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Goal

1. logic: intuitionistic implication D

2. SCE = 5N + ¢

3. More precisely:

SN for A\® = (properties of \) + ¢
where
A6 = neat M-calculus for sequent calculus

€ small combinatorial overhead

4. Plan:
(a) advertise \©
(b) indicate properties of A

(c) do e



Preliminaries (1)

Types A,B,C::=a|ADB
Terms M,N i=x|Xx.M|MN |(N/x)M

Sequents THFM: A

Typing / Inference rules

I_,a::Al—:U:AAxiom

,x: Akt BI
CE Aot A> Bintro

TEM:ADB THN:AL.
r-MN:B vm

[FN:A [,o:AF-M:B
- (N/x)M : B

Subst



Preliminaries (2)

Reduction rules

(B) (Mx.M)N — (N/x)M
(6) (NJ2)M — [N/z]M

N.B. [N/a)(N'/y)M = ([N/x]N'/y)[N/2]M

Logical reading (normalisation)

D
Mx:A+-M: B

I D’ D’ D
FrEXxeM:ADB ™ I‘FN:AE FrEN:A F,:IJ:AI—M:BS
Fr-(A\x.M)N : B = M= (N/x)M : B :
D’ D
Fr=N:A I‘,x:AI—M:BS D

[+ (N/z)M : B — T F[N/z]M:B

where D" = right — perm(D’, z, D).



Sequent calculus/AC-calculus (1)

EXxpressions

(Terms) t,u,v
(Contexts) k

x| Ax.t|tk
(x)v|w::k

Sequents [THt: A and " A+-k: B

Typing / Inference rules

M,x:AFv: BSl "
Fz:AFz: AATOM  FaAE (5) election




Sequent calculus/AC-calculus (2)

Cuts: tk = t(uq :: ... : um(x)v), m>0

Particular cases:

m=1 t(u :: (x)v) generalized application
m =20 t(x)v ‘“suspended” substitution
v==x t(ui: .. un(x)xr) multiary application

N.B. t(x)v is written (t/x)v

Reduction rules

(B) Qa)(uik) — (ufa)(th)
(o) (t/xyv — subst(t,z,v)
() (tk)k! — tappend(k, k')

Logical reading (cut elimination)

(B) key step
(o) right permutation

(w) left permutation



Properties of A\

1. Strong normalisation

M typable = M € SNﬁ.

2. Fundamental lemma of perpetuality

(Az.M)N ¢ SNy

z ¢ FV(M) = N € SN }:> [N/x]M ¢ SNg

Stronger version of 2.

ze FV(M) = ||(Az.M)N||g < ||[N/=]M]|5+ 1

z¢ FV(M) = [[(Qz.M)N||g < [[M]||g+[IN|[g+1



Doing € (1)

Ne
Q

a version of \x

(0)°

A

First step: reduce SN for A\G to SN for a version
of Ax, with help of @

Second step: enrich A

Third step: prove SN for a version of Ax, with
help of (.)*



Doing € (2)

First step: reduce SN for A\G to SN for a version
of \x

1. Recall the terms of A\x:

M,N,P ::=x| x.M | MN | (N/z)M

2. Equip this set with

(B) (Az.M)N — (N/x)M
(o) (N/zYM — [N/x]M
(r1)  ((P/x)M)N — (P/x)(MN)
(r2) (PIWN/ZIM — (PJy){N/a)M

and put m =m1 Umo

3. Define Q : A6 — \x as follows:

t(uy :: ... Sum(z)v) — (MN1...Np/x) P

4. SN for A\x = SN for \©



Doing € (3)

Second step: enrich A

1. Equip the set of A-terms with

(m1) (A MNP — (AM.MP)N
(m5) M((A\y.P)N) — (Ay.MP)N

and put m =m1 Umo

2. In A\, —51 terminates

3. In X\, —x does not increase ||_||g

(fund. lemma perpetuality used here)



Doing € (4)

Third step: conclude

1. Define (U)®*: Ax — A\ by
((N/x)M)® = (Ax.M°®*)N*®

2. In Ax, —g, terminates
3. For all M € A\x, M®* € SNg = M € SNgr,

4. Corollary (SN for \x):

For all M € Ax, M typable = M € SNgz,
(SN for X\ used here)

5. Theorem (SN for A\5):

For all t € \©, ¢ typable = t ¢ SNgng
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Consequences

. SN for variants of A with generalised appli-
cation

. SN for LJ equipped with various ‘proto-
cols”

2\G

o "\

a version a version
of \x of ANJx

(0)°

A NJ
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Conclusions

. reuse a previous result instead of repeating
a previous proof

. Substitution is suspended, but not explicitly
executed

. simple = stronger
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