test
p-forms ® € Ap QWS (M),
o there exists a full measure set Qq(wq) C M, such that if (@] €
Qq(wg) then

‘<gzé7g)m, (1)>‘ < C(logT)d+1/(2g+2)+£ Td/2 Hw”é

o if[a] € M, satisfies a s (d)-Diophantine condition of exponent ¢ >0
then

o(T)
forall 6’ < o; R
o if [a] € My satisfies a §(d)-Roth condition, then

(sm ol <crmetal,
o if [a] € M, is of bounded type, then

<3Z gﬁ)’"’@

The exponent of the logarithmic factor in the first case is certainly not
optimal. When d = 1, a more precise result is stated in Proposition 5.9 which

(746 mo)| <19 o],

<CT? | oll;
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coincides with the optimal classical result for d = g = 1 (Fiedler, Jurkat and
Korner [FIK77]).

The method of proof is, to our knowledge, the first generalization of the
methods of renormalization of Forni [For02] and of Flaminio and Forni
[FFO6, FFO7] to actions of higher dimensional Lie groups. A different direc-
tion is the one taken by Flaminio and Forni in [FF14], where equidistribution
of nilflows on higher step nilmanifolds requires a sublter rescaling technique,
due to the lack of a renormalization flow.

A limitation of the inductive scheme that we adopted is that we are limited
to consider averages on cubes Q(T') (the generalization to pluri-rectangles is
however feasible, but more cumbersome to state). For more general regions,
growing by homotheties, we can obtain weak estimates where the power
T2 is replaced by 79~!. However, N. Shah’s ideas [Sha09] suggest that
equi-distributions estimates as strong as those stated above are valid for
general regions with smooth boundary.

Application to higher-dimensional Theta sums. In their fundamental
1914 paper [HL14] Hardy and Littlewood introduced a renormalization
formula to study the exponential sums Y_ e(n?x/2 + &n), usually called
finite theta sums, where N € N and e(t) := exp(2mit). Their algorithm
provided optimal bounds for these sums when x is of bounded type.

Since then, Hardy and Littlewood’s renormalization method has been ap-
plied or improved by several authors obtaining finer estimates on finite theta
sums (Berry and Goldberg [BG88], Coutsias and Kazarinoff [CK98], Fedo-
tov and Klopp [FK09]). Optimal estimates have been obtained by Fiedler,
Jurkat and Korner [FJK77]. Differently from the previously quoted authors,
who relied heavily on the continued fractions properties of the real number
x, Fiedler, Jurkat and Korner’s method was based on an approximation of x
by rational numbers with denominators bounded by 4N.

In this paper we consider the g-dimensional generalization, the finite theta
sums

(1.4) Y  e(2n]+4(0n)

neZsn[o,N]&

where 2[x| := x " 2x is the quadratic form defined by a symmetric g x g real
matrix 2, and £(x) := ' x is the linear form defined by a vector £ € R%. In
the spirit of Flaminio and Forni [FF06], our method consists into reducing
the sum (1.4) to a Birkhoff sum along an orbit (depending on ¢) of some
Legendrian subgroup (depending on 2) in the standard (2g + 1)-dimensional
Heisenberg nilmanifold.

The occurrence of Heisenberg nilmanifolds is not a surprise: in fact the
connection between the Heisenberg group and the theta series is well known
and very much exploited [AT75, Aus77, Tol78, FF06, Mum0O7a, MumO7b].

The application to g-dimensional finite theta sums (1.4) is the following
corollary of Theorem 5.11.



8 SALVATORE COSENTINO AND LIVIO FLAMINIO

Corollary 1.8. Let 2[x] = x' 2x be the quadratic form defined by the
symmetric g x g real matrix 2, let = ( 1, %) € Spa,(R), and let £(x) = 0T x
be the linear form defined by { € RS. Set

O(2,6:N) =N Y e(2[n]+(n)).
neZsN[0,N]8
o There exists a full measure set Q, C Mg such that if [a] € Q, and
€ > 0 then

O(2,/;N)=0 ((1OgN)g+1/(2g+2)+e>

o If (0] € M, satisfies a g(g)—Roth condition, then for any € > Q.
O(2,0;N) = 0 (N?)

o If (0] € M, is of bounded type, then
O(2,(,N)=0(1)

The Diophantine conditions in terms of the symmetric matrix 2 are
discussed in Remark 4.11.

As we mentioned above, dynamical methods have already been used
to study the sums ®(2,¢;N). Gotze and Gordin [GGO3], generalizing
[Mar99a], show that some smoothings of (2, ¢; N) have a limit distribution.
See also Marklof [Mar99b, Mar03].

Geometrical methods, similar to ours, to estimate finite theta sums are also
used by Griffin and Marklof [GM14] and Cellarosi and Marklof [CM15].
They focus on the the distributions of these sums as 2 and ¢ are uniformly
distributed in the g = 1 case. As they are only interested in theta sums,
they may consider a single irreducible representation p of the Heisenberg
group and a single intertwining operator between p and L>(M). The other
more technical difference is that as 2 and ¢ vary, it is more convenient to
generalize the ergodic sums (1.3) to the case when  is transverse current.

Estimates of theta sums are also crucial in the paper of Gotze and Mar-
gulis [GM10], which focuses on the finer aspects of the “quantitative Op-
penheim conjecture”. There is question of estimating the error terms when
counting the number of integer lattice points of given size for which an
indefinite irrational quadratic form takes values in a given interval. This is
clearly a subtler problem than the one considered here.

Article organization. In Section 2, we introduce the necessary background
on the Heisenberg and symplectic groups. In section 3 we prove the results
about the cohomology of isotropic subgroups of the Heisenberg groups.
Section 4 deals with the relation between Diophantine properties and dynam-
ics on the Siegel modular variety. Finally in section 5 we prove the main
equidistribution result and the applications to finite theta sums.

Applications to the rigidity problem of higher-rank Abelian actions on
Heisenberg nilmanifolds, as a consequence of the tame estimates for these
actions, will be the subject of further works.
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2. HEISENBERG GROUP AND SIEGEL SYMPLECTIC GEOMETRY

2.1. The Heisenberg group and the Schrodinger representation.

The Heisenberg group and Lie algebra. Let @ denote the canonical sym-
plectic form on R ~ R¢ x R¢, i.e. the non-degenerate alternate bilin-
ear form o((x,&),(x',&")) = & -x' — &' - x, where we use the notations
(x,§) e R xR® and & -x:= §jx; + - + Exy. The Heisenberg group
over R8 (or the real (2g + 1)-dimensional Heisenberg group) is the set
H& = R8 x R8 x R equipped with the product law

Q1) (%&1)- (&) = (x+ 2, E+E 1+ +30((x,8),(x,E))).
It is a central extension of R?¢ by R, as we have an exact sequence
0— Z(H8) = H8 - R?*¢ 0,

with Z(H8) = {(0,0,¢)} =~ R.
The Lie algebra of H¢ is the vector space h = R8 x R8 x R equipped with
the commutator

[(g,p,1), (¢, p',1")] = (0,0,p-4' —p'-q).

Let T = (0,0,1) € Z(h®). If (X;) is a basis of Ré, and (E;) the symplec-
tic dual basis, we obtain a basis (X;,Z;,T) of h¢ satifying the canonical
commutation relations:

(2.2) [Xi,Xj] = 0, [Ei,Ej] = 0, [E,‘,Xj] = 5ijT; 1 § i,j S 8.

A basis (X;,Z;,T) of h® satisfying the relations (2.2) will be called a
Heisenberg basis of h%. The Heisenberg basis (X}, 2}, T) where X and 29
are the standard bases of R&, will be called the standard Heisenberg basis.

Given a Lagrangian subspace [ C Ré x Ré, there exists a Heisenberg basis
(Xi,Z;,T) such that (X;) spans [; in this case the span I' = (&;) is also
Lagrangian and we say that the basis (X;,Z;,T) is adapted to the splitting
[xI'xZ(h?8) of h8.

Standard lattices and quotients. The set [ := 7Z8& x Z8 x %Z is a discrete
and co-compact subgroup of the Heisenberg group H¢, which we shall call
the standard lattice of H8. The quotient

M := H¢,T
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is a smooth manifold that will be called the standard Heisenberg nilmanifold.
The natural projection map

(2.3) p: M —H8/(TZ(H®)) ~ (H8/Z(H®))/(T /T NZ(H¥))

maps M onto a 2g-dimensional torus T?8 := R?€ /7?8, All lattices of H8
were described by Tolimieri in [Tol78]. Henceforth we will limit ourselves
to consider only a standard Heisenberg nilmanifold, our results extending
trivially to the general case. Observe that exp7 is the element of Z(H$)
generating [ N Z(H$).

Unitary H-modules and Schrodinger representation. The Schrodinger
representation is a unitary representation of p : H¢ — U(L?(IR¢,dy)) of the
Heisenberg group into the group of unitary operators on L?(IR$,dy); it is
explicitly given by

(P E.0)Q)() = 7285 (y 1 1), (p e L2(RE), (x.&.1) € HE).

(see [Fol89]). Composing the Schrodinger representation with the auto-
morphism (x,&,1) — (|h|"/?x,€|h|'/2E  ht) of HE, where h # 0 and € =
sign(h) = £1, we obtain the Schridinger representation with parameters h:
for all ¢ € L?(RE,dy)

iht—ig|h|1/2 ._ll' X
Q4 (pa(x,&,1)@)(y) = " EMTE TN g (|12

According to the Stone-von Neumann theorem [Mac49], the unitary ir-
reducible representations 7 : HS — U () of the Heisenberg group on a
Hilbert space .77 are

e cither trivial on the center; then they are equivalent to a one-dimen-
sional representation of the quotient group Z(H$)\H8, i.e. equivalent
to a character of R?8

e or infinite dimensional and unitarily equivalent to a Schrodinger
representation with some parameter 4 # 0.

Infinitesimal Schrodinger representation. The space of smooth vectors
of the Schrodinger representation py, : H8 — U(L?(IR8,dy)) is the space
7 (RE) C L*(R¢,dy) of Schwartz functions ([Sch66]). By differentiating
the Schrodinger representation p;, we obtain a representation of the Lie
algebra h¢ on .7 (R$) by essentially skew-adjoint operators on L>(R¢,dy);
this representation is called the infinitesimal Schrodinger representation with
parameter h. With an obvious abuse of notation, we denote it by the same
symbol pj; the action of X € h& on a function f will be denoted pj(X) f or
X.f when no ambiguity can arise. Differentiating the formulas (2.4) we see
that, for all k =1,2,..., g, we have

d ' _
pu(X) = A5 p(ER) = —ielhl v pul(T) = ih.



EQUIDISTRIBUTION ON HEISENBERG NILMANIFOLDS 11

where (y;) are the coordinates in R¢ relative to the standard basis (X) and
€ = sign(h). More generally, by the Stone-von Neumann theorem quoted
above, given any Heisenberg basis (X;,Z;,T) of h8, the formulas

d
(2.5) pu(Xk) = ‘h|1/28_yk’ pu(Ex) = —ig|h|'? yy, pu(T) = ih,

define, via the exponential map, a Schrodinger representation p;, with param-
eter h on L(R$,dy) such that:

pu(e NI £(y) = f v+ || x),
2.6) pr(es = Tt EE ) p(y) = e M £(y),
() f(v) = " F().
2.2. Siegel symplectic geometry.

Symplectic group and moduli space. Let Sp,,(IR) be the group of sym-
plectic automorphisms of the standard symplectic space (R, ). The group
of automorphisms of H# that are trivial on the center is the semi-direct prod-
uct Autg(H®) = Spy, (R) x R%¢ of the symplectic group with the group of
inner automorphisms H¢ /Z(H#) ~ R?¢.

The group of automorphisms of H& acts simply transitively on the set of
Heisenberg bases, hence we may identify the set of Heisenberg bases of h#
with the group of automorphisms of H8. However since we are interested in
the action of subgroups defined in terms of a choice of a Heisenberg basis
and since the dynamical properties of such action are invariant under inner
automorphisms, we may restrict our attention to bases which are obtained

applying an automorphisms o € szg(]R) to the standard Heisenberg basis.
Explicitly, the symplectic matrix written in block form a = (4 58) €
Spa,(R), with the g x g real matrices A, B,C and D satisfying C'A = ATC,

A'D—C"B=1and D'B= B'D, acts as the automorphism
(x,&,1) = a(x,§,t) == (Ax+BE,Cx+ D&, 1).

Siegel symplectic geometry. The stabilizer of the standard lattice [ < H$
inside Sp,,(IR) is exactly the group Sp,,(Z). We call the quotient space
O = Spy,(R)/Spag(Z) the moduli space of the standard Heisenberg mani-
fold. We may regard Sp,,(R) as the deformation (or Teichmiiller) space of
the standard Heisenberg manifold M = H8 /" and 91, as the moduli space of
the standard nilmanifold, in analogy with the 2-torus case.

The Siegel modular variety, the moduli space of principally polarized
abelian varieties of dimension g, is the double coset space

Lg 1=K \Spye(R)/Spa,(Z),
where K, is the maximal compact subgroup Sp,, (IR) NSOy, (R) of Sp,, (R),

isomorphic to the unitary group U,(C). Thus, 9, fibers over X, with
compact fibers Kg.
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The quotient space Kg\Spy, (R) /412, may be identified to Siegel upper
half-space in the following way. Recall that the Siegel upper half-space of
degree/genus g [Sie64] is the complex manifold

9e:={Z¢€ Symg(C) |13(Z) > 0}

of symmetric complex g X g matrices Z = X + Y with positive definite
symmetric imaginary part 3(Z) =Y and arbitrary (symmetric) real part X.

The symplectic group szg(]R) acts on the Siegel upper half-space $), as
generalized Mobius transformations. The left action of the block matrix
o= (2 8) € Spy,(R) is defined as

(2.7) Z— a(Z) = (AZ+B)(CZ+D)™'.

This action leaves invariant the Riemannian metric ds® = tr(dZY ~'dZY ).
As the the kernel of this action is given by 15, and the stabilizer of the
point i := il, € §), coincides with K, the map

0 € Spa, (R) — &' (i) € 9,

induces an identification Kg\Sp,,(R)/+12¢ ~ $, and consequently an iden-
tification of the Siegel modular variety X & Spy, (Z)\$;-

Notation 2.1. For o € Sp,,(IR) we denote by [a] := & Sp,,(Z) its projection
on the moduli space 91,. We denote by [[]] := K 0t Sp,,(Z) the projection
of « to the Siegel modular variety X,. We remark that under the previous
identification [[at]] coincides with the point Spy,(Z) a (i) € Sp2e(Z)\H)g-

3. COHOMOLOGY WITH VALUES IN H8-MODULES

Here we discuss the cohomology of the action of a subgroup P C H&
on a Fréchet H8-module F, that is to say the Lie algebra cohomology of
p = Lie(P) with values in the H8-module F. We assume that P is a connected
Abelian Lie subgroup of Hé contained in a Legendrian subgroup L.

The modules interesting for us are, in particular, those arising from the
regular representation of H® on the space C*(M) of smooth functions on a
(standard) nilmanifold M := H8/T'. As mentioned in the introduction, the
fact that H® acts on M by left translations, implies that the space F = C*(M)
is a p-module: in fact for all V € p and f € F one defines (cf. formula (1.2))

d
(V-F)m) = 3 Flexp(=tV)m)|  (meM).
=0
As P is an Abelian group, the differential on the cochain complex A*(p,F) =
A'p®F of F-valued alternating forms on p is given, in degree k, by the
usual formula
k
do(Vy,..., Vi) = Z (-1)/VioVo,...,Vj,...,Vk).
j=0

Notation 3.1. When F is the space of C*-vectors of a representation 7 of
H$ we may denote the complex A*(p, F') also by the symbol A*(p, 7).
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In order to study the cohomology of the complex A*(p,C*(M)), it is
convenient to observe that the projection p of M onto the quotient torus T?8
(see (2.3)) yields a Hé-invariant decomposition of all the interesting function
spaces on M into functions with zero average along the fibers of p — we
denote such function spaces with a suffix 0 — and functions that are constant
along such fibers; these latter functions can be thought of as pull-back of
functions defined on the quotient torus T; hence we write, for example,

3.1) (M) = C3 (M) @ p*(C(T)) ~ C3 (M) & C(T),

and we have similar decompositions for L?(M) and — when a suitable
Laplacian is used to define them — for the L2-Sobolev spaces W*(M).

If we denote by P the projection of P into T?¢ and by p its Lie algebra,
we obtain that we may split the complex A*(p,C”(M)) into the sum of
A*(p,Cy(M)) and A*(p, p*(C™(T?8))) ~ A*(p,C=(T?¢)). The action of P
on T2 being linear, the computation of the cohomology of this latter complex
is elementary and folklore when dim P = 1. For lack of references we review
it in the next section 3.1 for any dim P. In section 3.2 we shall consider the
cohomology of C*(p,Cy (M)).

Remark 3.2. To define the norm of the Hilbert Sobolev spaces W*(M), we
fix a basis (V;) of the Lie algebra h$, set A= —Y V? and define || f||? =
(f,(1+A)*f) where (-,-) is the ordinary L? Hermitean product. This has
the advantage that for any Hilbert sum decomposition L?>(M) = @, H; of
L2(M) into closed H8-invariant subspaces we also have a Hilbert sum decom-
position W¥(M) = @; W*(H;) of W*(M) into closed H8-invariant subspaces
WS(H,‘) = WS(M) N H;.

Currents. Let F' be any tame Fréchet h®¥-module, graded by increasing
norms (|| - ||s)s>0, defining Banach spaces W* C F.

The space of continuous linear functionals on A¥(p, F) = Akp @ F will
be called the space of currents of dimension k and will be denoted Ay (p,F’)
where F’ is the strong dual of F; the notation is justified by the fact that the
natual pairing (Agp, A*p) between k vectors and k-forms allows us to write
Ar(p,F") =~ Afp ® F'. Endowed with the strong topology, A (p,F’) is the
inductive limit of the spaces Akp ® (W*)'.

The boundary operators d : Ax(p,F') — Ar_1(p,F’) are, as usual, the
adjoint of the differentials d, hence they are defined by (9T, ®) = (T,dw).
A closed current T is one such that dT = 0. We denote by Z;(p,F’) the
space of closed currents of dimension k and by Z;(p, (W*)) the space of
closed currents with coefficients in (W*)'.

3.1. Cohomology of a linear R? action on a torus. Let A be a lattice
subgroup of R’ and let R act on the torus T = R¢ /N by translations. We
consider the restriction of this action to a subgroup Q < R isomorphic to RY,
with Lie algebra q. Then the Fréchet space C**(T*) is a g-module. In this sec-
tion we consider the cohomology of the associated complex A*(q,C(TY)).
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Let A* = {4 € (R")|A-n=ZVn € A} denotes the dual lattice of A. We
say that the subspace q satisfies a Diophantine condition of exponent T > 0
with respect to the lattice A, and we write q € DC(A), if

(3.2) 3C >0 suchthat  sup V| >C|A|7F, VA e A\ {0}
veq\(oy VI
We set
t(gq,\) =inf{z: g € DC¢(A)}.

Remark 3.3. The Diophantine condition considered here is dual to the
Diophantine condition on subspaces of (R‘)’ ~ R’ considered by Moser
in [Mos90]. In fact, if we set q= = {A € (R’)’: kerA D q}, the condition
(3.2) is equivalent to

3C>0 suchthat dist(A,q1)>C||A|"%, VA eAt\{0}.

Thus, by Theorem 2.1 of [Mos90], the inequalities (3.2) are possible only
if 7> /¢/d — 1, and the set of subspaces q* with g (q,A) = £/d — 1 has full
Lebesgue measure in the Grassmannian Gr(R?;RY).

We say that q is resonant (w.r. to A) if, for some A € AL\ {0}, we have
q C kerA; in this case the closure of the orbits of Q on R¢ /N are contained
in lower dimensional tori, the orbits of the rational subspace ker A, and we
may understand this case by considering a lower dimensional ambient space
R with £/ < ¢.

Thus we may limit ourselves to non-resonant q; in this case, if q is not
Diophantine, we have pt(q,/\) = 4o and we say that q is Liouvillean (w.r. to
N).

Theorem 3.4 (Folklore). Let q € Gr(R%;RY) be a non-resonant subspace
with respect to the lattice N < R'. Then the action of Q = expq on the torus
T¢:= R/ is cohomologically C*-stable if and only if ¢ € DC:(N) for some
T > 0. In this case we have

H*(q,C(TY) = A'q,

the cohomology classes being represented by forms with constant coefficients.
Furthermore, the q-module C°°(T€ ) is tamely cohomologically C*-stable and
has tame splitting in all degrees.

Proof. Without loss of generality we may assume A = Z. The s-Sobolev
norm of a function f € C>(T*) with Fourier series representation f(x) =
Y,.czt f(n) e2™m¥ is given by
S, A
715 =X (1+1nl?)" ().
nezt
We have a direct sum decomposition C**(T*) = C (1) © C3(T) , where C (1)
is the space of constant funtions and Cy’ (T*) is the space of zero mean smooth
functions on T*. An analogous orthogonal decomposition W*(T*) = C (1) @



EQUIDISTRIBUTION ON HEISENBERG NILMANIFOLDS 15

W (T") holds for Sobolev spaces. Hence every @ € Z¥(q,C*(T")) splits
(tamely) into a sum @ = @y + @, of a form @y € Z¥(q,C5(T*)) and a constant
coefficient form . € A¥q. Consequently, the cohomology H*(q,C(T"))
splits into the sum of cohomology classes represented by forms with constant
coefficients and H*(q,Cy (T*)). We now show that, under the assumption
(3.2) on q, we have H*(q,C7(T*)) = 0.

By Fourier analysis, Cy (TZ) splits into a L2-orthogonal sum of one-di-
mensional modules C, ~ C, n € Z‘\ {0}; the space q acts on C, by

V.iz=i(n-V)z, VzeC,, VV eq;
hence, for ® € A¥q® C, and VO,... Vieq,

do(V,...,V; Zan (Voy- s Vis o, Vi)

Let X1,X5,...,X, be a basis of q, and define the co-differential d* by

d
&NV, Vi) ==Y i X)) (X, Vi V).
m=1
We have H = d*od+dod* = (Zizl - Xn|?) Idp+g. It follows that if
€ A*q® C, is closed then @ = dQ with
Q=H 'do
We conclude that the map d_; := H~'d* is a right inverse of d on the space

Z*(q,C,) of closed forms. From the definitions of the maps d* and H we
obtain the estimate

d _1
ld1olo< (X - Xal) “llolo, Vo€ Z5a,C).
m=1

It is easily seen that the Diophantine condition (3.2) is equivalent to the
existence of a constant C > 0 such that Y% _, |n- X,,|> > C||n| 2" for all
n € Z'. Hence, for some constant C > 0 we have ||d_j®|lo < C~"||n||*||@]lo,
and therefore

ld-1oll; < C @5

for all s € R and all ® € Z*(q,C,,).
Since the Sobolev space (W (T*), || - ||s) is equal to the Hilbert direct sum
@D20(Ca, [| - ||s), the map d_; extends to a tame map

d_1: Z4(q,C(TY) = A (q,C3(TY).

satisfying a tame estimate of degree 7 with base 0 and associating a primitive
to each closed form.

Combining these results with the previous remark on constant coefficient
forms, we conclude that under the Diophantine assumption (3.2) the g-
module C*(T?) is tamely cohomologically C*-stable and has a tame splitting
in all degrees.
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The “only if” part of the statement may be proved as in the case dimQ =1
(see Katok [Kat03, page 71]). U

3.2. Cohomology with values in Cj’(M). The previous section settles the
study of the cohomology of the action of a abelian subgroup P C H8 with
values in the H8-sub-module p*(C*=(T)). We are left to consider the action
P with values in the H8-sub-module Ci’(M).

Since the center Z(H$) has spectrum 277 \ {0} on L3(M), the space
L3(M) splits as a Hilbert sum of Schrodinger Hé-modules H; equivalent to
p", with h € 227\ {0}. The same remark applies to the Sobolev space
Wi (M), which splits as a Hilbert sum of the (non-unitary) H$-modules
Wg(Hl) =H,; QWS(M)

The space C*(M) N H; can be characterized as the space C*(H;) of C*
vectors in the H8-module H;; it is a tame graded Fréchet space topologized
and graded by the increasing family of Sobolev norms. This leads us to
consider the action of P with values in the space of smooth vectors of a
Schrédinger H8-module.

Thus let P be an isotropic subgroup of H® of dimension d. Fix a Legen-
drian subgroup L such that P <L < H$. Let |h| > hy > 0.

Since the group of automorphisms of H8 acts transitively on Heisenberg
bases, we may assume that we have fixed a Heisenberg basis (X;,Z;,T)
of b such that (Xi,...,Xy) forms a basis of p and (Xj,...,X,) is a basis
of Lie(L). This yields isomorphisms L ~ R¢ and P ~ R¢, with the latter
group embedded in RS via the first d coordinates. With these assumptions,
the formulas yielding the representation pj, on L?>(R¢) are given by the
equations (2.6). The space p;° of C* vectors for the representation pj, is
identified with . (IR8) on which h# acts by the formulas (2.5).

Homogeneous Sobolev norms. The infinitesimal representation extends to
a representation of the enveloping algebra $4(h%) of h8; this allows us to
define the “sub-Laplacian™ as the image via pj;, of the element

Hy=—(X{ 4+ +X; +E]+--+E;) € 8U(h%).
Formulas (2.5) yield
g 52
— | =1h H,).
ZM) i pi(H,)

(3.3) pu(Hg) = [h] | x> -
k=1

Since H, is a positive operator with (discrete) spectrum bounded below by

g|h|, we define the space W*(py,,IR8) of functions of Sobolev order s as the

Hilbert space of vectors @ of finite homogeneous Sobolev norm

(3.4) Il @llI3 5 = ((pn(He)) 0, @)

This makes explicit the fact that the space p;° of C* vectors for the
representation p, coincides with . (IR8).

The homogeneous Sobolev norms (3.4) are not the standard ones (later
on we shall make a comparison with standard Sobolev norms). They have
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however the advantage that the norm on W*(p,,IR8) is obtained by rescaling
by the factor |A|*/? the norm on W*(p;,R?). For this reason we can limit
ourselves to study the case h = 1; later we shall consider the appropriate
rescaling. Thus we denote p = p; and, to simplify, we write H, for p(H,)
and W*(IR$) for W*(p;,R$): also we set

s/2
lllls := .. = 15 *ello-

The cochain complex A*(p, p). It will be convenient to use the identifi-
cation R ~ R? x R8¢ and, accordingly, to write @(x,y), with x € R4 and
y € R84, for a function ¢ defined on R%. We also write dx = dx; - --dx,.
Then, by the formula (2.4), the group element g € P =~ R acts on ¢ € .7 (R¢)
according to

P(x,y) = @(x+4,).
Thus the complex A*(p,p™) is identified with the complex of differen-
tial forms on p ~ RY with coefficients in .7 (IR8). It will be also con-

venient to define the operators H), = (|x|2 e 59 22> on . (R%) and
Hy ,= (\y\z —):i;f ;_yi) on .7 (R8~4); they may be also considered as
operators on . (R#), and then H, = H), + H, é’,’f d

Lemma 3.5. Consider . (R8) as a H8-module with parameter h = 1. Define
the distribution I € /' (R8) by

)i= [ fex)ds

for f € S (RE). Then, for any s > g/2, ., extends to a bounded linear
functional on W*(R8), that is Z, € W*(RS).

Proof. Using Cauchy-Schwartz inequality we have
TP [ e+l [ (g PP
Rs R¢
As g+ |x|* < 2H,, the second integral is bounded by a constant times ||| |2,
and the result follows. O

For the next lemma we adopt the convention that R® = {0} and .7 (R%) =
W*(R?) = C with the usual norm.

Lemma 3.6. For 1 <d < g, consider the map 94 4 : ./ (R8) — .7 (R879)
defined by

(Faeh)0)i= [ ) ds

We consider .7 (R8) and . (R8~4) as H8 and H¢~-modules, respectively,
with parameter h = 1. Then, for any € > 0 and s > 0, the map .9, 4 extends

to a bounded linear map from W*+4/2+€(R8) 10 W (R&~9), i.e.

1agfNls < C Ml fllls+a/2+e
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for some constant C = C(s,€,d,g). In particular this proves the inclusion
1S (RE)) C 7 (RE~),

Proof. For d = g we have .%, , = .%, and the result is a restating of the
previous lemma.
Now suppose d < g. The operators Hy and Hy_,, considered as opera-

tors on L2(R?) and L*(R&¢), have discrete spectrum (they are independent
d-dimensional and (g — d)-dimensional harmonic oscillators); thus identify-
ing L?(R¢) ~ L*(R?) @ L*>(R8~) their joint spectral measure on L?(IR¢) is
the product of the spectral measures on L?(R?) and L?(R8~¢) respectively.
Clearly H, > H), and H, > Hé’_d.

Let (v,) and (w,) be orthonormal bases of L?>(R?) and L?(R8~¢) of
eigenevectors of H and H, ;,’7 , with eigenvalues (A,,) and (u,), respectively.
We may choose these bases so that {v,,} C .%(R?) and {w,} C .7 (R&~9).

Writing for f € .Z(R8), f =Y fiunvm @ wy, and letting d,,, = 4 (v,) we
have Iy o f = ¥, (L (dm) frun)Wn. It follows that

2

< (Ll P2 ) (L el )

The first term in this product equals ||.%; ||2_( 4/2+¢)» Which is bounded by
Lemma 3.5; the second term is majorated by |||f|||f+d/2+8, since H, > H,
and Hy > Hg,’_d.

U

The proof of the following corollary is immediate.

Corollary 3.7. We use the notation of the previous Lemma. Suppose d < g.
Forallt > 0and all s >t +d/2 the map

DeW (RS ¥) s Do 7y, € W(RE)
is continuous. In particular, if f € W*(R€) with s > d /2 then 7 4(f) =0 if
and only if T o Iy 4(f) =0 forall T € L*(R$9Y’.

Let g € .7 (RY) be the ground state of H; normalized by the condition
F4(@q) = 1, namely

Qu(x) i= 2m) "2 W2 (xeRY);
we have ||| @g|||s = 7~/ *d*/2.
Lemma 3.8. For 1 <d < g, let & 4: .7 (R879) — .7 (R$) be defined by

(Gag )(x,y) = @a(x)f(y)

We consider .7 (R8) and . (R8~4) as H8 and H¢~-modules, respectively,
with parameter h = 1. Then, for any s > 0, the map & , extends to a bounded
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linear map from W*(R8=4) to W*(IR$), i.e.
I Eag fllls <C £l -
for some constant C = C(s,d).

Proof. Consider Hy = and H, , as operators on .’(R¢). For all integers
n, from the binomial identlty for (Hy +Hy_,;)", we obtain |||y, f 2 =
¥ () a5 A= < 2"l @7 lla [ £]I7, where for the last inequality we

n— J —
used H)>1 and Hy ;> 1. This proves the lemma for integer s; the general
claim follows by interpolation. U

Lemma 3.9. Let d = 1. Let f be an element of the H8-module . (R$) with
parameter h = 1. Suppose that .91 , f = 0. Set

X

(Zf)(x,y) :=/ f(t,y)dr.

—o0

Forallt > 0 and all € > 0 there exists a constant C = C(t, €) such that

(3.5) IFZfllle < C LS le+1+e -
In particular this proves that (. (R8)) C .7 (R&9).

Proof. When g = 1 the Lemma a variation on the statement of Lemma 6.1
in [FFO6], which can be easily proved by use of the Cauchy-Schwartz
inequality as in Lemma 3.5.

Suppose now that g > 1 and consider the decomposition H, = H{ + Hj_|

The condition .# , f = 0 implies that % ¢ (Hy ;)" f = 0 for any w > 0;
furthermore & (Hy_ )" f = (Hy_;)" & f. Using the result for the case g = 1
and the definition of the norm || - ||o we have for all # > 0 and all € > 0

|(E)'2 (HY_ )" 2 fllo < )| (HD 2 (1) fllo.

For integer values of the Sobolev order, using the above inequality and the
binomial formula, we may write, for any € >0 and n € N,

n

12513 = (22, =¥ ()12 e )8 25

k=0
< clem 3 (It g o2
k=0
< Clen) |(Hy)? (1)1 £

(n+1+€)/2
< Cle,n) [H T2 F12 = Clean) I £ 11 ve

The general inequality follows by interpolation of the family of norms
- 1lla- O
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Sobolev cocycles and coboundaries. Having fixed a Euclidean product on
b8, we obtain, by restriction, a Euclidean product on p C b8 and, by duality
and extension to the exterior algebra, a Euclidean product on A*p’. The
spaces AK(p, p*) ~ Afp’ ® .7 (R8) of cochains of degree k are endowed with
the Hermitian products obtained as tensor product of the Euclidean product
on Afp’ and the Hermitian products || - ||5 or ||| - ||s on .7 (IR$). Completing
with respect to these norms, we define the Sobolev spaces A¥p’ @ W*(IR¢) of
cochains of degree k, and use the same notations for the norms.

It is clear that, for k < d, the cohomology groups are H*(p,.7(R¢)) = 0.
Here we estimate the Sobolev norm of a primitive Q € A¥~!(p,.7(RR¢))
of a coboundary ® = dQ € B¥(p,.”(R8)) = Z¥(p, . (R¢)) in terms of the
Sobolev norm of .

Proposition 3.10. Let s > 0 and 1 <k <d < g. Consider ¥ (R8) as a
H&-module with parameter h = 1. For every € > 0 there exists a constant
C =C(s,e,g,d) > 0 and a linear map

d1: Z4(p, 7 (R)) = A (p, 7 (RY))
associating to every ® € ZF(p,.7(R8)) a primitive Q = d_ 10 €
AR 1(p, .7 (R®)) satisfying the estimate
(3.6) I1Rllls < C Ml @ [ll+ er1) /26 -

Proof. We denote points of RS ~ p x R8¢ ~ R x R~ x R84 as triples
(t,x,y) witht e R, x € R and y € R84. For 0 < k < d < g, one defines
linear maps

AkGRd,éﬂﬂRg))4—;;——%Ak_lGRd_l,éﬂﬂRg_lﬁ

as follows. For a monomial ® = f(¢,x,y)dt Adx® € AK(R?,.7(R¢)), where
a a multi-index in the set {1,2,...,d — 1}, we define

37) soi= ([ ) ac = (A e

if d¢ does not divide @ we define instead .# ® = 0. For a monomial ® =
f(x,y)dx® € AFI(RIT! 7 (R871)), we define

(3.8) Ew:=@t)f(x,y)dt Ndx* = (1 o f)dt Adx“.

By Lemma 3.6 we obtain that for any > 0 and € > 0 we have:

(3.9) | Zoll: <Cl[@lllri/p4es  C=Clt,€,8).

It follows from this inequality that the image of .# lies
in AFLRITL 7(Re7Y), For the map & the inclusion

E(AIN(RIZT 7 (Rs™1))) c AF(RY, 7 (IR8)) is obvious, and by Lemma 3.8
we have, for any s > 0,

(3.10) Fenlls <Clinlls,  €=C(s,d).
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From (3.9) and (3.10) it follows that, for any s > 0,
(3.11) | &7 allls <C [ @]lls+1/2+e -

The maps .# and & commute with the differential d. It is well known that
& and & are homotopy inverses of each other. In fact, it is clear that .7 & is
the identity.

We claim that the usual homotopy operator

o AKRY . Z(RE)) — AR, .7 (RS))

satisfying 1 — & = d.# — ¢ d also satisfies tame estimates. Indeed, for a
monomial @ not divisible by dt, " is defined as # @ = 0; for a monomial
® = f(t,x,y)dt Adx? it is defined as # @ = g(t,x,y) dx* where

strxs) = [ e = o) (] rtuxyyan) | o

= P(f =1 I14f).
Then by Lemma 3.9 and (3.11) we have that for all s > 0:

(3.12)

(3.13) | # @llls <C(s,€,8,d) ||| @l 5+3/2+¢ »
unless .£ @ = 0, in which case we have
(3.14) | £ oll|s <C(s,€,8,d) || @ l[s+1+e -

This prove the claim.

Let € A'(R?,.7(IR$)) be closed and 1 < d < g. Then .#® = 0 (by
homotopying the integral in (3.7) with an integral with x — o) and therefore
Q= 0cARY,.7(RE)) ~ . (ReT) is a primitive of @, i.e. dQ = ,
and by (3.14) it satisfies the estimate |||Q|||s < C(s) - ||| @|||s+1+¢ for all s >
1/2. Thus the proposition is proved in this case.

Assume, by induction, that the Proposition is true forall g > 1,alld < g
and all k < min{n,d} — 1. Let ® € A"(R?,.7(R¢)), with n < d, be closed.
Then the (n — 1)-form .# w € A" ! (R?~! .7 (R8~1)) is also closed. By the
induction assumption, .# @ = dn for a primitive € A" 2(R4~1 .7 (Rs~1))
satisfying the estimate

(3.15) Imlls <€l @llls1n2+e -

Since &7 @ = &dn and & commutes with d, we obtain that a primitive of
o is given by d_j® := Q := # @ + &n. Therefore, from lemma 3.6 and
the estimates (3.9), (3.10), (3.13) and (3.15), we have, for some constants
C’s which only depend on s > 0 and € > 0,

1[Iy < 2 @ lls+ [l Enllls
<C o |lls43/24¢ +C" I llls

(3.16) <C @324 +C" | F Olll 52122
<C [ @|lls13/2+6 FC" N Olls1n/241/2+¢

<C [ ls4(ns+1)/24¢ -
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Thus the estimate (3.6) holds also for k = n. This concludes the proof. [J

We are left to consider the space H(p,.7(R#)) when k = d := dimp.
The map .#; , extends to a map

(3.17) Fag: Al(p, 7 (R®)) — S (REY)
by setting for a form @ = f(x,y)dx; A--- Adxy

(@)= [ Fley)de.

Proposition 3.11. Let s > 0 and 1 < d < g. Consider . (R8) as a H3-
module with parameter h = 1 and let @ € A%(p,.# (R8)). The form ® is
exact if and only if Iy o = 0. Furthermore, for every € > 0 there exists a
constant C = C(s,€,g,d) > 0 and a linear map

d_1: ker.9, C A(p, 7 (R®)) — A" (p, 7 (R?))
associating to every @ € ker.%; o a primitive Q of @ satisfying the estimate

(3.18) I1llls <C Il @ lls+(a+1)/2+¢ -

Proof. The “only if” part of the statement is obvious. For d = 1 and any
g > 1, this is Lemma 3.9. Indeed, a primitive of the 1-form @ = f(x,y)dx
is the O-form Q := (£ f)(x,y), and the estimate for the norms comes from
(3.5).

Assume, by recurrence, that the Proposition is true for all g’ < g and all
d<g. Let w € AR, .7(R?)) be a d-form such that .#; ;@ = 0. Con-
sider Z @ € A" (R, #(R8~1)), where .# is the operator defined in the
previous proof (see (3.7)). It is clear from the definitions that fdvg(a)) =0
implies .%;_1 ,—1-# ® = 0. By recurrence, .¥ @ = dn for a primitive 1 €
AR 7 (IR8)) satisfying the estimate

(3.19) Inlls <C -7 @llls+ar2+e

As in the previous proof, one verifies that the form d_j@ := Q := 7 o +
&n € AT (RY, . 7(IR8)) is a primitive of @ (where the operators & and
 are defined in previous proof, see (3.8) and (3.12)). Therefore, from
Lemma 3.6 and the estimates (3.9), (3.10), (3.13) and (3.19), we have, for
some constants C’s which only depend on s > 0 and € > 0,

12lls < l2 @ |lls + [l Enllls
<C | @|llg43/24¢ +C" I mlls

(3.20) <C N llls13/212 +C" | 7 @lllsay2+e/2
<C [ @|ls3/246 TC" N Olls1a /211 /2+¢
SC o5y (@r1)/2+ve -

The proof is complete. U
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Proposition 3.12. Let s > 0 and 1 < d < g. Consider .7 (R8) as a H8-
module with parameter h = 1. For any k =0,...,d, the space of cobound-
aries BY(p,.7 (R8®)) is a tame direct summand of A*(p,.7 (R®)). In fact,
there exist linear maps

M" A (p, 7 (R®)) = B (p,.7 (R))
satisfying the following properties:
o the restriction of M* to B*(p,.7 (R8)) is the identity map;

o the map MF satisfies, for any € > 0, tame estimates of degree (k+
3)/2+¢€ifk < dandof degree d/2+ € if k =d.

Proof. For @ = fdx' A---Adx? € A4(p,.7 (RS)) let
Md(a)) =0 — ((g}d,g o jd,gf) dxl ARER /\dxd.

The Lemmas 3.6 and 3.8 show that M¢ is a linear tame map of degree d /2 €,
for every € > 0. Clearly for @ € BY(p,.”(R¢)) we have M?(®) = o. Since
the map M“ maps A¢(p,.7 (R#)) into B (p,.7(R?)), we have proved that
BY(p,.#(R#)) is a direct summand of A%(p,.7 (RS)).

Now consider the case k < d. We have BX(p,.7(R¢)) = Zk(p,.7(R®)).
For w € AK(p, 7 (R®)) let

MM (@) =w—d_;od(m).

The map M* is a linear tame map of degree (k+3)/2 + ¢, for every £ > 0.
Clearly for o € Z¥(p,.7 (R8)) we have M(®) = ®. Furthermore doM = 0.

Thus the map M* sends A¥(p, 7 (R®)) into Z¥(p,. (R¢)). We have proved

that Z¢(p,.7(R8)) is a direct summand of A% (p,.7 (R#)). O

P-invariant currents of dimension dim P. Recall that the space of currents
of dimension £ is the space A (p,-7 (R8)) of continuous linear functionals on
Ak(p,.7(R#)) and that Az (p,.7 (R#)) is identified with Akp © .7 (RS). For
any s > 0, the space AFp @ W—5(RS) is identified with the space of currents
of dimension k and Sobolev order s.

It is clear, from Lemma 3.5, that %, = .7, , € W*(RR®) for any s > g/2,
i.e. it is a closed current of dimension g and Sobolev order g/2 + ¢, for any
€>0.

For d < g and t > 0, consider the currents Do.%; , with D € W (R8~9),
It follows from Lemma 3.6 that such currents belong to A%p @ W~*(IR¢) for
any s >t +d /2 and it is easily seen that they are closed.

In fact, we have the following proposition, whose proof follows immedi-
ately from Lemma 3.6 and Proposition 3.11.

Proposition 3.13. For any s > dimP /2, the space of P-invariant currents of
dimension d := dimP and order s is a closed subspace of A%p @ W5 (RS)
and it coincides with the space of closed currents of dimension d. It is

e a one dimensional space spanned by .7, if dimP = g;
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e an infinite-dimensional space generated by
Lo(p, 7 (R®)) = {Do 7y | D € L*(RS9)'}.

ifdimP < g. We have I;(p,.7 (R8)) C W~4/2"(R8), for all € > 0.

Let ® € A’ @ W3 (RE) with s > (d +1)/2. Then @ admits a primitive
ifand only if T(®) =0 for all T € 1;(p,. (R®)); under this hypothesis we
may have Q € A~ 'p' @ W' (RS) for any t <s—(d+1)/2.

Bounds uniform in the parameter /. Here we observe that the estimates
in Propositions 3.10 and 3.11 are uniform in the Planck constant /4, provided
that this constant is bounded away from zero.

Proposition 3.14. Let s > 0and 1 <k <d < g, and consider the H8-module
7 (R8) with parameter h such that |h| > ho > 0. Let B¢ = Z¥K(R?, .7 (R8))
ifk < d and B = ker S4¢if k=d. For every € > 0 there exists a constant
C =C(s,e,g,d,hy) > 0 and a linear map

d_: B¥ = A 1(p,.7(R®))

associating to every @ € B a primitive Q = d_jo € A¥"1(p,.7(R?)) satis-
fying the estimate

(3.21) I120lls < C I @ lls(es1) 246 -

Furthermore, for any € > 0 there exists a constant C' = C'(s,€,g,d,hy) > 0
such that the splitting linear maps of Proposition 3.12

M*: A (p, 7 (R?)) — B (p, ' (RY))
satisfy tame estimates
[M*(@)llls < C" [I| @]l
wherew = (k+3)/2+¢€, ifk<d,andw=d/2+¢€ ifk=d.

Proof. From (2.5) we see that the boundary operators in the Schrodinger
representation with Planck constant / are "d := p”(d) = |h|'/2d. Therefore,
if ©=dQ, then 0 ="dQ’ with Q' = ]h\_l/z Q. Consequently, by (3.3), the
estimates (3.6) and (3.18) imply
1 M5 = 1B 11 Q1lls = 21221l 21l
<CIREPTV2 | Ol esr)j2ve
= Clr|~ 2 @ s 1) 20

<C O llstiten-

(3.22)

for some C’ depending also on hy. The second statement is proved in an
analogous manner. 0
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Comparison with the usual Sobolev norms. The standard Sobolev norms
associated with a Heisenberg basis (X;,Z;,T) of h® were defined in Re-
mark 3.2. For a H8-module . (R#) with parameter £, the image of the Lapla-
cian —(X{ 4+ +XZ+E7+---+E5+T2) € U(b) under p, is A, = Hy +h?.
Thus

IS = (f,(L+8g) f) = (f, (L + B>+ He)' f)

Here we claim that the uniform bound as in Proposition 3.14 continues to
hold with respect to the usual Sobolev norms. This is a consequence of
the following easy lemma which applies to .#’(IR8) but also to any tensor
product of .(R$) with some finite dimesional Euclidean space.

Lemma 3.15. Let L: . (R8) — ./ (R8) be a linear map satisfying, for some
t > 0and every s > 0, the estimate

LN < CCs) [l S L+

Then for every s > 0 we have

1L s < Cr(s) 1S s+

where Cy(s) = max,¢g ¢4-1) C(1).

Proof For integer s = n, using the binomial formula, we get, with C’(n) :=
ILCA)IR == (LUF)s (Hg + 1+ B L(f)),

)H+#“Jmmﬂ<nb

(L
,Z j

(=]

n

=c%mu+Av#“

< C'(n) | f7

For non integer s the lemma follows by interpolation. U

Il

3.3. Proofs of Theorems 1.5 and 1.6. We are now in a position to inte-
grate over Schrodinger representations, and obtain our main result on the
cohomology of P < H& with values in Fréchet H8-modules.

Theorem 3.16. Let P be a d-dimensional isotropic subgroup of H8, and
let F” be the Fréchet space of C”-vectors of a unitary H8-module F. Let
F = [ Foda be the direct integral decomposition of F into irreducible sub-
modules. Suppose that

(1) F does not contain any one-dimensional sub-modules;
(2) A generator of the center Z(H8) acting on F has a spectral gap.
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Then the reduced and the ordinary cohomology of the complex A*(p,F*)
coincide. In fact, for allk =1,....,d, there are linear maps

d_y: B¥(p,F~) = A1 (p, F™)

associating to each ® € B*(p,F>) a primitive of ® and satisfying tame
estimates of degree (k+1)/2+ € for any € > 0.

We have H*(p,F*) = 0 for k < d; in degree d, we have that H%(p, F>) is
finite dimensional only if d = g and the measure do has finite support.

Forany k=0,...,d and any € > 0, there exist a constant C and a linear
map

M*: A¥(p,F~) — B (p,F~)

such that the restriction of M* to B*(p,F*) is the identity map and the
following estimate holds:

M | <Cllo|siw, Yo €A (p,F)

wherew = (k+3)/2+¢, ifk <dandw=d/2+ € if k = d. Hence the space
of coboundaries B*(p, F*) is a tame direct summand of A*(p, F>).

(The hypotheses 1 and 2 of the above theorem could be stated more briefly
by saying that F satisfies the following property: any non-trivial unitary
H&-module weakly contained in F is infinite dimensional).

Proof. Let F~ be the Fréchet space of C”-vectors of a unitary Hé-module
(p,F). Let F = [Fyda be the direct integral decomposition of F into
irreducible sub-modules (pg, Fy) . The hypothesis of Theorem 3.16 imply
that there exists /g > 0 such that for almost every o the H8-module Fy, is
unitarily equivalent to a Schrodinger module with parameter / satisfying
|| > ho.

For any s € R, we also have a decomposition of the Sobolev spaces
WS(F,p) as direct integrals [ W*(Fy,pg)det; this is because the operator
1 + A, defining the Sobolev norms is an element of the enveloping algebra
11(h%), and because the spaces Fy, are {(h8)-invariant. It follows that any
form @ € A¥(p, F™) has a decomposition @ = [ Wy da with @ € A*(p, FY)
and

(3.23) 10111y = [ 1005 ) A

For the same reason mentioned above, we have
(3.24) do — / (do) dax

Hence o is closed if and only if @y is closed for almost all a, i.e.
Zk(p7WS(Fap)) = ka(p,Ws(Fa,pa))d(X.
For k < d we set BS, = Z¥(p, Fy). For k = d we set B4, = kerly 4 o, where

Liga: A%(p,Fy) — 7 (R8™?) are the tame maps defined, for each @, as in
(3.17).
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By Proposition 3.14 and Lemma 3.15, we have a constant C =
C(s,€,g,d,ho) and, for each «, a linear map

do1,e: By = AN (p FY)

associating to each w € B’fx(p, Fy) aprimitive Q = d_; w of o satisfying the
estimates

(3-25) ||d71,awHWS(Fa7pa) S C H w”WSHkH)/HS(Fa,pa)'

Let B be the graded Fréchet subspace of A*(p, F*) defined as [ Bf da.
Clearly for k < d we have B* = Z¥(p, F*) and, in degree d, we have B¢ D
BY(p,F™).

The above estimate shows that it is possible to define a linear map d_; :
B* — A¥=1(p, F*), by setting, for ® = [ wyda € B,

d_jo:= /d_ma)a do.

By (3.23) and (3.24), the estimates (3.25) are still true if we replace d_ o
by d_g.

This shows that d_; is a tame map of degree (k+1)/2+ ¢, for all € > 0
associating to each @ € B¥ a primitive of ®.

Thus H*(p,F*) = 0 if k < d. For k = d, we have H(p,F*) =
[H(p,F2)da. By Proposition 3.11, we have HY(p,Fy) ~ .7 (R8~9),
hence the top degree cohomology is infinite dimensional if d < g, and one-
dimensional if d = g. This shows that H%(p, F*) is finite dimensional if and
only if d = g and the measure d« has finite support.

Finally for each o, we have tame maps M’& given by Proposition 3.12.
Setting M* = [ M{; do we obtain the maps M satisfying the conclusion of
the Theorem. U

Proof of theorem 1.5. The proof is immediate as the space F = L3(M)
formed by the L? functions on M of average zero along the fibers of the
central fibration of M satisfy the hypothesis of the theorem above. In fact
L%(M) is a direct sum of irreducible representations of H® on which the
generator Z of the center Z(H$) acts as scalar multiplication by 27tn, with
neZ\{0}.

Proof of theorem 1.6. The theorem follows from the theorem above and
the “folklore” theorem 3.4, as explained at the beginning of Section 3.

4. SOBOLEV STRUCTURES AND BEST SOBOLEV CONSTANT

4.1. Sobolev bundles.
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Sobolev spaces. The group Spy,(R) < Aut(H®) ~ Aut(h?) acts (on the
right) on the enveloping algebra £l (h) in the following way: we identify
1L(h8) with the algebra of right invariant differential operators on H$; if
V € 4(h*%) and & € Sp,,(R), the action of & on V yields the differential
operator Vy, defined by

4.1) Vo(f) =o'V ((a™)*f),  feC™(He).
LetA=—(X?+- —|—X§ +E 4+ E§ +T7?) € 4(b8) denote the Laplacian
on H# defined via the “standard” basis (X;,Z;,T) (cf. sect. 2.1). Then
Ag=—((a 1X1)?+---+ (a7 'E4)2 +T?), i.e. Aq is the Laplacian on H$
defined by the basis (a1 (X;), " 1(Z;),T).

Let I be any lattice of H8 and M’ := H# /" the corresponding nilmanifold.
For each o € szg(R), the operator Ay is an elliptic, positive and essentially
self-adjoint operator on L2(M’). Recall that L(Z)(M’ ) denotes the space of ell-
two functions on M" with zero average along the fibers of the toral projection.
Its norm is defined via the ell-two Hermitian product (-,-) with integration

done with respect to the normalised Haar measure. Setting Ly, = 1+ Ay we
define the Sobolev spaces

(4.2) WE(M) := Lg" LA (M),

which are Hilbert spaces equipped with the inner product
s/2 s/2

<flaf2>s,oc = <La fl;La f2> = <f17L25f2>'

For simplicity, we denote by W*(M’) the Sobolev spaces defined via the
operator 1+ A. The space W, *(M’) is canonically isomorphic to the dual
Hilbert space of W3 (M').

Remark 4.1. It is useful to notice that, since the Laplacian A is invariant
under the above action of the maximal compact subgroup K, of Sp,,(R), the

Sobolev space W, *(M’) depends only on the class K, € §),, in the Siegel
upper half-space.

Let I be the standard lattice of H® and M := H$/T. For a € Sp,,(R),
let Iy := ot(I') and My, := H8 /T the corresponding nilmanifold. The au-
tomorphim & induces a diffeomorphism (denoted with the same symbol)
according to the formula

o:M— Mg, hl— a(h)l g, YheHS.
It is immediate that the pull-back map a* : C*(My) — C*(M) satisfies
a*(Af) =Ag(a’f), f€C”(Mqa);
since o* preserves the volume, we obtain an isometry
o W (My) — Wi (M).

Observe that, as topological vector spaces, the spaces W5 (M), (with
@ € Spy,(R)), are all isomorphic to W*(M). Only their Hilbert structure
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varies as ¢ ranges in Sp,,(RR). In fact we have the following lemma, whose
proof is omitted.

Lemma 4.2. For every R > 0 there exists a constant C(s) > 0 such that for
all a, € Spy,(R) with dist(a, B) < R we have

I9lls.a < C(s) (1+dist(et, B)*)F/2- || ]l -

Here, dist(:,-) is some left-invariant distance on Spy,(R).

Lemma4.3. Let s > 0. For y € Spy,(Z) and o € Spy,(R), the pull-back map
Y" is an isometry of Wy (M) onto W, (M). Hence ¥, : Wo (M) — W * (M)
is an isometry.

Proof. By the above, we have isometries (ay)* : W*(Mgy) — Wg, (M) and
a* : W (Mg) — W5 (M). However, Mgy = Mg, since gy = I'q. It follows
that ¥* = (ay)*(a*) ! is an isometry of W (M) onto Way(M). O

The Sobolev bundle over the moduli space and its dual. For s > 0, let us
consider W¥(M) as a topological vector space. The group Sp,,(Z) acts on
the right on the trivial bundles Sp,,(R) x W*(M) — Sp,,(R) according to

(a,9) — (o, @)y := (Y, 7" 0),

for all y € Sp,,(Z), and all (o, @) € Spy,(R) x W*(M). By Lemma 4.3, the
norms

(e, @)ls == [|@lls.
are Sp,,(Z)-invariant. In fact, by that lemma we have || 7*¢|[s.ay = [|@|ls.a-

Consequently, we obtain a quotient flat bundle of Sobolev spaces over the
moduli space:

(Spag(R) x W*(M))/Spag (Z) — Mg = Spag (R)/Spae(Z);

the fiber over [a] € M, may be locally identified with the space W (M)
normed by || - |5, We denote this bundle by 20° and the class of (¢, ¢) by
a, .

| Bq;] the duality paring, we also have a flat bundle of distributions 20~*
whose fiber over [¢t] € 9, may be locally identified with the space W *(M)
normed by || - ||s.¢.. Observe that for this bundle (a, 2) = (ay~ !, 1. 2) for
all ¥ € Spy,(Z) and (o, 7) € Spy,(R) x W*(M). We denote the class of
(a,2) by o, Z].

4.2. Best Sobolev constant.

The best Sobolev constant. The Sobolev embedding theorem implies that
for any o € Sp,,(R) and any s > g+ 1/2 there exists a constant By(o) > 0
such that any f € W5 (M) has a continuous representative such that

(4.3) £l < Bs(@) - ([ fls.-
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For any Sobolev order s > g + 1/2, the best Sobolev constant is defined as
the function on the group of automorphisms szg(R) given by

4.4) BS((X> = sup %

rews M0} 1 [ls,
Lemma 4.4. The best Sobolev constant By is a Spy,(Z)-modular function
on $g, i.e. Bs() = Bs(kay) for all a € Spy,(R), all 'y € Spy,(Z) and all
K € K,

Proof. The K, invariance is an immediate consequence of Remark 4.1. By
Lemma 4.3, the the pull-back map ¥* is an isometry of W (M) onto Wg,(M).
As the map y* is also an isometry for the sup-norm, the lemma follows. [

Thus, we may regard B as a function on the Siegel modular variety
Kg\Sp2g(R)/Spyg(Z) or as a Sp,,(Z)-invariant function on the Siegel
upper half-space §,. Recalling that [[@]] denotes the class of & € Sp,,(RR)

in X4, we shall write B([[ot]]) or Bs([t]) for Bg(ox).

Let A C szg(]R) denote the Cartan subgroup of diagonal symplectic
matrices, AT C A the subgroup of positive matrices and let a C §po, be the
Lie algebra of A.

For a = <g 591> € AT, where § = diag(di, ..., 0;) we define

8

H8+8

i=1

Proposition 4.5. For any order s > g+1/2 and any @ € A" there exists a
constant C = C(s) > 0 such that

By([[o]]) < € ()2

Proof. Let o0 = <0 51 ) € AT, where 6 = diag(di,...,J,). Since the map

a* : W¥(Mgy) — W5 (M) is an isometry, the best s-Sobolev constant Bs([a])
for the operator 1+ Ay on the Heisenberg manifold M is equal to the best
s-Sobolev constant for the operator 1+ A on the Heisenberg manifold M,
namely

1/ lle=
4.5) Bylo))=  sup
' rews(an oy 1(L+A)2 £l r2am,

We fix the fundamental domain F = [0, 1]% x [0, 1]8 x [0, 1 / 2] for the action
of the lattice [ on HS. By the standard Sobolev embedding theorem, for any
s > g+1/2 there exists a constant C(s) such that for any f € W _(H¢) we
have

FOE <C) [ 10+8)27 ()P

where I = (0,0,0) is the identity of H® and dx is the Haar measure assigning
volume 1 to F. Since left and right translation commute and since (1+A)
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operates on the left, for every f € W (H8) and every € H8 we have

@6 FR <) [ 10+ayR (P

It easy to see that, for any 4 € H8, the set Fh is also a fundamental domain
for . Furthermore, if we let py : h € HS — hl'o, € My, denote the natural
projection, the projection p((Fh)?) of the interior of Fh covers each point
of M,-1 at most

8

(4.7) 2¢[[max{8;, 6 '} < 2¢ ()
i=1

times.

Given any f € W¥(Mg,), let f = fo pg. Then, for any & € Hé and any
integer n > 0

/Fh‘(l—%A)"/zf(x)‘deSZg ‘I(oc)/ )

= 27(a) (1 + A" 122

We deduce, by interpolation and by (4.6), that for any s > g+ 1/2 there
exists a constant C such that

A+a2f0)| d by @7)

48) sup [£(1)] < C (W) 1 lws(oag)
heMgy
This concludes the proof. U

4.3. Best Sobolev constant and height function. The height of a point
Z € $)g is the positive number

4.9) hgt(Z) :=det3(Z).

Let F, C $); denote the Siegel fundamental domain for the action of
szg(Z) on §), (see [K1i90]). We define the height function Hgt: £, — R
to be the maximal height of a szg(Z)-orbit (which is attained by Proposition
1 of [Car58]), or, equivalently, the height of the unique representative of an
orbit inside Fy. Thus, if [Z] € X, denotes the class of Z € §), in the Siegel
modular variety,

(4.10) Hgt([Z]) := max hgt(y(Z)) = max det3(y(Z))
YESP,(Z) YESP,(Z)

Any point in $); may be uniquely written as Z = X + iW "DW, where
X = (x;;) is a symmetric real matrix, W = (w;;) is an upper triangular real
matrix with ones on the diagonal, and D = diag(4i,...,J,) is a diagonal
positive matrix. The coordinates (x;;)1<i<j<g » (Wij)1<i<j<g and (&;)1<i<g
thus defined are called Iwasawa coordinates on the Siegel upper half-space.
For t > 0, define S, () C $, as the set of those Z = X + iWTDW € $g such
that

(4.11) il <t (1<ij<g)
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4.12) ’W,’j‘ <t (i<j)

(4.13) 1 <td; and 0 < & <t (1<k<g-1)

For all ¢ sufficiently large, S,(¢) is a “fundamental open set” for the action of
szg(Z) on ), containing the Siegel fundamental domain F, (see [Car58] or
[K1i90]). We will need the following Lemma, which is an easy consequence
of the expression

(4.14)

ds® = tr <dXY_1dXY_1 +dDpD~'aDpD ! + 2(WT)—1dWTDdWW—1D—1)

for the Siegel metric in Iwasawa coordinates, where Y = wTDW.

Lemma 4.6. Any point Z = X +iW " DW inside a Siegel fundamental open
set S,(t) is at a bounded distance from the point iD.

Proof. LetZ=X+ iW T DW, with W and D as explained above, be a point in
S¢(t). In the sequel of the proof we denote by Cj, C; etc., positive constants
depending only on ¢ and the dimension g.

We first observe that (4.12) says that the entries of the matrices W and
W are bounded by 7. Since these matrices are unipotent, their inverses
W1 and (W'")~! are also bounded by a constant C;. Consider the path
Z(1) = X +iW(t) " DW (1), with W(7) := tW and 7 € [0,1]. The en-
tries of (W ')~1dW " DdW W'D~ along this path are all proportional to
C; (8/8;)(dt)?, where j > i. Since &;/8; < t/~! by (4.13), there follows
from (4.14) that the lenght of the path is bounded by a constant C3. Thus,
the arbitrary point Z = X +iW ' DW € S,(¢) is within a bounded distance
from X +iD.

But X +iD is within a bounded distance from iD. Indeed, fixed any pair
of indices 1 <i < j < g, we may consider the path Z;;)(7) = X;j(t) +iD,
(7 € [0,1]), where X;;)(7) is the symmetric matrix with entries x;;(7) =
xji(T) = Tx;; and all other entries constant and equal to those of X. There
follows from (4.14) that the lenght of any such path is

1 |y
/ |'xl]| dT ’
0 4/ 6,'6j
which is bounded by some constant C4 because of (4.11) and (4.13). The

claim follows by choosing successively all pair of indices, thus constructing
a sequence of paths joining X +iD to iD. U

The Siegel volume form dXdY /(detY)&*+! in Iwasawa coordinates is
(4.15) dvoly = [Tdx;; - [Tdwi;- T8, “*"as:.
i<j i<j k
A computation, using again the fundamental open set S,(z), gives the
following.
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Lemma 4.7. The logarithm of the height function on the Siegel modular

variety is distance-like with exponent k, = g“ More precisely, for any
>0
_&tl
Vol {[Z] € £, s.t. Hgt([Z]) >t} <e 2 °.
Proof. A change of variable as in page 67 of [KI1i90] shows that this volume
is within a bounded ratio of

/ T (e t3)/2gs
O

Proposition 4.8. For any s > g+ 1/2 there exists a constant C(s) > 0 such
that the best Sobolev constant satisfies the estimate

By([[ed]) < C(s) - (Het([[e]]))'*

Proof. Let Z =X +iW " DW € F, be the representative of [[¢]] € X, inside
the Siegel fundamental domain, so that B;(Z) = Bs([[]]). Since the Siegel
fundamental domain F, is contained in a fundamental open set Sq(¢), by
Lemma 4.6, the point Z is within a uniformly bounded distance from the
point iD. Thus, by Lemma 4.2, there exists a constant C = C(s) > 0 such
that

By(Z) < CB,(iD).
Since iD = B~ (i), with B = ( e D?/Z) we have B,(iD) = B4(f3) and, by
Proposition 4.5, B ([3) <CT(P )1/2 < C'(t)det(D)V/* = C'(t) hgt([[a]]) /4.
The middle inequality above follows from the definition of 71(f8) and the
observation that, for Z in a fundamental open set set S, (), the entries J; of
the matrix D are bounded below by 7. U

4.4. Diophantine conditions and logarithm law. We will need, in the
final renormalization argument, some control on the best Sobolev constant
B;([[pal]), hence, by Proposition 4.8, on Hgt([[pa]]), when p are certain
automorphisms in the Cartan subgroup A C Sp,, (R) of diagonal symplectic
matrices. This control is the higher-dimensional analogue of the escape rate
of geodesics into the cusp of the modular surface.

Diophantine conditions. Letat C sy, be the cone of those s = (g —06) €
spPy, Where 6 = diag(6y,...,0;) is a non-negative diagonal matrix. We
consider the corresponding one-parameter subgroup of diagonal symplectic
matrices ¢/® € A C szg(R), and also denote by e~ !9 the corresponding
automorphisms (x,&,z) — (¢ 719x,e'%& 1) of the Heisenberg group.

We recall that under the left action of the symplectic matrix 8 = (‘é g) €
Spy, (R), the height on $), transforms according to

(4.16) hgt(B(Z)) = |det(CZ + D)| *hgt(Z)
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Lemma 4.9. Let § = diag(01,6,...,8;) be a non-negative diagonal ma-
trix and let 6 = (g 95) € a be the generator of the one-parameter group

(e’g)teR < Spy,(R). For any [a] € M, and any t > O we have the trivial
bound

Het([[e " al]) < (dete’®)* Hgt([[ed]).
Proof. We recall that Hgt is the maximal hgt of a Sp,,(Z) orbit. There-
fore, we may take the representative § = vy, with ¥ € Spy,(Z), such that
(e7"%B)~1(i) € $, realizes the maximal height, i.e.

Het([le "2 a]]) = het((e "2 B) (i),

and prove the inequality for the function hgt, namely

hgt((e°B)~" (i) < (dete'®)” hgt(B (i),
since then hgt(8~'(i)) < Hgt([[]]). By the Iwasawa decomposition, any
symplectic matrix 8 € Sp,,(R) sending the base point i := il into the point

B~!(i) = X +iW " DW may be written as B~ = vk with v = (V‘g ’_(;V,:i ),

_(VvD 0 >
n= ( o Vb~ and k € K,. By the formula (4.16),

hgt(vnk(Z)) = hgt(nk(Z)) = (detD) hgt(x(Z))

(because detW = 1) for all Z € §),. Therefore, since hgt(x(i)) = 1, we only
need to prove

hgt(xe'®(i)) < dete?d .
Let kx = (_AB ﬁ) € Kq, i.e. with ATA+B'B= 1, and A'B symmetric. Since
e 5(1’) — 29, using formula (4.16), the above inequality is equivalent to

| det(—iBe*? +A)|72 - dete?? < dete??

ie.to

|det(A — iBe?®))? > 1,
and therefore to

|det(AA" +Be*OBT)| > 1.

But, by our hypothesis on & and 7, the norm of €29 is HeZ’6|| > 1, and
therefore
<x, (ATA+BTe4f5B)x> > <x, (ATA +BTB>x> — ||x2

for any vector x € R8. Hence, all the eigenvalues of the symmetric matrix
ATA+BTe*9B are > 1, and the same occurs for the determinant. l

Definition 4.10. Let 6 = diag(4,...,0,) be a non-negative diagonal matrix,

and & = (g 95) cat C sp)e. We say that an automorphism @ € Sp,,(R),
or, equivalently, a point [¢t] € 91, in the moduli space,
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e is 0-Diophantine of type o if there exists a ¢ > 0 and a constant

C > 0 such that
4.17) R ~
Het([[e™"*a]]) < C Het([le™*°]))!" ) Het([[ed)) vi>0,
o satisfies a 8-Roth condition if for any € > 0 there exists a constant
C > 0 such that
4.18)  Het([[le ")) < CHgt([[e~"°]))" Hgt([[a]]) V>0,

i.e. if it is Diophantine of every type 0 < o < 1.
e is of bounded type if there exists a constant C > 0 such that

(4.19) Hgt([[e Pa]]) < C
forall & € at and all £ > 0.

Remark 4.11. In the final section, dealing with theta sums, we will be
interested in Diophantine properties in the direction of the particular §=
((1) _OI) € a. For such g, the Diophantine properties of an automorphism
@ € Sp,,(R) only depend on the right T class of o~ !, where T C Spa,(R) is

the subgroup of block-triangular symplectic matrices of the form (g ( A—%*l > .

In particular, those ¢ in the full measure set of those automorphisms such
that @' = (4 B) with A € GL,4(R) are in the same Diophantine class of
B= (_’X (1)) where X is the symmetric matrix X = CA~ L. For such lower-
triangular block matrices 3, the Height in the Diophantine conditions above

1s (see (4.16))
(4.20)

Hei([fe2p])) = max [det(00 "¢ ¥ + (X +P)(0xX +P)Te¥)|

the maximum being over all (]},’ ]g ) € szg(Z). When g = 1, we recover
the classical relation between Diophantine properties of a real number X
and geodesic excursion into the cusp of the modular orbifold X, or the
behaviour of a certain flow in the space 91; = SL,(R)/SL,(Z) of unimod-
ular lattices in the plane. Indeed, our (4.20) coincides with the function
0(As) = max,ep, oy [IVII5 2, where A, is the unimodular lattice made of

(%t eQ,) ((1) )f ) (5), with P,Q € Z. The maximizers, for increasing time ¢,
define a sequence of relatively prime integers P, and Q, which give best
approximants P, /Q, to X in the sense of continued fractions. In particular,
our definitions of Diophantine, Roth and bounded type coincide with the
classical notions.

This same function J(A;), extended to the space SL,(R)/SL,(Z) of
unimodular lattices in R", has been used by Lagarias [Lag82], or, more
recently, by Chevallier [Che(05], to understand simultaneous Diophantine

approximations. A similar function, A(A;) = max,es,\ (0} log(1/|[v[|), has
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been considered by Dani [Dan85] in his correspondance between Diophan-
tine properties of systems of linear forms and certain flows on the space
SL,(R)/SL,(Z), or more recently by Kleinbock and Margulis [KM99] to
prove a “higher-dimensional multiplicative Khinchin theorem”.

Khinchin-Sullivan-Kleinbock-Margulis logarithm law. A stronger con-
trol on the best Sobolev constant comes from the following generalization of
the Kinchin-Sullivan logarithm law for geodesic excursion [Sul82], due to
Kleinbock and Margulis [KM99].

Let X = G/A be a homogeneous space, equipped with the probability
Haar measure p. A function ¢ : X — R is said k-DL (for “distance-like”) for
some exponent k > 0 if it is uniformly continuous and if there exist constants
c+ > 0 such that

ceM<pu({xeXst ¢x)>1})<cre ™
Theorem 1.7 of [KM99] says the following.

Proposition 4.12 (Kleinbock-Margulis). Let G be a connected semisimple
Lie group without compact factors, | its normalized Haar measure, N C G
an irreducible lattice, a a Cartan subalgebra of the Lie algebra of G, z a
non-zero element of a. If ¢ : G/N — R is a k-DL function for some k > 0,
then for p-almost all x € G/ one has

1z
limsup #(e™x)

t—voo o

= 1/k.

We have seen in Proposition 4.7 that the logarithm of the height function
Hgt is a DL-function with exponent % on the Siegel variety X, hence it
induces a DL-function on the homogeneous space M, = Sp,,(Z)\Sp, (R).
Thus, the following proposition is a consequence of the easy part of Proposi-
tion 4.12 and of Proposition 4.8.

Proposition 4.13. Let s > g+ 1/2. For any non-zero vector S € ain the
Cartan subalgebra of diagonal symplectic matrices there exists a full measure

~

set Qq(0) C My such that for all (o] € Qq(6) we have

log Hat([[e 18 2
ey loEHE a2
00 logt g+1

In particular, any such [a] satisfies a §-Roth condition.

5. EQUIDISTRIBUTION

In this section we consider only functional spaces “built up” from the
space of functions with zero average along the fibers of the central fibration
of the standard nilmanifold M. Thus, all smooth forms have coefficients in
Cy (M), all Sobolev forms and currents have coefficients in some Wy (M),
s € R (see definition 4.2).
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5.1. Birkhoff sums and renormalization. Let (X?,..., X0 E?,... Z9.T)

be the “standard” Heisenberg basis defined in section 2.1.

For 1 < d < g, we define the sub-algebra p?? C h# generated by the first
d base elements XP yee ,X(?, and then the Abelian subgroup P4 := expp??.

According to (4.1), the group szg(]R) acts on the right on the enveloping
algebra %/ (h%) and in particular for V € h¢, Vo = o~ (V). For simplicity
we set, for any & € Spy, (R), (X*,EY,T) := ((x*I(Xl-O),OFI(E?),T). Then
ph® = a1 (p0) and P4* = a~!(P??) are respectively the algebra and
the subgroup generated by (X;*,EY,T). Every isotropic subgroup of H* is
obtained in this way, i.e. given by some P4:* defined as above.

It is immediate that for every o, B € Sp,,(IR) we have

a*l (Pd’ﬁ> — Pd,Boc;
in particular, if 8 belongs to the diagonal Cartan subgroup A, then P4A% =
pde,
We define a parametrization of P4:% hence a R?-action on M subordinate
to a, by setting
(5.1)  PY%i=exp( XF 4 +xgXF)  withx = (x,...,x;) € RY.

Birkhoff sums. We define the bundle A/(p¢,20%) — 90, of p-forms of
degree j and Sobolev order s as the set of pairs

(@,0), @ €Spy(R), @A (p™*Wy(M)),
modulo the equivalence relation (o, ®) = (Y, 7" ®) for all ¥ € Sp,,(Z).
The class of (@, ®) is denoted [ot,w]. We also define the dual bundle

A;(p?,2075) — M, of p-currents of dimension j and Sobolev order s as the
set of pairs

(@,2), aeSpy(R), 7 €AWy (M),

modulo the equivalence relation (o0, 2) = (ay, (¥.) ' 2) for all elements
Y € Spa,(Z). The class of (&, ) is denoted [a, Z7].

The bundles A/ (p,20%) and A;(p,20~*) are Hilbert bundles for the dual
norms

o, @[5 = l@lls.c, e, Z] |5 = [|Z]|~s.a-

In the following, it will be convenient to set ®% = dX* A -+ A dX§ and to
identify top-dimensional currents & with distributions by setting (Z, f) :=
(D, fol®).

Given a Jordan region U C R? and a point m € M, we define a top-
dimensional p-current Qg’am as the Birkhoff sums given by integration
along the chain P?jam = {P¥%m | x € U}. Explicitely, if @ = fAXPFA--A
dX is a top-dimensional p-form, then

2 (Zfmo)i= [ o= [ (PrUmdn...dx.
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Our goal is to understand the asymptotic of these distributions as U R in
a Fglner sense. A particular case is obtained when U = Q(T) = [0,T].

We remark that the Birkhoff sums satisfy the following covariance prop-
erty:

! (@g’“m) =25 (v 'm),  Yme MYy e Sp,,(Z).

0 —¢

a the element of the Cartan subalgebra of diagonal symplectic matrices
defined by the diagonal matrix §; = diag(dy,...,d,) withd; =1 and dy =0
if k #i. Any such 0; generates a one parameter group of automorphisms
=% c A, withr € R.

Left multiplication by the one parameter group (r}) yields a flow on
Spa,(R) that projects to moduli space 9%, according to [a] — ri[a] = [ria].

Above this flow, we consider its horizontal lift to the bundles A/(p?,20°)
and A;(p?,207) (s € R), defined by

Renormalization flows. For each 1 <i < g, we denote by 3, = (5" 0 ) S

rla, 0] = [ra, o] rla, 9] = [ria, 2]

for o € Sp,,(R) and @ € A/ (p**,00%) or Z € Aj(p**,25~*). This is well
defined since, as we remarked before, p&:® = pd7i®,

Definition 5.1. For s > 0, let Z;(p?,20*) be the sub-bundle of the bundle
A4(p?,207%) consisting of elements [a, 7] with Z € Z;(p9* Wz (M), i.e.
with 2 a closed p?*-current of dimension d and Sobolev order s.

We remark that the definition is well posed. In fact, if & is a closed
p®®-current of dimension d then, from the identities (2,X*(f)) =0
for all test functions f and i € [1,d], we obtain 0 = (%, 2, %X*(f)) =

<}/*@,Xl-arl (f )>, which shows that %, Z is a closed pdvo‘rl-current of di-

mension d.

Observe that, although the subgroup P¢: and coincide, the actions
of R? defined by their parametrizations (5.1) differ by a constant rescaling;
in fact

(o) pd.o

d,(r’l1 ...r;g(x) _ pd,o
(5.3) Plttsts)  — Ple e arg)’
Consequently, denoting by (e~ 1,... e ")U the obvious diagonal automor-

phism of R? applied to the region U, the Birkhoff sums satify the identities

d,(rtll ...r;"oc) H+-+ty gpd.0
5.4 Py m=e 4@(67,17...76,,d)um.

Proposition 5.2. Let s > d/2. The sub-bundle Zy(p®,207%) is invariant
under the renormalization flows ri with 1 <i < d. Furthermore, for every
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(t1,...,tq) € RY and any [a, D] € Zy(p¢,~*) and any s > d /2, we have

Il 2| = 2,2 |

Proof. The invariance of the sub-bundle Z;(p¢,20*) is clear from (5.3).

Set, for simplicity, r := | .. .rg". By definition Hr[a, P H =
| [roe, 2] ||, = | Z||—s,ra for any [et, 7] € Ay(p?,205).

Without loss of generality we may assume that & belongs to the space
Aq(p®% , W5(py)), where pj, is an irreducible Schrodinger reprentation in
which the basis (X¥, &% T) acts according to (2.5). Let Ly = (p5)«Lo and
Z,fd o= (p,,)*Z,Z o be the push-forward to L*(R#) of the operators defining
the norms || - |5, and || - s

By Proposition 3.13, the space of closed currents of dimension d is span-
ned by ., if d = g, and by the dense set of currents & = Dy o .%; , with
D, € L>(R&~4 dy), if d < g. Any such current is given, for any test function
f e Z(RE), by (2,f) = (Dy, [ga f(x,y)dx). The unitary operator Uy :
L*(R$) — L*(R®) defined, for t = (11,...,14), by’

(5.5 Upf (x,y) := e 42 p((eh L e)x,y)

(xe R4, y S -4y, intertwines the differential operator L, with the operator
Lyg,i.e. Uy(Lof) = LyqU, f for any smooth f. Thus

|2||=s;a = sup [Z,f)|= sup [(Z,f)]

1 lls.ra=1 I =1

= sup  [(2,f)l= sup [(2,U.f)]
12U, =1 1LY flI=1

= sup <Dy,/ e(’lJ“"'J“’d)/zf((e’1 ooy €)X, y) dx>
(Lo )2 f=1 R¢

_ sup o (1) /2 <Dy;/ f(x,y)dX>
I(La)2f =1 R$

— e_(t1+"'+td)/2||9||_s7a

5.2. The renormalization argument.

Orthogonal splittings. For any exponent s > d/2, the sub-bundle
Z4(p?,207%) is a closed subspace of the Hilbert bundle A, (p?,20~*) and
therefore induces an orthogonal decomposition

(5.6) Aq(p?,207°) = Zy(p?, 20~*) ® Ra(p, 207°).
where Ry (p?,207%) := Zy(p¢,2~*)*+. We denote by 2~ and #~* the
corresponding orthogonal projections, and, given o € szg(R), by Z,°

2This is a particular case of the metaplectic representation. (See [Wei64, Fol89]).
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and Z,° the restrictions of these projections to the fiber over [&] € 9M1,. In
particular, we obtain a decomposition of the Birkhoff sums ¥ = @g’am as

a0, 2] = 2 o, 2]+ 2 °|ox, D]
= [0, 26 (D)) + o0, %o ()]

with “boundary term” 2 *(2) € Zy(p*, W5 *(M)) and “remainder term”
R3* (D) € R(p™, Wgs (M),

We will also need an estimate for the distortion of the Sobolev norms
along the renormalization flow. Below, |¢| denotes the sup norm of a vector
t € RY.

Lemma 5.3. Let s > d/2+2. Fort= (t1,...,t;) € R and © € R, let
r®=r " ...r;". There exists a constant C = C(s) such that if |tt| is

sufficiently small then the orthogonal projection

Z3 Ra(p®, Wo P (M) = Zy (p%, W22 (M)

ot »rta

5.7

has norm bounded by C |tt|.

Proof. As in the proof of Proposition 5.2, we may restrict to a fixed Schro-
dinger representation p;, in which the basis (X*,=%,T) acts according to
(2.5). It is also clear from Lemma 3.15 that we may use the homogeneous
Sobolev norm defined in (3.4). If H = (py,)«Lq denotes the sub-Laplacian
inducing the Sobolev structure of W, *(R$), then the Sobolev structure of
W . (R#) is induced by
H;=U'_ HU,

where U, = Uy, is the one-parameter group of unitary operators of LZ(]Rg )
defined according to (5.5). We denote by (¢, y)_. . = (¢,H; *y) the inner
product in W} (R#). A computation shows that the infinitesimal generator
of U} is i times the self-adjoint operator A = (p;). (Y4_, t:(1/2 — X, Ey)).
Moreover, using the Hermite basis, one can show that there exists a constant
C such that ||[Ay|| < Clt|||[Hy|| for y in the domain of A.

Now, let Z € Wy **2(IR¢) be a distribution (we identify top-dimensional
currents with distributions as explained in 5.1) which is orthogonal to the
subspace Z of closed distributions when 7 = 0, i.e. such that

(R, D) ;o= (#H°PD)=0

for all Z € Z. In order to bound the norm of its projection to Z w.r.t. the
Sobolev structure at T we must bound the absolute values of the scalar
products (%, 7)_, . for all Z in Z. Now,

(#,D)_ ;.= (%,U H'UD)
= (U, 2,H°U, D)
If Z is in the domain of A, we may write

T
U.R :%+i/ UJAZ du
0
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According to Proposition 5.2, the group U, preserves Z. Therefore, since %
is orthogonal to U, for all 7, we may write

T
(R, D) . =i / (U,AZ,H*U, D) du
’ 0
T
=i / (A% U H™U, D) du
0
T
i /0 (ARUL ), du
By Cauchy-Schwartz and Lemma 4.2, if | 77| is sufficiently small we have

[CX

T
< | [ 1A a0 2ot

< CAZ|-s50

T
|10

T
< CM IR 20| [ UL 2 - sud

But ||U;_, 2 ||-su = ||2]|—s,z- There follows

(2, 9) .| < 10| C" 114201 2 50

This says that the orthogonal projection Z; (%) of Z onto Z w.r.t. the Sobolev
structure at T has norm

1Ze(%) || -5 < |7t|C" || —s42,0-
]

Notation 5.4. In order to shorten our formulas, in the proofs of the following
statements we drop the “initial point” m € M or the automorphism ¢ in the

symbol gzg:am whenever the estimates are uniform in m, in ¢ or both.

From the Sobolev embedding theorem and the definition (4.4) of the Best
Sobolev Constant B; we have the following trivial bound.

Lemma 5.5. For any Jordan region U C R with Lebesgue measure |U|, for
any s > g+ 1/2 and all m € M we have

|l 2gem)| < Bl U]

For the remainder term we have the following estimate. Below, we denote
by 0% the boundary of the current 2, defined by (dZ,n) = (2,dn).

Lemma 5.6. Let s > g+d/2+ 1. For any non-negative s' <s— (d+1)/2,
there exists a constant C = C(g,d,s',s) > 0 such that, for all m € M and
& € Spy,(R), we have

1% lor, 25 m) |- < C [, (g “m)]| .
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Proof. Let o : [a] — @([]) be a section of A%(p?,20%). Writing @ =
@5 + @ for its decomposition with @ in the annihilator of Z,(p?,207%)
and @ in the annihilator of Ry (p¢,20*), we have

(#2759, 0) = (22(Z5). 0k) = (75 0k)

Since s > (d +1)/2 and since, by definition, (7, ®}) = 0 for any T €
Zy(p?,207%), by Theorem 3.16 there exists a constant C := C(g,d,s’,s)
and a section of (d — 1)-forms 1 with dn = wy and satisfying, for all
s’ <s—(d+1)/2, the estimate ||n([a])|y o < C|l@g([a])]|s,e for all c.
It follows that

(74, 0k) = (974.m).
Hence, for s’ <s—(d+1)/2, forall m € M and & € Sp,,(R), we have

{28, 0k) | < ClOZGI| ¢ x | 0lls < ClOZE] -y || @]l
U

To estimate the boundary term, we need the following recursive estimate.

Lemma 5.7. Let s > d/2+2. There exists a positive constant C; = C(s)
such that for all t; >0, ..., 13 > 0 and all [0, D] € Ag(p?, 25~ 6~2)) we have

1270 D) |y < TR 2 e, D)

+Cy ‘t1 4. +td‘/ u(ty4--+tg /2H% [ futl ) r;“’doc,.@] ||—(s—2) du
Proof. Set for simplicity r* = rl_m1 ...r;”t" andt =1t +--- +14. Consider
the orthogonal decomposition

D=2 (D) +R5,(D), uel0,1].

If we apply the projection 2.7, . since by Proposition 5.2 we have the
identity 2%, 27 (2) = ,,@fis (2), we obtain

T ua lla

L5 D) = L5 (D) + 225, (R 5,(D))

rT—ug i

lla lla

and therefore we may write

e, 250 (D)) = I e, 20 (D) + I e, 22, (2,54(2))]

rT Lta —la
=rrZ a2\ + 2 o, Z (D))

Now, we compute the norm with exponent —s. By Proposition 5.2, the first

term on the right has norm

t
Ir* 2 e D) s = e 27| 27 o, D] s

To estimate the norm of the second term on the right, we observe that ,@fr 2
is an orthogonal projection, and that by Lemma 5.3 the projection

Ra(p % WG D (M) = 2, (p%*, W5 (M))

—ugy
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has norm bounded by C(s) ¢ 7. Therefore

|2, || < e 2| 2, T
+C()1T)| 2", D) | —(s—2) -
Letn € N, and set T = 1/n, u = k1, with k € NN [0, n]. By finite induction
on k we obtain
120, D) || s < e 2| 2 o, 2] ||
ORI SR [

The Lemma follows by taking the limit as n — oo. U

Next, we consider the case d = 1.

Theorem 5.8. Let o € Spy,(R) and s > g +7/2. Let PL% be the 1-dimen-
sional Abelian subgroup of H8 generated by the base vector field X{* € 8.

Let Ur =[0,T] and @llj’Tam the Birkhoff sum associated to some m € M for

the action of Pr® (x € R). There exist a constant C, = C»(s) > 0 such that
forall T > 1 and all m € M we have

H [, 255 m] ) < GT'?Hgt (H'”l_logTa]]) 1/4

)

logT
+c2/0 ¢"/? Hgt ([[rr"e))* du.

Proof. For simplicity we set ' = r|. To start, we observe that, according
to (5.4) and Lemma 5.6, we have

121 o, LTI 0y =& 11 o, 25711 s

< || a(@2y |,

provided g+1/2 < s’ < s — 3. The boundary 8(3211]’;4“) is a 0-dimensional
current given by

(927 f ) = F(PF ) = f(m),

hence, by the Sobolev embedding theorem and the definition (4.4) of the
Best Sobolev Constant, we have

_ 1.1 _
[, (2 |y <2Be([[r ).
There follows from Proposition 4.8 that

|21 o, 2y || o) < 2¢ Bo([[r " @]]) < C(s') ' Hat([[r " a])/*.
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Using Lemma 5.7 with ¥ = ,@llj aTm and ¢ = nT, we may estimate the
boundary term in the decomposition (5.7) as

|27l 25| <] 2 a2

—S —S

+C(s,5) /0 teu/zHgt([[f“a]Dl/“du.

By the covariance formula (5.4), the Proposition 4.8 and Lemma 5.5, we
have

:et

| 2= e, 2]

F o, 2 ‘

) )

< ' C(s) T Het([[r " a]) /4.
There follows that

|27l 22| < e e T He(ir al))

—s
t
+C(s,5) / /> Hat([[r o)) /* du.
0
If we take first 7 = 1, then rename ¢’ := T > 1, we finally get

| 2= lo2lm)| < c) T2 Hgr(([ e o)

+C(s,s) /0 T 2 ([ o)) VA

The reminder term in the decomposition (5.7) is estimated as at the beginning

of the proof, using Lemma 5.6, Proposition 4.8 and Lemma 4.9, and is
bounded by

|27 l@.27|| < cls) Heu([o) 4
= Cls) Het( ([T~ "¢ T o ) /4
< C(s) " Hgt([[r T o) /4.
The Theorem follows. |

The next result follows immediatly from the above Theorem 5.8 and the
Kleinbock-Margulis logarithm law, i.e from Proposition 4.13.

Proposition 5.9. Let the notation as in Theorem 5.8. There exists a full

measure set (51) C My such that if (o] € Q (51) and € > 0 there exists a
constant C = C(s, €)>0 such that for all T > 1 and all m € M we have

H [, @b;“m] < CTV2(logT)/ (s t2)te

Now we may use induction on the dimension of the isotropic group P¢ C
HS. Let (s4)4cn be the solution of the recusive equation sy = sg+3+d/2
with initial condition s; = g+7/2, thatis, s =d(d+11)/4+g+1/2.
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Theorem 5.10. Let s > s4. There exists a constant C3 = C3(s,d) > 0 such
the following holds true. Let & € Sp,,(R) and let P4% < HE be the d-
dimensional Abelian subgroup of H8 generated by the base vector fields
X%, XFehs. LetUy(t) :=[0,€']9. Let P ?) = @ o )m be the Birkhoff
sum associated to some m € M for the action of Pﬁf’ , (x e R4 ). Then, for
allt > 0 and all m € M, we have

“ zgzd a

)

5.8) <C3Z / /exp %—%Zﬁ:w)

=0 1<i) <+ <lk<d

><Hgt< IT 7 Hr ) uy ... dug.

1<j<d /=1

Proof. We argue by induction. The case d = 1 is Theorem 5.8. We assume
the result holds ford — 1 > 1.

Set for simplicity r = r{...r} d

Decomposing the current 3” Uy ()M s in (5.7) as a sum of the currents

Z e, o, P (z‘ )] and Z~°|a "@gﬁt)]’ we first estimate the boundary term
H Za, @gﬁn Hfs. Using Lemma 5.7 we have:

(5.9

|27 2gs || |27 a2y

t
_ —s[— d,
+Ci(s) [ e A, 2
=I1+I11.
By the covariance (5.4), Lemma 5.5 and Proposition 4.8, we have

|zt e )| = |2 s

Ua(0) )
< Ce” Het([[r"a]))"/*

—S )

Hence
(5.10) 1< Ce? Hgt([[ra]))!/*

corresponding to the term with k = 0 in the statement of the theorem.
To estimate the term /1, we start observing that, provided s’ < s —2 — (d +
1)/2, using (5.4) and Lemma 5.6, we have

(5.11)
|20 0, 2 )| ooy = Nl 21 e 2
§C(s/,s)e”dH “a,d( gzdr o H_

Udtu
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The boundary 8(9(1 Uy (1— )) is the sum of 2d currents of dimension d — 1.

These currents are Birkhoff sums of d “face” subgroups , (J=

1,...,d), obtained from P47 by omitting one of the base vector fields
XP,...,XJ. Foreach j=1,...,d there are two Birkhoff sums of P;l*l’r_”a
for points m-. ; along the (d — 1)-dimensional cubes U, ;(t — u) obtained
from Ud (t — u) by omitting the j-th factor interval [0,e'™“].

If s’ > s;_; (and therefore s > s;_1 + (d-l— 1)/2+42 = s,), denoting by
Qd ! (rt ;x) the generic summand of 8(,@‘1 r( a)) we may estimate the norm

of each such boundary term using the inductive hypothesis (5.8). For the
j-face we obtain

P;l 17‘ “o (.

d—1
- d—1,r7"
[r ”a,@Ud_]{l_g] B <Gs(s',d—1) Z
k=0 1§i1<~“<l‘k§d

ii#j

/=1
B w1/
ngt([[H O a]]) .
1%;4 =1
J

From (5.9) and (5.11) we obtain the following estiamate for the term I1I:

d d—1
I1 < Cy(s,d) Z Y Y

1k=0 1<ij<--<ix<d

i #]j
t t—u t—u k
(5.12) X/O du/o duil'" du;, exp (—t+2u %Zui”)
/=1
ngt( H rgtHrz/ FUA o )
1<i<d =1

Applying the change of variable u; =t — u, majorizing the integrals 6 "

with integrals fé and observing that there are at most kK + 1 integer intervals
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liz,i;+1[ in which the integer j in the above sum may land, we obtain

(5.13)
d
11 <Cy(s,d) Y Y

=1 k=0 1<ij<-<ix<d
i F#]

t t—u t—u J . ) k
></ duj/ du,-1~-- duikexp (Zt_iuj_izuié>
0 0 /=1

><Hgt< IT Hru"r.u’a )

1<0<d

§C5(s,d)2 /du,1 /du

k=1 1<ip<- <lk<d

k k
— Ui
xexp (91-3 3w, ) Hee (I T ' TTried]).
=1 1<¢<d =1
The reminder term Z~*|«, o, P ?)] in the decomposition (5.7) is estimated

using Lemma 5.6, Proposition 4.8 and Lemma 4.9. We have:
|2l 255,]| < cls) Het(la)
19 = C(s) Hg([['r ")
< C(s) e/ Hat([[r" a)) 4,

producing one more term like (5.10). The theorem follows from the estimates
(5.10) and (5.13), for the terms I and II, and (5.14) for the remainder. O

Different possible asympthotics are then consequences of the Diophantine
conditions (4.17), (4.18) and (4.19), or the Kleinbock-Margulis logarithm
law (Proposition 4.13).

Proof of Theorem 1.7. Let the notations be as in Theorem 5.10, and con-
sider the integrals in (5.8). It follows from Lemma 4.9 that, for any 0 < k < d,

k

He ([ T [ rvel)) " < etZmng (I T o))

1<j<d ~ 1=1 1<j<d

1/4

There follows from (5.8) that

R A BT (§

for some constant C = C(s,d). Therefore the norms of our currents depend
on the Diophantine properties of ¢ in the direction of 5( )= i +-+08€
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a (recall that r} =€ gf), defined in 4.10. For example, if o satisfies a 5 (d)-
Diophantine condition (4.17) of exponent o > 0, we get

|l

< ct? ed(lfo/z)t < C/ed(lfa’/z)t
N

for all 0’ < o. If « satisfies a g(d)-Roth condition (4.18), we get

< Celd/2ter

)

Jle. 750

b
alt

for all € > 0. If o is of bounded type, i.e. satisfies (4.19), then all the
“Height” terms inside the integrals of (5.8) are bounded, and we get

H [, ‘@gﬁ;)] ‘ < Celd/2)t,

—S
On the other side, according to the easy part of Kleinbock and Margulis
theorem 4.12, there exists a full measure set ,(0(d)) C Xy such that if

~

[[a]] € Qg(8(d)) and € > 0 then
1/4
Hgt ([[ H rj—ta]]> < Cll/(2g+2)+8.
1<j<d
There follows from (5.15) that for such o’s

” [(X, @5{;‘2)] ) < Ctd+1/(2g+2)+ge(d/2)f_

)

5.3. Birkhoff sums and Theta sums.

First return map. Here it is convenient to work with the “polarized” Hei-
senberg group, the set Hiol ~ R& x R8 x R equipped with the group law

(x,&,1)- (&, ¢") = (x+x,E+ &t +1' + EX'). The homomorphism HE —

Hgol, as well as the exponential map exp : h — Hiol, is (x,&,t) — (x, &1+
%éx) Define the “reduced standard Heisenberg group” HY, , := ng) o/ ({0} x

{0} x 3Z) ~ R$ x R8 x (R/%Z), and then the “reduced standard lattice”
MMed := 78 X 78 x {0} C Hrged. It is clear that the quotient erd/rred ~H8/T
is the standard nilmanifold. The subgroup N = {(0,&,7)with £ e R8¢ €
R/ %Z} is a normal subgroup of H, ;. The quotient H% ; /N is isomorphic to
the Legendrian subgroup P = {(x,0,0) with x € R8}, and we have an exact
sequence 0 — N — H® . — P — 0. Therefore erd ~ P x N, and in particular

red
any (x,&,r) € HS,, may be uniquely written as the product

(x,&,1) =exp(x1 X1+ +x,X,) - (0,€,1) = (x,0,0) - (0,€,1).

Given a symmetric g X g real matrix 2, we consider the symplectic matrix
a=(5L9¢e Spa(R). Then exp(xi X[* + -+ +x,XJ*) = (x, —2x, —x"9x),
and any element of erd can be written uniquely as a product

exp(x1 X{* +- - +xgXg) - (0,8,1) = (x,§ — D1 — IxT2x)
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for some x e R$, £ e R anr € R/%Z. Given n € Z8, m € 78, hence
(n,m,0) € [ g, then
exp(xi X{* +- - +xXg') - (0,8,1) - (n,m,0)

= exp(x X[+ + 2, X") - (0,6',1)

ifandonly if ¥ =x+n, &' =& +m+Znandt’ =t +& " n+in" 2n+ 17

(5.16)

Birkhoff sums of certain functions on the circle. Let ¢ € . (R /%Z),
and let y € &(R$) be a smooth function with compact support. Define a
function ¢ : H® ; ~ a~!(P) x N — C as the product

¢(exp(x1X1a + +ngga) ’ (07€7I)) = W(x> ’ (p(l)

and then a function ¢ : M — C on the quotient standard nilmanifold by
summing over the lattice eq. Namely, if m = exp(x; X[ + - +x,XJ) -
(0,€,1) - Treq € M, we set

(];(m) = Z (D(exp(xle‘-l—----l—ng;‘)-(O,g,t)-(n,m,O))
(n,m,0)€leq
= Z y(x+n)-@ (t-l—éTn—i-%nTQn)
nezs

where we used (5.16). Since y has compact support, this sum is finite, so
that ¢ is indeed a smooth function. The Birkhoff average of ® = ¢ dX{* A

-+ AdX" along the current Pfjam with m € M as above is, according to
(5.2),

(2§ m o)=Y, («p (t+§Tn+%nTo@n)-/Ut//(y+x+n)dy).

nezs

Let 0 < 6 < 1/2, and choose a test function y € &(R$) with support in a
small ball B¢(0) = {x € R8 s.t. |x]| < €} of radius 0 < € < J, and unit mass
Jre W(x)dx = 1. For N a positive integer, U = [—-8,N + §]% and x =0, we
have
11 (ZEme)y= ¥ o(r+ETn+in"2n)

neZeN[o,N]&
There follows from Theorem 1.7 in the Introduction and the above discussion
(i.e. formula 5.17) that

Theorem 5.11. Let 2[x] = x" 2x be the quadratic forms defined by the
symmetric g X g real matrix 2, oo = ( 1,9) € Spa,(R), £(x) = (7 x be the
linear form defined by ¢ € Ré, and t € R. Then,

o there exists a full measure set Qg C M, such that if (o] € Qq and
€ > 0 then

Y o(r+0n)+320n) = 0 ((logn)s+t/ Cerve ei2)
neZsN[0,N18
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o if [a] € M, satisfies a g(g)—Roth condition, then for any € > 0

neZsN[0,N]8

o if [a] € M is of bounded type, then

Y o+t + 2] =0 (N2)

neZsn[o,N]8

as N — oo, for any test function ¢ € WS(R/%Z) with Sobolev order s > s,

and zero average fol/z @(t)dt =0.

Corollary 1.8 in the Introduction follows if we take ¢(r)
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