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✸ ❆♣❧✐❝❛çõ❡s ❜ás✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛

✹ ❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s

✺ ❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

✻ ❆♣❧✐❝❛çõ❡s

✷

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❊st❛tíst✐❝❛ ❈❧áss✐❝❛ ✈❡rs✉s ❊st❛tíst✐❝❛ ❇❛②❡s✐❛♥❛

❉❛❞♦s✿ ❝♦♥❝r❡t✐③❛çã♦ ❞❡ ✉♠ ✈✳❛✳ X✱ x ∈ X ✴
x = (x1, . . . , xn), X ⊆ ℜn

▼♦❞❡❧♦ ❡st❛tíst✐❝♦✿ ❊s♣❡❝✐✜❝❛çã♦ ❝♦♠ ❜❛s❡ ❡♠ ♥❛t✉r❡③❛ ❞♦
❢❡♥ó♠❡♥♦✱ tr❛t❛♠❡♥t♦ ♣ré✈✐♦ ❞❡ ❢❡♥ó♠❡♥♦s ❛♥á❧♦❣♦s✱ ❡✈✐❞ê♥❝✐❛
❡①♣❡r✐♠❡♥t❛❧✱ ♦❜❥❡t✐✈♦s ❞♦ ❡st✉❞♦✱ r❡q✉✐s✐t♦s ❞❡ ♣❛r❝✐♠ó♥✐❛ ❡
✐♥t❡r♣r❡t❛❜✐❧✐❞❛❞❡✳

F = {f(x|θ), x ∈ X : θ ∈ Θ},

♠❛s s❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ✈❛❧♦r ❞♦ í♥❞✐❝❡ θ q✉❡ ♣r♦❞✉③✐✉ ♦s ❞❛❞♦s❀
❡✳❣✳✱ Θ ∈ ℜk✱ f(x|θ) =

∏n
i=1 f(xi|θ) ✕ ♠♦❞❡❧♦ ❛♠♦str❛❧✳

✹



❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
P❛r❛❞✐❣♠❛ ❝❧áss✐❝♦

Pr✐♥❝í♣✐♦ ❞❛ ❛♠♦str❛❣❡♠ r❡♣❡t✐❞❛✿ ❛✈❛❧✐❛❞♦r ❞♦s ♣r♦❝❡❞✐♠❡♥t♦s
✐♥❢❡r❡♥❝✐❛✐s ❛tr❛✈és ❞❛ ❛♥á❧✐s❡ ❞♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ♥✉♠ ♥ú♠❡r♦
✐♥❞❡✜♥✐❞♦ ❞❡ ❤✐♣♦tét✐❝❛s r❡♣❡t✐çõ❡s ❡♠ ❝♦♥❞✐çõ❡s ❡ss❡♥❝✐❛❧♠❡♥t❡
✐❞ê♥t✐❝❛s ❞♦ ❡sq✉❡♠❛ ❛❧❡❛tór✐♦ ♦r✐❣✐♥❛❞♦r ❞❛ ❛♠♦str❛ ✭♣r❡ss✉♣♦st♦✮✳

=⇒ ♠❡❞✐çã♦ ❞❛ ✐♥❝❡rt❡③❛ ❜❛s❡❛❞❛ ♥♦ ❝♦♥❝❡✐t♦ ❢r❡q✉❡♥❝✐st❛ ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡✳

❱✐❛ ✐♥❢❡r❡♥❝✐❛❧✿ ❱❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ♦❜s❡r✈á✈❡✐s ✭t♦t❛❧ ♦✉
♣❛r❝✐❛❧♠❡♥t❡✮ ❡ s✉❛s ❞✐str✐❜✉✐çõ❡s ♣♦r ❛♠♦str❛❣❡♠ ❛ss♦❝✐❛❞❛s ❛ F ✱
❝♦♠ ❜❛s❡ ♥❛s q✉❛✐s s❡ ❛✈❛❧✐❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ✐♥❢❡rê♥❝✐❛s
♣ré✲❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳

❊st✐♠❛çã♦ ✭❡st✐♠❛❞♦r❡s ♣♦♥t✉❛✐s✱ r❡❣✐õ❡s ❞❡ ❝♦♥✜❛♥ç❛✮✳

Pr❡❞✐çã♦ ✭♣♦♥t✉❛❧ ❡ r❡❣✐♦♥❛❧✮✳

❚❡st❡s ❞❡ ❤✐♣ót❡s❡s ✭❝♦♠♣❛r❛çã♦ ❞❡ ♠♦❞❡❧♦s✮✳

✺

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
P❛r❛❞✐❣♠❛ ❜❛②❡s✐❛♥♦

❚❡♦r❡♠❛ ❞❡ ❇❛②❡s✿ ■♥str✉♠❡♥t♦ ✐♥❢❡r❡♥❝✐❛❧ ❢✉♥❞❛♠❡♥t❛❧

■♥❣r❡❞✐❡♥t❡s✿ ❉❛❞♦s ❛♠♦str❛✐s ❞♦ ♠♦❞❡❧♦ {f(x|θ) : θ ∈ Θ} ✰

✐♥❢♦r♠❛çã♦ ❛♣r✐♦ríst✐❝❛ ✭❛♥t❡r✐♦r ♦✉ ❡①t❡r♥❛ ❛ t❛❧ ❛♠♦str❛✮ s♦❜r❡ ♦
q✉❡ é ❞❡s❝♦♥❤❡❝✐❞♦ q✉❛♥t✐✜❝❛❞❛ ❡♠ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ✭✐♥✐❝✐❛❧✮✿
h(θ) : θ ∈ Θ,

♥❛ ❜❛s❡ ❞♦ ❛r❣✉♠❡♥t♦ ❝r✉❝✐❛❧✿

❚✉❞♦ ♦ q✉❡ é ❞❡s❝♦♥❤❡❝✐❞♦ é ✐♥❝❡rt♦ ❡ t♦❞❛ ❛ ✐♥❝❡rt❡③❛ é s✉s❝❡tí✈❡❧ ❞❡
s❡r q✉❛♥t✐✜❝❛❞❛ ♣r♦❜❛❜✐❧✐st✐❝❛♠❡♥t❡✦

⇒ ♣❛râ♠❡tr♦s ❞♦s ♠♦❞❡❧♦s ❛♠♦str❛✐s ❡♥❝❛r❛❞♦s ❝♦♠♦ ❛❧❡❛tór✐♦s✱
♥✉♠❛ ❜❛s❡ t✐♣✐❝❛♠❡♥t❡ s✉❜❥❡t✐✈❛✿

✻

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
P❛r❛❞✐❣♠❛ ❜❛②❡s✐❛♥♦

❝♦♥❝❡✐t♦ s✉❜❥❡t✐✈✐st❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✕ ●r❛✉ ❞❡ ❝r❡♥ç❛ ♣❡ss♦❛❧ ♥❛
♦❝♦rrê♥❝✐❛ ❞♦ ❡✈❡♥t♦✴ ✈❡r❛❝✐❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦✱ ♥❛ ❜❛s❡ ❞❛ ❡✈✐❞ê♥❝✐❛
❞✐s♣♦♥í✈❡❧✳

=⇒ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✭✜♥❛❧✮✿

h(θ|x) = h(θ)f(x|θ)
p(x)

≡ h(θ)f(x|θ)∫
Θ
f(x|θ)h(θ)dθ θ ∈ Θ,

❡♠ q✉❡ p(x), ∀x tr❛❞✉③ ❛ ❞✐str✐❜✉✐çã♦ ♠❛r❣✐♥❛❧ ❞♦s ❞❛❞♦s
♦❜s❡r✈á✈❡✐s X✳

⇒ Pr❡❝✐sã♦ ❞❛s ✐♥❢❡rê♥❝✐❛s✿ ♣ós✲❡①♣❡r✐♠❡♥t❛❧ ✭✜♥❛❧✮

✼

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
P❛r❛❞✐❣♠❛ ❜❛②❡s✐❛♥♦

❊①❡♠♣❧♦ ■✿ ❊♥s❛✐♦ ❝❧í♥✐❝♦ ❛ ✉♠❛ ❛♠♦str❛ ❞❡ n ♣❛❝✐❡♥t❡s ✈✐s❛♥❞♦
✐♥❢❡r✐r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ θ ❞❡ ❝♦♥tr♦❧♦ ❞❛ r❡s♣❡t✐✈❛ ❞♦❡♥ç❛ ♣♦r ✉♠❛
♥♦✈❛ ❞r♦❣❛✳

❉❛❞♦s (x1, . . . , xn) ←− (X1, . . . , Xn) t❛❧ q✉❡
Xi, i = 1, . . . , n ∼

iid
Ber(θ)

❉✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ✿ θ ∼ Be(a, b)✱

E(θ) = 0, 40;V ar(θ) = 0, 10 ⇒ θ ∼ Be(9, 2; 13, 8).

◆♦t❛✿ θ ∼ Be(a, b) ⇔ h(θ|a, b) = Γ(a+b)
Γ(a)Γ(b)

θa−1(1− θ)b−1 I(0,1)(θ)

⇒ E(θ) = a
a+b

; V ar(θ) = ab

(a+b)2(a+b+1)
.

✽



❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
P❛r❛❞✐❣♠❛ ❜❛②❡s✐❛♥♦

⇒ h(θ|x1, . . . , xn) ∝ θa+
∑

i
xi−1(1− θ)b+n−

∑
i
xi−1, θ ∈ (0, 1)

∴ θ|x1, . . . , xn ∼ Be(A,B), A = a+
∑
i xi; B = b+ n−∑

i xi

❙✉♣♦♥❞♦ ♦s ❞❛❞♦s x r❡s✉♠✐❞♦s ❡♠ n = 100,
∑
i xi = 30✱

θ|x1, . . . , xn ∼ Be(A,B), A = 39, 2; B = 83, 8

⇒ E(θ|x) = 0, 319; σ(θ|x) = 0, 04❀ P [θ ∈ (0, 238; 0, 401)|x] = 0, 95.

✾

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
P❛r❛❞✐❣♠❛ ❜❛②❡s✐❛♥♦
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❉✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ❇❡t❛✭✾✳✷✱✶✸✳✽✮ ❡ ❛ ♣♦st❡r✐♦r✐ ❇❡t❛✭✸✾✳✷✱✽✸✳✽✮ �

✶✵

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
▼❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛

❈❛r❛t❡ríst✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛✿

h(θ|x)✱ θ ∈ Θ é ❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦rr❡♥t❡
s♦❜r❡ θ✱ ♦❜t✐❞♦ ❞❛ q✉❛♥t✐✜❝❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐ ✭❡♠ h(θ)✮
❡ ❞❛ ✐♥❢♦r♠❛çã♦ ❛♠♦str❛❧ ✭❡♠ f(x|θ)✮✳
❆ ♣❛rt❡ r❡❧❡✈❛♥t❡ ❞❡ f(x|θ) ♣❛r❛ ♣r♦♣ós✐t♦s ✐♥❢❡r❡♥❝✐❛✐s é ♦ ❢❛t♦r
q✉❡ ✐♥✈♦❧✈❡ θ✳ ❚♦♠❛♥❞♦✲♦ ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦s✐♠✐❧❤❛♥ç❛
L(θ|x)✱ ❡st❛ é ❡♥❝❛r❛❞❛ ❝♦♠♦ ♦ ✈❡í❝✉❧♦ ❞❡ t♦❞❛ ❛ ✐♥❢♦r♠❛çã♦
❛♠♦str❛❧✳
⇒ ❋✉♥çõ❡s ❞❡ ✈❡r♦s✐♠✐❧❤❛♥ç❛ ♣r♦♣♦r❝✐♦♥❛✐s ❝♦♥❞✉③❡♠ à ♠❡s♠❛

❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✱ q✉❡ é ♦ ❢✉❧❝r♦ ❞❡ t♦❞❛s ❛s ✐♥❢❡rê♥❝✐❛s

s♦❜r❡ ♦ ♣❛râ♠❡tr♦✳

⇒ ❙❛t✐s❢❛③ ♣r✐♥❝í♣✐♦s ✭s✉✜❝✐ê♥❝✐❛✱ ❝♦♥❞✐❝✐♦♥❛❧✐❞❛❞❡ ❡ ✈❡r♦s✐♠✐❧❤❛♥ç❛✮

q✉❡ s✉♣♦st❛♠❡♥t❡ t♦❞❛ ❛ ■♥❢❡rê♥❝✐❛ ❊st❛tíst✐❝❛ ❞❡✈❡ r❡s♣❡✐t❛r✳

✶✶

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
▼❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛

❆ ♦♣❡r❛çã♦ ❜❛②❡s✐❛♥❛ ❞❡ ❛t✉❛❧✐③❛çã♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ t❡♠ ✉♠❛
♥❛t✉r❡③❛ s❡q✉❡♥❝✐❛❧✿ X = (X1, X2), X1 ⊥⊥ X2 | θ

h(θ|x) = h(θ|x1)f(x2|θ)∫
Θ
h(θ|x1)f(x2|θ)dθ

, p(x1) > 0

∴ h(θ|x) é ❛ ❛t✉❛❧✐③❛çã♦ ❞❡ h(θ|x1) ❝♦♠♦ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐

♣❡❧❛ ✈❡r♦s✐♠✐❧❤❛♥ç❛ f(x2|θ)✳

⇒ ❉❛❞❛ ❛ ❝♦♥❝r❡t✐③❛çã♦ ❞❡ n Xi ✐♥❞❡♣❡♥❞❡♥t❡s✱ h(θ|x1, . . . , xn)
♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ r❡s✉❧t❛♥t❡ ❞❛ ❛t✉❛❧✐③❛çã♦ s✉❝❡ss✐✈❛✱ ❛♣ós
♦❜s❡r✈❛çã♦ ❞❡ ❝❛❞❛ Xi✱ ❞❡ h(θ|x1, . . . , xi−1)✱ i = 1, . . . , n

✭h(θ|x0) ≡ h(θ)✮✳
❙✐♠♣❧✐❝✐❞❛❞❡ ❝♦♥❝❡♣t✉❛❧ ❡ ✉♥✐❢♦r♠✐❞❛❞❡ ♥❛ ❡❧✐♠✐♥❛çã♦ ❞❡
♣❛râ♠❡tr♦s ♣❡rt✉r❜❛❞♦r❡s✱θ = (γ, φ) ∈ Γ× Φ✱ γ ♣❛râ♠❡tr♦ ❞❡
✐♥t❡r❡ss❡✳
⇒ ❈á❧❝✉❧♦ ❞❡ h(γ|x) =

∫
Φ
h(γ, φ|x)dφ

✶✷



❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❊st✐♠❛çã♦ ♣♦♥t✉❛❧

❊st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ✉♠ ♣♦♥t♦ tí♣✐❝♦ ❞❛
❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✳ ❊s❝♦❧❤❛s ♣♦ssí✈❡✐s✿

▼♦❞❛ ❛ ♣♦st❡r✐♦r✐

θ̂ : h(θ̂|x) = max
θ∈Θ

h(θ|x) = max
θ∈Θ

[h(θ)f(x|θ)]

▼é❞✐❛ ❛ ♣♦st❡r✐♦r✐

θ̂ = E [θ|x] : E [θi|x] =
∫

Θ

θih(θ|x)dθ,

♣❛r❛ t♦❞❛ ❛ ❝♦♠♣♦♥❡♥t❡ θi ❞❡ θ✳

❱❡t♦r ❞❛s ♠❡❞✐❛♥❛s ❛ ♣♦st❡r✐♦r✐

θ̂ = (θ̂i) :

{
P [ θi ≥ θ̂i, |x] ≥ 1/2

P [ θi ≤ θ̂i, |x] ≥ 1/2, ∀i

✶✸

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❊st✐♠❛çã♦ ♣♦♥t✉❛❧

❊①❡♠♣❧♦ ■ ✭r❡✈✐s✐t❛❞♦✲✶✮✿ ▼♦❞❡❧♦ ❜❛②❡s✐❛♥♦ ❇❡r♥♦✉❧❧✐ ∧ ❇❡t❛

❚♦♠❛♥❞♦ A = a+
∑
i xi = 39, 2 ❡ B = b+ n−∑

i xi = 83, 8✱
θ|{xi} ∼ Be(A,B)

▼♦❞❛ ❛ ♣♦st❡r✐♦r✐ ✿ θmo = A−1
A+B−2 = 0, 316

▼é❞✐❛ ❛ ♣♦st❡r✐♦r✐ ✿ θve = A
A+B = 0, 319

▼❡❞✐❛♥❛ ❛ ♣♦st❡r✐♦r✐ ✿ θme = F−1
Be(A,B)(1/2) = 0, 318 �

❈♦♠♦ ❡s❝♦❧❤❡r ❡♥tr❡ ❡st❡s ❡✴♦✉ ∀ ♦✉tr♦ ♣♦♥t♦ tí♣✐❝♦ ❞❡ h(θ|x)❄

◆✉♠ q✉❛❞r♦ ❡str✐t❛♠❡♥t❡ ✐♥❢❡r❡♥❝✐❛❧ ♥ã♦ ❤á ✉♠❛ r❡s♣♦st❛ ✐♥❡q✉í✈♦❝❛✳
❆ ❡s❝♦❧❤❛ ♣♦❞❡rá ❜❛s❡❛r✲s❡ ♥❛ r❡❧❡✈â♥❝✐❛ ❞❡ ❝❛❞❛ q✉❛♥t✐❞❛❞❡ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❡♠ ♠ã♦ ❡✴♦✉ ♥❛ ❢❛❝✐❧✐❞❛❞❡ ❞♦ s❡✉ ❝á❧❝✉❧♦✳ ❯♠❛ ❥✉st✐✜❝❛çã♦
❝❛❜❛❧ ♣❛r❛ ✉♠❛ ❞❛❞❛ ♦♣çã♦ ❡①✐❣❡ ❛ ✐♥❝♦r♣♦r❛çã♦ ♥❛ ❛♥á❧✐s❡ ❞❡ ✉♠❛
✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧ s♦❜r❡ ❛s ❝♦♥s❡q✉ê♥❝✐❛s ✭❝✉st♦s✮ ❞❡ ❝❛❞❛
❛❧t❡r♥❛t✐✈❛ ⇒ ❡st✐♠❛❞♦r❡s ❇❛②❡s ✭❚❡♦r✐❛ ❞❛ ❉❡❝✐sã♦ ❊st❛tíst✐❝❛✮✳

✶✹

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❊st✐♠❛çã♦ ♣♦r r❡❣✐õ❡s

❯♠ r❡s✉♠♦ ❞❡ h(θ|x) ♠❛✐s ✐♥❢♦r♠❛t✐✈♦ ❞♦ q✉❡ q✉❛❧q✉❡r ❡st✐♠❛t✐✈❛
♣♦♥t✉❛❧ é ♦❜t✐❞♦ ❞❡ ✉♠❛ r❡❣✐ã♦ ❞❡ Θ q✉❡ ❝♦♥t❡♥❤❛ ✉♠❛ ♣❛rt❡
s✉❜st❛♥❝✐❛❧ ❞❛ ♠❛ss❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❛ ♣♦st❡r✐♦r✐ ✖ ♦ ♣❛r❛❧❡❧♦
❜❛②❡s✐❛♥♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✿

❉❡✜♥✐çã♦✿ R(x) é ✉♠❛ r❡❣✐ã♦ ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ γ ♣❛r❛ θ s❡

P [θ ∈ R(x)|x] ≡
∫

R(x)

h(θ|x)dθ ≥ γ.

❖❜s❡r✈❛çõ❡s✿
❚♦❞❛ ❛ r❡❣✐ã♦ ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ é ❞❡✜♥✐❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ✭✐✳❡✳✱ ♥ã♦
é ❛❧❡❛tór✐❛✮ ❡ ❛❞♠✐t❡ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ♣r♦❜❛❜✐❧íst✐❝❛ ❞✐r❡t❛ ❡
✐♥❡q✉í✈♦❝❛ ✖ ❝♦♥tr❛st❡✲s❡ ❝♦♠ ❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❝❧áss✐❝❛✳

❉❛❞❛ ❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ❘✳❈✳ ❝♦♠ ❛ ♠❡s♠❛ ❝r❡❞✐❜✐❧✐❞❛❞❡ γ✱ ✐♥t❡r❡ss❛
♦❜✈✐❛♠❡♥t❡ s❡❧❡❝✐♦♥❛r ❛q✉❡❧❛ q✉❡ ❡♥❣❧♦❜❡ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ θ
♠❛✐s ❝r❡❞í✈❡✐s ❛ ♣♦st❡r✐♦r✐ ✱ ♦✉ s❡❥❛ ❛q✉❡❧❛ q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

h(θ1|x) ≥ h(θ2|x), ∀θ1 ∈ R(x), θ2 6∈ R(x).
✶✺

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❊st✐♠❛çã♦ ♣♦r r❡❣✐õ❡s

❈r✐tér✐♦ ❍P❉ ✭♦✉ ❞❡ ✈♦❧✉♠❡ ♠í♥✐♠♦✮✿ R(x) é ❛ r❡❣✐ã♦ ❞❡
❝r❡❞✐❜✐❧✐❞❛❞❡ γ ❝♦♠ ❞❡♥s✐❞❛❞❡ ✭♣r♦❜❛❜✐❧✐❞❛❞❡✮ ❛ ♣♦st❡r✐♦r✐ ♠á①✐♠❛ s❡

R(x) = {θ : h(θ|x) ≥ cγ} ,
❝♦♠ cγ > 0 ❛ ♠❛✐♦r ❝♦♥st❛♥t❡ t❛❧ q✉❡ P [θ ∈ R(x)|x] ≥ γ✳

❆s ❘❈ ❍P❉ ♥ã♦ sã♦ ✐♥✈❛r✐❛♥t❡s ❢❛❝❡ ❛ tr❛♥s❢♦r♠❛çõ❡s
♣❛r❛♠étr✐❝❛s ♥ã♦ ❧✐♥❡❛r❡s✳
❆ ❞❡t❡r♠✐♥❛çã♦ ❞❛s ❘❈ ❍P❉ ♥❛ ♣rát✐❝❛ ❡①✐❣❡ ❢r❡q✉❡♥t❡♠❡♥t❡ ♦
r❡❝✉rs♦ ❛ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❛ ♥ã♦ s❡r q✉❡ ♣❛r❛ θ ∈ R h(θ|x)
s❡❥❛ ✉♠❛ ❢✉♥çã♦ s✐♠étr✐❝❛✳ P❛r❛ ❞✐str✐❜✉✐çõ❡s ❛ ♣♦st❡r✐♦r✐

❝♦♥tí♥✉❛s ❡♠ R✱ ♦ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦ ❞❛ ❘❈ ❍P❉
R(x|c) = {θ : h(θ|x) ≥ c} ❡①✐❣❡✿

✲ ✉♠❛ ♣r✐♠❡✐r❛ s✉❜✲r♦t✐♥❛ q✉❡ ❡♥❝♦♥tr❡ ❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s

h(θ|x) = c ♣❛r❛ c > 0 ✈❛r✐á✈❡❧✱ ❞❡✜♥✐❞♦r❛s ❞❡ R(x|c)❀

✲ ✉♠❛ s❡❣✉♥❞❛ s✉❜✲r♦t✐♥❛ q✉❡ ❛✈❛❧✐❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

P [θ ∈ R(x|c)|x] .

❯♠❛ ✈❡③ ❡♥❝♦♥tr❛❞♦ c t❛❧ q✉❡ P [θ ∈ R(x|c)|x] = γ✱ ❛ r❡❣✐ã♦
R(x|c) s❡rá ❍P❉ ❝♦♠ ❝r❡❞✐❜✐❧✐❞❛❞❡ γ✳

✶✻



❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❊st✐♠❛çã♦ ♣♦r r❡❣✐õ❡s

❊①❡♠♣❧♦ ■ ✭r❡✈✐s✐t❛❞♦✲✷✮✿ ▼♦❞❡❧♦ ❜❛②❡s✐❛♥♦ ❇❡r♥♦✉❧❧✐ ∧ ❇❡t❛
⇒ θ|x ∼ Be(39, 2; 83, 8)

■❈ ❍P❉ ❛ ✾✺✪✿ ✭✵✱✷✸✽❀ ✵✱✹✵✶✮ ✲ ❞❡t❡r♠✐♥á✈❡❧ ♣❡❧♦ s♦❢t✇❛r❡ ❋■❘❙❚
❇❆❨❊❙ ✭❤tt♣✿✴✴t♦♥②♦❤❛❣❛♥✳❝♦✳✉❦✴✶❜✴✮

■❈ ❝❡♥tr❛❧ ❛ ✾✺✪✿ ✭✵✱✷✹✵❀ ✵✱✹✵✸✮ ✲ ❞❡t❡r♠✐♥á✈❡❧ ♣❡❧♦ ▼❙ ❖❋❋■❈❊
❊❳❈❊▲ ✭❢✉♥çã♦ ❇❊❚❆■◆❱✮ �

❊①❡♠♣❧♦ ■■✿ ▼♦❞❡❧♦ ❜❛②❡s✐❛♥♦ ◆♦r♠❛❧ ✭❞✳♣✳ ❝♦♥❤✳✮ ∧ ✏❯♥✐❢♦r♠❡✑

{Xi} ✐✳✐✳❞✳ ❞❡ {N(µ, σ2), σ2 ❝♦♥❤✳} ❡ h(µ) = k ⇒ µ|x ∼ N(x̄, σ2/n)✳
❊st✳ ♣♦♥t✉❛❧ ❞❡ µ✿ µ̂ = x̄❀ ❘❡❣✳ ❝r❡❞✐❜✳ γ ❍P❉✿
R(x) = {x̄± σ√

n
Φ−1

(
1+γ
2

)
} �

◆♦t❛✿ P [µ ∈ R(x)|x] = γ ✭♠❡❞✐❞❛ ❞❡ ♣r❡❝✐sã♦ ✜♥❛❧✮
P [µ ∈ R(X)|µ] = γ ✭♠❡❞✐❞❛ ❞❡ ♣r❡❝✐sã♦ ✐♥✐❝✐❛❧✮
P [µ ∈ R(x)|µ] = IR(x)(µ)

✶✼

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❖ ♣r♦❜❧❡♠❛ ❞❡ t❡st❛r H0 : θ ∈ Θ0 ❝♦♥tr❛ H1 : θ ∈ Θ1 = Θ−Θ0 é
t❛♠❜é♠ ❝♦♥❝❡♣t✉❛❧♠❡♥t❡ ♠❛✐s s✐♠♣❧❡s ❞♦ q✉❡ ♥✉♠ ❝♦♥t❡①t♦ ❝❧áss✐❝♦✳
❆t❡♥❞❡♥❞♦ à ✐♥t❡r♣r❡t❛çã♦ ♣r♦❜❛❜✐❧íst✐❝❛ ❞✐r❡t❛ ❞❛s ❤✐♣ót❡s❡s ❡♠
❝♦♥❢r♦♥t♦✱ ♥ã♦ s❡ t❡♠ ♠❛✐s ❞♦ q✉❡ ❝❛❧❝✉❧❛r ❛s r❡s♣❡t✐✈❛s
♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣♦st❡r✐♦r✐ ❡ ♦♣t❛r ♣♦r ✉♠❛ ❞❡❧❛s ❡♠ ❢✉♥çã♦ ❞❡ ❛❧❣✉♠
❝r✐tér✐♦ ❛ss❡♥t❡ ♥❛ s✉❛ ❣r❛♥❞❡③❛ r❡❧❛t✐✈❛✳

⇒ ❈á❧❝✉❧♦ ❞❛s ❝❤❛♥❝❡s ❛ ♣♦st❡r✐♦r✐ ♣ró✲H0✿

O(H0, H1|x) =
P [H0|x]
P [H1|x]

✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❞✐r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦s ❞❛❞♦s x ♥❛ ❛❧t❡r❛çã♦ ❞❛
❝r❡❞✐❜✐❧✐❞❛❞❡ r❡❧❛t✐✈❛ ❞❡ H0 ❡ H1✱ ♦♣t❛✲s❡ ♣♦r ❝♦♥tr❛♣♦r ❛s ❝❤❛♥❝❡s ❛

♣♦st❡r✐♦r✐ ❛ ❢❛✈♦r ❞❡ H0 às r❡s♣❡t✐✈❛s ❝❤❛♥❝❡s ❛ ♣r✐♦r✐ ✱ ❛tr❛✈és ❞♦
❋❛t♦r ❞❡ ❇❛②❡s ♣ró✲H0✿

B(x) =
P [H0|x] /P [H1|x]
P [H0] /P [H1]

=

∫
Θ0
f(x|θ)h0(θ)dθ∫

Θ1
f(x|θ)h1(θ)dθ

♦♥❞❡ hi(θ) é ❛ ❢✳✭❞✳✮♣✳ ❛ ♣r✐♦r✐ ❝♦♥❞✐❝✐♦♥❛❞❛ ❡♠ Hi✱ i = 0, 1✳
✶✽

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❯♠❛ s✐t✉❛çã♦ ❡♠ q✉❡ B(x) >> 1 ♦✉ B(x) << 1 r❡✢❡t❡ ✉♠❛ t❡♥❞ê♥❝✐❛
❜❛st❛♥t❡ ❢♦rt❡ ♥♦s ❞❛❞♦s ❛ ❢❛✈♦r ❞❡ ✉♠❛ ❤✐♣ót❡s❡ ❝♦♥tr❛ ❛ ♦✉tr❛✱
❡♥t❡♥❞✐❞❛ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ✉♠❛ ❤✐♣ót❡s❡ é ♠✉✐t♦ ♠❛✐s ♦✉ ♠✉✐t♦
♠❡♥♦s ♣r♦✈á✈❡❧ ❛ ♣♦st❡r✐♦r✐ ❞♦ q✉❡ ❡r❛ ❛ ♣r✐♦r✐✳ ❆ ❝♦rr❡s♣♦♥❞❡♥t❡
❞❡s✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ❛s ❝❤❛♥❝❡s ❛ ♣♦st❡r✐♦r✐ ❡ ❛ ♣r✐♦r✐ ❝♦♥❞✉③ ❛ q✉❡ ❛
❤✐♣ót❡s❡ ❢❛✈♦r❡❝✐❞❛ t❡♥❤❛ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐ s✉♣❡r✐♦r à
❞❛ s✉❛ ❛❧t❡r♥❛t✐✈❛✱ ❛ ♥ã♦ s❡r q✉❡ s❡ ✈❡r✐✜q✉❡ ✉♠❛ r❡❧❛çã♦ ❢♦rt❡♠❡♥t❡
❝♦♥trár✐❛ ❡♥tr❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣r✐♦r✐✳

◆❛ ♣rát✐❝❛ ✐♥❢❡r❡♥❝✐❛❧ ❝♦st✉♠❛✲s❡ ✉s❛r r❡❣r❛s ♦r✐❡♥t❛❞♦r❛s s♦❜r❡ ❛
✐♥t❡r♣r❡t❛çã♦ ❞❛ ❡✈✐❞ê♥❝✐❛ ❝♦♥t✐❞❛ ♥♦s ❞❛❞♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❡st❛s

B(x) lnB(x) ❊✈✐❞ê♥❝✐❛
< 1 < 0 ♣ró✲H1

1− 3 0− 2 ❢r❛❝❛ ♣ró✲H0

3− 20 2− 6 ♣ró✲H0

20− 150 6− 10 ❢♦rt❡ ♣ró✲H0

> 150 > 10 ♠✉✐t♦ ❢♦rt❡ ♣ró✲H0

✶✾

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❊①❡♠♣❧♦ ■ ✭r❡✈✐s✐t❛❞♦✲✸✮✿ ▼♦❞❡❧♦ ❇❡r♥♦✉❧❧✐ ∧ ❇❡t❛

❝♦♠ θ ∼ Be(9, 2; 13, 8) ❡ n = 100,
∑
i xi = 30 ⇒

θ|x ∼ Be(39, 2; 83, 8)✳

Pr♦❜❧❡♠❛✿ θ ≥ 35% ✈❡rs✉s θ < 35%

O(H0, H1) =
0, 679

0, 321
= 2, 115; O(H0, H1|x) =

0, 225

0, 775
= 0, 29

⇒ B(x) = 0, 137 ≡ 1/B(x) = 7, 3

∴ ❆ ❝❤❛♥❝❡ ❛ ♣♦st❡r✐♦r✐ ♣ró✲H1 é ♠❛✐s ❞❡ ✼ ✈❡③❡s ❛ r❡s♣❡t✐✈❛ ❝❤❛♥❝❡
❛ ♣r✐♦r✐✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ H1 é ❛✐♥❞❛ ♠❛✐s ♣r♦✈á✈❡❧ ✭♠❛s ❛♣❡♥❛s ❝❡r❝❛
❞❡ ✸ ✈❡③❡s✮ q✉❡ H0 ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ❛ ♣r✐♦r✐ H1 s❡r ♠❡♥♦s
♣r♦✈á✈❡❧ q✉❡ H0✳ �

✷✵

http://tonyohagan.co.uk/1b/


❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❖❜s❡r✈❛çõ❡s ✭■✮✿

❆ ❢♦r♠❛ ❞♦s t❡st❡s ❜❛②❡s✐❛♥♦s ❡❧✐♠✐♥❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛
❞✐st✐♥çã♦ ❢♦r♠❛❧ ❡♥tr❡ ♦ q✉❡ é ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❡ ♦ q✉❡ é ❛ ❤✐♣ót❡s❡
❛❧t❡r♥❛t✐✈❛ ❡ ❛ ♥❛t✉r❡③❛ ❛ss✐♠étr✐❝❛ ❞♦ t❡st❡ ❝❧áss✐❝♦✳

❯♠ ❝r✐tér✐♦ ❢♦r♠❛❧ ❞❡ r❡❥❡✐çã♦ ❞❡ H0 só ❡♥❝♦♥tr❛ ♣❧❡♥❛
❥✉st✐✜❝❛çã♦ ♥✉♠ q✉❛❞r♦ ❞❡❝✐s✐♦♥❛❧ ✭⇒ t❡st❡s ❇❛②❡s✮✳

❖ ✈❛❧♦r✲P ❞❡ t❡st❡s ✉♥✐❧❛t❡r❛✐s ♣♦❞❡ t❡r ❥✉st✐✜❝❛çã♦ ❜❛②❡s✐❛♥❛
❝♦♠♦ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ ❛✐♥❞❛ q✉❡
❡st❡ r❡s✉❧t❛❞♦ ♥ã♦ ♣♦ss❛ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ✖ ❡♠ ♦✉tr❛s s✐t✉❛çõ❡s✱
❛s ❞✉❛s q✉❛♥t✐❞❛❞❡s ♣♦❞❡♠ s❡r s❡♠❡❧❤❛♥t❡s ✭♠❛s ♥ã♦ ✐❣✉❛✐s✮ ♦✉
r❛❞✐❝❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡s✳

✷✶

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❖❜s❡r✈❛çõ❡s ✭■■✮✿

❆✐♥❞❛ q✉❡ P [H0|x] ❡ ♦ ♥í✈❡❧ ❝rít✐❝♦ ❝♦✐♥❝✐❞❛♠✱ ❛s ❝♦♥❝❧✉sõ❡s ❞♦
t❡st❡ ❜❛②❡s✐❛♥♦ ❡ ❝❧áss✐❝♦ ♣♦❞❡♠ s❡r ❝♦♥trár✐❛s✳

❆s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❡rr♦ ❞❡ t✐♣♦ ■ ✭❝✉❥♦ ✈❛❧♦r ♠á①✐♠♦ é ✜①❛❞♦✮
❡ ❞❡ ❡rr♦ ❞❡ t✐♣♦ ■■ ♥ã♦ tê♠ ✉s✉❛❧♠❡♥t❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ❛s
♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣♦st❡r✐♦r✐ ❞❛s ❤✐♣ót❡s❡s✳

❉❛❞❛ ❛ ❢♦r♠❛ ❡ss❡♥❝✐❛❧ ❞♦s t❡st❡s ❜❛②❡s✐❛♥♦s✱ ♦ ♣r♦❜❧❡♠❛ ❞❡
t❡st❛r ❤✐♣ót❡s❡s ♠ú❧t✐♣❧❛s ✭❞✉❛s ♦✉ ♠❛✐s✮ ♥ã♦ ❛❝❛rr❡t❛
❞✐✜❝✉❧❞❛❞❡s ❛❝r❡s❝✐❞❛s r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ✉s✉❛❧ ❞❡
❝♦♥❢r♦♥t♦ ❞❡ ❞✉❛s ❤✐♣ót❡s❡s✳

✷✷

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❊①♣❧✐❝✐t❛çã♦ ❞♦s t❡st❡s ❜❛②❡s✐❛♥♦s✿

❖ ❝á❧❝✉❧♦ ❞❛s ❝❤❛♥❝❡s ❛ ♣♦st❡r✐♦r✐ ✭♦✉ ❞♦ ❢❛t♦r ❞❡ ❇❛②❡s q✉❛♥❞♦ h(θ)
é ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♣ró♣r✐❛✮ ♥ã♦ ❝♦♥st✐t✉✐ ♣r♦❜❧❡♠❛
q✉❛♥❞♦ ❛s ❤✐♣ót❡s❡s ❡♠ ❝♦♥❢r♦♥t♦ sã♦ ♦✉ ❛♠❜❛s s✐♠♣❧❡s ♦✉ ❛♠❜❛s
❝♦♠♣♦st❛s✳

❊♠ ♣r♦❜❧❡♠❛s ♦♥❞❡ ✉♠❛ ❤✐♣ót❡s❡ é s✐♠♣❧❡s✱ ❡✳❣✳✱ H0 : θ = θ0✱ ❝♦♥tr❛
H1 : θ 6= θ0✱ ❡ θ t❡♠ ✉♠❛ ❣❛♠❛ ♥ã♦ ♥✉♠❡rá✈❡❧ ❞❡ ✈❛❧♦r❡s✱
P [H0|x] = 0 s❡ ❢♦r ❛❞♦t❛❞❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❝♦♥tí♥✉❛ ♣❛r❛ θ✳

❱✐❛s ♣r♦♣♦st❛s✿

▼ét♦❞♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡

▼ét♦❞♦ ❞❡ ❏❡✛r❡②s

✷✸

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

▼➱❚❖❉❖ ❉❆ ❘❊●■➹❖ ❉❊ ❈❘❊❉■❇■▲■❉❆❉❊

❆✳ Pr❡ss✉♣♦st♦✿ ❆ ❢♦r♠✉❧❛çã♦ ❞❡ H0 ♥ã♦ ❡♥❝❡rr❛ ❛ ✐❞❡✐❛ ❞❡
❝♦♥❤❡❝✐♠❡♥t♦ ❛ ♣r✐♦r✐ s♦❜r❡ θ0 ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❞♦ ❞❛q✉❡❧❡
s♦❜r❡ ♦s r❡st❛♥t❡s ✈❛❧♦r❡s ❞❡ θ✳

❈♦♥str✉çã♦ ❞❛ ♠❡♥♦r ❘❈ ❍P❉ q✉❡ ❝♦♥té♠ θ0✱ ❞❡✜♥✐❞❛ ♣♦r
R0(x) = {θ ∈ Θ : h(θ|x) ≥ h(θ0|x)}✱ ❡ ❝á❧❝✉❧♦ ❞❡ P = P (θ /∈ R0(x)|x)✳
❱❛❧♦r❡s ❣r❛♥❞❡s ✭♣❡q✉❡♥♦s✮ ❞❡ P r❡✢❡t❡♠ ❡✈✐❞ê♥❝✐❛ ❛ ❢❛✈♦r ❞❡
✭❝♦♥tr❛✮ H0 ⇒ P é ✉♠ ♥í✈❡❧ ❞❡ ♣❧❛✉s✐❜✐❧✐❞❛❞❡ r❡❧❛t✐✈❛ ❛

♣♦st❡r✐♦r✐ ❞❡ H0✳

❊①❡♠♣❧♦ ■ ✭r❡✈✐s✐t❛❞♦✲✹✮✿ Pr♦❜❧❡♠❛ H0 : θ = 35% ✈s H0 : θ 6= 35%

▼❡♥♦r ■❈ ❍P❉ ❝♦♥t❡♥❞♦ θ = 35%✿ (0, 283; 0, 350) ⇒ P = 0, 425

∴ ❉❛❞❛ ❛ r❡❧❛t✐✈❛ ♣r♦①✐♠✐❞❛❞❡ ❡♥tr❡ ♦ ✈❛❧♦r ❤✐♣♦t❡t✐③❛❞♦ ❡ ❛ ♠♦❞❛
❛ ♣♦st❡r✐♦r✐ ✭31, 6%✮✱ ♥ã♦ ❤á ❡✈✐❞ê♥❝✐❛ ❝♦♥tr❛ θ = 35%✳ �

✷✹



❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

▼➱❚❖❉❖ ❉❊ ❏❊❋❋❘❊❨❙

❇✳ Pr❡ss✉♣♦st♦✿ ❆ ❢♦r♠✉❧❛çã♦ ❞❡ H0 t❡♠ ✐♠♣❧í❝✐t♦ q✉❡ θ0 t❡♠ ❛

♣r✐♦r✐ ✉♠❛ ♦r❞❡♠ ❞❡ ✐♠♣♦rtâ♥❝✐❛ ❞✐❢❡r❡♥t❡ ❞❛ q✉❡ é ❛tr✐❜✉í❞❛ ❛♦s
r❡st❛♥t❡s ✈❛❧♦r❡s ❞❡ θ✳

❆❞♦çã♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ♠✐st❛ ♣❛r❛ θ✱ q✉❡ ❛tr✐❜✉❛ ✉♠❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐ h0 ❛ H0 ❡ ❞✐str✐❜✉❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ r❡st❛♥t❡
✭1− h0✮ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ {θ 6= θ0} ❝♦♠ ✉♠❛ ❞❡♥s✐❞❛❞❡ h1(θ)✳

❉❡st❛ ❢♦r♠❛✱

h(θ|x) =
{
h0 f(x|θ0)/p(x) , θ = θ0
(1− h0)h1(θ)f(x|θ)/p(x) , θ 6= θ0

❝♦♠ p(x) = h0f(x|θ0) + (1− h0)p∗(x) ✱ p∗(x) =
∫
{θ 6=θ0} h1(θ)f(x|θ)dθ.

✷✺

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱

O(H0, H1|x) =
h(θ0|x)

1− h(θ0|x)
=

h0
1− h0

f(x|θ0)
p∗(x)

≡ O(H0, H1)B(x),

❛♣❧✐❝❛♥❞♦✲s❡ ❡♥tã♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉s✉❛❧ ❞❡ ❝♦♥❢r♦♥t♦ ❞❛s ❤✐♣ót❡s❡s
❡♠ ❝❛✉s❛✳ ◆♦t❡✲s❡ ❛✐♥❞❛ q✉❡✱ ❝♦♠♦ p∗(x) ≤ g(x) = supθ 6=θ0 f(x|θ)✱
❡♥tã♦

B(x) ≥ f(x|θ0)
g(x)

.

❖❜s❡r✈❛çã♦ ❛❞✐❝✐♦♥❛❧✿ ❆ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❏❡✛r❡②s ♠♦str❛ q✉❡
♦ ❝♦♥✢✐t♦ ❡♥tr❡ ❛s r❡s♣♦st❛s ❜❛②❡s✐❛♥❛ ❡ ❝❧áss✐❝❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ t❡st❛r
❤✐♣ót❡s❡s ❜✐❧❛t❡r❛✐s ♣♦❞❡ s❡r ❡♥♦r♠❡✳

✷✻

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
Pr❡❞✐çã♦

❋r❡q✉❡♥t❡♠❡♥t❡ ❛s ✐♥❢❡rê♥❝✐❛s s♦❜r❡ ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦
♣♦st✉❧❛❞♦ ♥ã♦ sã♦ ✉♠ ✜♠ ❡♠ s✐✱ ♠❛s ❛♥t❡s✱ ✉♠ ♠❡✐♦ ✈✐s❛♥❞♦ ♣r❡❞✐③❡r
❞❛❞♦s ❛♠♦str❛✐s ❢✉t✉r♦s✳

■st♦ é✱ ❝♦♠ ❜❛s❡ ❡♠ ♦❜s❡r✈❛çõ❡s x ❞❡ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ X ∼ f(x|θ)
✭❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ❡♠ t♦❞♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛❝✉♠✉❧❛❞♦ s♦❜r❡ θ✮✱
♣r❡t❡♥❞❡✲s❡ ♣r❡❞✐③❡r Y ❝♦♠ ❞✐str✐❜✉✐çã♦ ❛♠♦str❛❧ ❞❡♣❡♥❞❡♥t❡ ❞❡ θ✳

❊st❡ ♣r♦❜❧❡♠❛✱ q✉❡ ♥ã♦ é r❡s♦❧✈✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ✉♥✐❢♦r♠❡ ❡
✐♥❝♦♥tr♦✈❡rs❛ ♥❛ ❛❜♦r❞❛❣❡♠ ❝❧áss✐❝❛✱ t❡♠ t❛♠❜é♠✱ ♥❛ ót✐❝❛
❜❛②❡s✐❛♥❛✱ ✉♠❛ s♦❧✉çã♦ ❝♦♥❝❡♣t✉❛❧♠❡♥t❡ ✭♣❡❧♦ ♠❡♥♦s✮ s✐♠♣❧❡s✿
❝á❧❝✉❧♦ ❞❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ❛ ♣♦st❡r✐♦r✐

p(y|x) =
∫

Θ

f(y|x, θ)h(θ|x)dθ.

❯♠❛ ✈❡③ ♦❜t✐❞❛ ❡st❛✱ ♣♦❞❡♠ ❞❡t❡r♠✐♥❛r✲s❡ ♠❡❞✐❞❛s q✉❡ ❛ s✉♠❛r✐❛♠✱
❝♦♠♦ ♣r❡❞✐çõ❡s ♣♦♥t✉❛✐s ✭♠♦❞❛✱ ♣r❡❞✐çã♦ ♠é❞✐❛✱ ❡t❝✳✮ ❡ r❡❣✐♦♥❛✐s
✭r❡❣✐õ❡s ❞❡ ♣r❡❞✐çã♦ ❝♦♠ ❛ ♠❛✐s ❛❧t❛ ❞❡♥s✐❞❛❞❡ ♣r❡❞✐t✐✈❛✮ ❞❡ Y ✳

✷✼

❋✉♥❞❛♠❡♥t♦s ❡ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
Pr❡❞✐çã♦

❊①❡♠♣❧♦ ■■ ✭r❡✈✐s✐t❛❞♦✲✶✮✿ ▼♦❞❡❧♦ ◆♦r♠❛❧ ✭❞✳♣✳ ❝♦♥❤✳✮ ∧
✏❯♥✐❢♦r♠❡✑

f(x|µ) ∝
(
2π
σ2

n

)−1/2

exp
{
− n

2σ2
(x̄− µ)2

}
∧ h(µ) = k

=⇒ h(µ|x) = ❢✳❞✳♣✳ ❞❡ N(x̄, σ2/n)

Pr❡❞✐çã♦ ❞❛ ♠é❞✐❛ Ȳ ❞❡ m ♦❜s❡r✈❛çõ❡s ✐✳✐✳❞✳ ❢✉t✉r❛s ❞❛ ❞✐str✐❜✉✐çã♦
N(µ, σ2) ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ X ❞❛❞♦ µ✱ Ȳ |x, µ ∼ N(µ, σ2/m)✿

∴ Ȳ |x ∼ N
(
x̄, σ2

(
1

m
+

1

n

))

⇒ Pr❡❞✐çã♦ ♣♦♥t✉❛❧ ❞❡ Ȳ ✿ x̄

⇒ ■♥t❡r✈❛❧♦ ❞❡ ♣r❡❞✐çã♦ ❍P❉ ❛ 95% ♣❛r❛ Ȳ ✿
(
x̄± 1.96σ

√
1
n + 1

m

)
�

✷✽



❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐

❊❧✐❝✐❛çã♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ q✉❡ r❡♣r❡s❡♥t❡ ❛s ❝r❡♥ç❛s ❛ ♣r✐♦r✐ ❞❡
❛❧❣✉é♠✿ t❛r❡❢❛ ❡♠ ❣❡r❛❧ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❞✐❢í❝✐❧ ❡ r♦❞❡❛❞❛ ❞❡ ✉♠❛ sér✐❡
❞❡ ❝♦♥t✐♥❣ê♥❝✐❛s✳

❙✐t✉❛çõ❡s ❡s♣❡❝✐❛✐s✿

❊st❛❞♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❛ ♣r✐♦r✐ ❡s❝❛ss♦ ✭✏✈❛❣♦✑✱ ✏❞✐❢✉s♦✑✮

⇒ ❉✐str✐❜✉✐çõ❡s ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s

❆❞♦çã♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❛❞❡q✉❛❞❛ ❡ ❡s♣❡❝✐✜❝❛çã♦ ❞♦s
❤✐♣❡r♣❛râ♠❡tr♦s ✭❛tr❛✈és ❞❛ s✉❛ r❡❧❛çã♦ ❝♦♠ q✉❛♥t✐s ❡✴♦✉
♠♦♠❡♥t♦s ❛ ♣r✐♦r✐✮ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❝r❡♥ç❛s ❛♣r✐♦ríst✐❝❛s
❡❧✐❝✐❛❞❛s

⇒ ❉✐str✐❜✉✐çõ❡s ❝♦♥❥✉❣❛❞❛s ♥❛t✉r❛✐s

✷✾

❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s

❖❜❥❡t✐✈♦s ❞♦ ✉s♦ ❞❡ ❞✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s✿

❉❡s❝r✐çã♦ ❞❡ s✐t✉❛çõ❡s ♦♥❞❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛ ♣r✐♦r✐ é ♣♦✉❝♦ ♦✉
♥❛❞❛ s✐❣♥✐✜❝❛t✐✈♦ r❡❧❛t✐✈❛♠❡♥t❡ à ✐♥❢♦r♠❛çã♦ ❛♠♦str❛❧❀

❉❡s❡♠♣❡♥❤♦ ❞❡ ✉♠ ♣❛♣❡❧ ❞❡ r❡❢❡rê♥❝✐❛✱ ❛✐♥❞❛ q✉❡ s❡ ❞✐s♣♦♥❤❛ ❞❡
❢♦rt❡s ❝r❡♥ç❛s ❛ ♣r✐♦r✐ ✱ ❝♦♠♦ ❢♦r♠❛ ❞❡✿

❞❡❞✉③✐r ❛s ❝r❡♥ç❛s ❛ ♣♦st❡r✐♦r✐ ♣❛r❛ q✉❡♠ ♣❛rt❡ ❞❡ ✉♠

❝♦♥❤❡❝✐♠❡♥t♦ ❡s❝❛ss♦✱✐✳❡✳✱ q✉❛♥❞♦ ❛ ❛♠♦str❛ ❢♦r♥❡❝❡ ♦ ❣r♦ss♦ ❞❛

✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦ ♣❛râ♠❡tr♦❀

♣❡r♠✐t✐r ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❛ ✐♥❢❡rê♥❝✐❛ ❝❧áss✐❝❛

q✉❡ ✏só✑ ✉s❛ ❛ ✐♥❢♦r♠❛çã♦ ❛♠♦str❛❧ ✭♥♦ t♦❞♦ ♦✉ ❡♠ ♣❛rt❡✮❀

❛✈❡r✐❣✉❛r ❛ ✐♥✢✉ê♥❝✐❛ ♥❛s ✐♥❢❡rê♥❝✐❛s ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ q✉❡

❞❡s❝r❡✈❡ ❛ ✐♥❢♦r♠❛çã♦ r❡❛❧♠❡♥t❡ ❡①✐st❡♥t❡✱ q✉❛♥❞♦ ❝♦♥❢r♦♥t❛❞❛

❝♦♠ ❛s q✉❡ r❡s✉❧t❛♠ ❞♦ ✉s♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ❞❡ r❡❢❡rê♥❝✐❛✳

✸✵

❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s

❆r❣✉♠❡♥t♦s ❣❡r❛❞♦r❡s ❞❡ ❞✐str✐❜✉✐çõ❡s ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s✿

Pr✐♥❝í♣✐♦ ❞❛ r❛③ã♦ ✐♥s✉✜❝✐❡♥t❡ ❞❡ ❇❛②❡s✲▲❛♣❧❛❝❡

Θ ✜♥✐t♦ ⇒ θ ∼ ❯♥✐❢♦r♠❡ ❞✐s❝r❡t❛

∴ ✐❞❡✐❛ ❝♦♥s✐❞❡r❛❞❛ ♣❛❝í✜❝❛

Θ ✐♥✜♥✐t♦ ♥ã♦ ♥✉♠❡rá✈❡❧ ⇒ θ ∼ ❯♥✐❢♦r♠❡ ❝♦♥tí♥✉❛

∴ s❛í❞❛ ❝r✐t✐❝á✈❡❧ ✭♥❛t✉r❡③❛ ✐♠♣ró♣r✐❛ s❡ Θ é ♥ã♦ ❧✐♠✐t❛❞♦❀
❢❛❧t❛ ❞❡ ✐♥✈❛r✐â♥❝✐❛ ❢❛❝❡ ❛ tr❛♥s❢♦r♠❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✮

✸✶

❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s

■♥✈❛r✐â♥❝✐❛ ❢❛❝❡ ❛ tr❛♥s❢♦r♠❛çõ❡s ❛♣r♦♣r✐❛❞❛s ✭❘❡❣r❛ ❞❡

❏❡✛r❡②s✮

θ é ✉♠ ♣❛râ♠❡tr♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ✭Θ ∈ R✮
■♥✈❛r✐â♥❝✐❛ ❢❛❝❡ ❛ tr❛♥s❧❛çõ❡s✿ ♣❛r❛ ❝❛❞❛ a✱ ♦s ✐♥t❡r✈❛❧♦s
(θ0, θ0 + a)✱ ∀θ0 ∈ R ❞❡✈❡♠ t❡r ❛ ♠❡s♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

⇒ h(θ) = c, θ ∈ Θ ✭✏✉♥✐❢♦r♠❡ ❝♦♥tí♥✉❛✑✮

θ é ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ ✭Θ = R
+✮

■♥✈❛r✐â♥❝✐❛ ❢❛❝❡ ❛ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❡s❝❛❧❛✿ ♣❛r❛ ❝❛❞❛ b > 0✱ ♦s
✐♥t❡r✈❛❧♦s (θ0, bθ0)✱ ∀θ0 ∈ R

+ ❞❡✈❡♠ t❡r ❛ ♠❡s♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
⇒ ❝♦♠♦ ln θ é ♣❛râ♠❡tr♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦
❧♦❣❛rít♠✐❝❛ ❞♦s ❞❛❞♦s

h∗(ln θ) = c ⇒ h(θ) ∝ θ−1, θ > 0

⇒ h∗(θ
a) ∝ (θa)−1, θ > 0, ∀a ∈ Z

✸✷



❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s

θ é ✉♠ ♣❛râ♠❡tr♦ ❡s❝❛❧❛r ❣❡♥ér✐❝♦
■♥✈❛r✐â♥❝✐❛ q✉❡ ❣❛r❛♥t❛ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❛s ✐♥❢❡rê♥❝✐❛s r❡s✉❧t❛♥t❡s
❞♦ ✉s♦ ❞❡ q✉❛❧q✉❡r tr❛♥s❢♦r♠❛çã♦ ❜✐✉♥í✈♦❝❛ ✕ s❛t✐s❢❡✐t❛ ❝♦♠ ♦
✉s♦ ❞❛ ♠❡❞✐❞❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r✱ I(θ)

⇒ h(θ) ∝ [I(θ)]
1/2

⇒ h∗(ψ) = h(θ)
∣∣∣ dθdψ

∣∣∣ ∝
[
I(θ)

(
dθ
dψ

)2
]1/2

≡ [I(ψ)]
1/2

θ é ✉♠ ♣❛râ♠❡tr♦ ✈❡t♦r✐❛❧ ❣❡♥ér✐❝♦
▼❡s♠❛ ❥✉st✐✜❝❛çã♦ ⇒ h(θ) ∝ [|I(θ)|]1/2

◆♦t❛✿ ❙❡♥❞♦ r❛③♦á✈❡❧ ❛❞♠✐t✐r ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❛ ♣r✐♦r✐ ✱ ✭❝♦♠♦
♣♦❞❡ ❛❝♦♥t❡❝❡r ❡♠ ♣❛râ♠❡tr♦s ❞❡ t✐♣♦ ❞✐st✐♥t♦✮✱ ❛ ❞✐str✐❜✉✐çã♦ ❛

♣r✐♦r✐ ❞❡✈❡ ✈❡r✐✜❝❛r ❡st❛ ❝♦♥❞✐çã♦ ❝♦♠ ❛s ❞✐str✐❜✉✐çõ❡s ♠❛r❣✐♥❛✐s
❞❡✜♥✐❞❛s ♣♦r ❛♣❧✐❝❛çã♦ ❞❛ r❡❣r❛ ❛♥t❡r✐♦r✳

✸✸

❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛s

❊①❡♠♣❧♦ ■■■✿ θ = (µ, σ2) ❞♦ ♠♦❞❡❧♦
{
N(µ, σ2)

}

I(µ, σ2) =

(
1/σ2 0

0 1/(2σ4)

)

❘❡❣r❛ ❞❡ ❏❡✛r❡②s ♠✉❧t✐♣❛r❛♠étr✐❝❛
⇒ h(µ, σ2) ∝ 1/σ3, (µ, σ2) ∈ R× R

+

❘❡❣r❛ ❞❡ ❏❡✛r❡②s ✉♥✐♣❛r❛♠étr✐❝❛ ✰ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❛ ♣r✐♦r✐

⇒ h(µ, σ2) ∝ 1/σ2, (µ, σ2) ∈ R× R
+ �

∴ ❆r❣✉♠❡♥t♦ s✉❥❡✐t♦ ❛ ❝rít✐❝❛s ✭♥❛t✉r❡③❛ ❢r❡q✉❡♥t❡♠❡♥t❡ ✐♠♣ró♣r✐❛❀
❞❡♣❡♥❞ê♥❝✐❛ ❞♦ ♠♦❞❡❧♦ ❛♠♦str❛❧✮ ❡ ❝♦♥tr❛❝rít✐❝❛s✳

✸✹

❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❝♦♥❥✉❣❛❞❛s ♥❛t✉r❛✐s

❖ s✉❝❡ss♦ ❞❛ ❢♦r♠❛ ❞✐str✐❜✉❝✐♦♥❛❧ ❡s❝♦❧❤✐❞❛ ♥❛ q✉❛♥t✐✜❝❛çã♦ ❞❛s
❝r❡♥ç❛s ❛ ♣r✐♦r✐ ❡ ♥♦ ❞❡s❡♥❝❛❞❡❛♠❡♥t♦ ❞❛s ✐♥❢❡rê♥❝✐❛s ❡stá
♥❛t✉r❛❧♠❡♥t❡ ❛ss♦❝✐❛❞♦ à✿

✈❡rs❛t✐❧✐❞❛❞❡ ❞❛ ❢❛♠í❧✐❛❀

s✐♠♣❧✐❝✐❞❛❞❡ ❞❛ ❞❡r✐✈❛çã♦ ❛♥❛❧ít✐❝❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❀

❢❛❝✐❧✐❞❛❞❡ ❞❡ ✐♥t❡r♣r❡t❛çã♦ ❞❛ ♦♣❡r❛çã♦ ❜❛②❡s✐❛♥❛ ♥❛ ❝♦♥❥✉❣❛çã♦
❞❛s ✐♥❢♦r♠❛çõ❡s ❛ ♣r✐♦r✐ ❡ ❛♠♦str❛❧✳

❊①❡♠♣❧♦ ■ ✭r❡✈✐s✐t❛❞♦✲✺✮✿ ▼♦❞❡❧♦ ❜❛②❡s✐❛♥♦ ❇❡r♥♦✉❧❧✐ ∧ ❇❡t❛

f(x|θ) = θ
∑

n
1 xi(1− θ)n−

∑
n
1 xi , 0 < θ < 1

≡ ♥ú❝❧❡♦ ❞❡ ✉♠❛ Be(Σxi + 1, n− Σxi + 1)

✸✺

❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❝♦♥❥✉❣❛❞❛s ♥❛t✉r❛✐s

❙❡ h(θ) = 1
B(a,b)θ

a−1(1− θ)b−1I(0,1)(θ) ✭♠❡♠❜r♦ ❞❛ ❢❛♠í❧✐❛ ❇❡t❛✮

⇒ θ|x ∼ Be(a+Σxi, b+ n− Σxi), a, b > 0

❖r❛

❋❛♠í❧✐❛ ❇❡t❛ ❜❛st❛♥t❡ ✈❡rsát✐❧✳

❆ ❛t✉❛❧✐③❛çã♦ ❞❡ h(θ) ❢❛③✲s❡ ❞❡♥tr♦ ❞❛ ❢❛♠í❧✐❛✳

❈♦♠♦ Be(a, b) é ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❜❛s❡❛❞❛ ♥✉♠❛
❛♠♦str❛ ✜❝tí❝✐❛ ❝♦♠ a s✉❝❡ss♦s ❡ b ✐♥s✉❝❡ss♦s ❡ ♥❛ ❞✐str✐❜✉✐çã♦ ❛

♣r✐♦r✐ ✐♠♣ró♣r✐❛ ✏Be(0, 0)✑✱ ❛ ✐♥❢♦r♠❛çã♦ ❛❝✉♠✉❧❛❞❛ ❡♠ h(θ|x) é
tr❛❞✉③í✈❡❧ ♥❛ s♦♠❛ ❞♦s s✉❝❡ss♦s ❡ ❞♦s ✐♥s✉❝❡ss♦s ❞❛ ❛♠♦str❛ r❡❛❧
❝♦♠ ♦s ❞❛ ❛♠♦str❛ ✜❝tí❝✐❛✳

✸✻



❘❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐
❉✐str✐❜✉✐çõ❡s ❝♦♥❥✉❣❛❞❛s ♥❛t✉r❛✐s

❖s três r❡q✉✐s✐t♦s ♠❡♥❝✐♦♥❛❞♦s ♣❛r❛ ❛ ❢♦r♠❛ ❞✐str✐❜✉❝✐♦♥❛❧ ❛ ♣r✐♦r✐

sã♦ ♣❛rt✐❧❤❛❞♦s ♣❡❧❛ ❞❡♥♦♠✐♥❛❞❛ ❢❛♠í❧✐❛ ❞❛s ❞✐str✐❜✉✐çõ❡s ❝♦♥❥✉❣❛❞❛s
♥❛t✉r❛✐s ❛ s❡❣✉✐r ❞❡✜♥✐❞❛✿

❉❡✜♥✐çã♦✿ ❆ ❢❛♠í❧✐❛ H ❞✐③✲s❡ ❝♦♥❥✉❣❛❞❛ ♥❛t✉r❛❧ ❞♦ ♠♦❞❡❧♦
F = {f(x|θ) : θ ∈ Θ} s❡ h(θ|x) ∈ H s❡♠♣r❡ q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡
h(θ) ∈ H✳

∴ ❆ ❢❛♠í❧✐❛ ❝♦♥❥✉❣❛❞❛ ♥❛t✉r❛❧ ❞❡ F é ❛ ❢❛♠í❧✐❛ ❢❡❝❤❛❞❛ ❡♠ r❡❧❛çã♦
à ♠✉❧t✐♣❧✐❝❛çã♦ ♣❛r❛ ❛ q✉❛❧ ❡①✐st❡ ✉♠ ♠❡♠❜r♦ q✉❡ é ♣r♦♣♦r❝✐♦♥❛❧ ❛
L(θ|x) ∝ f(x|θ)✱ ∀x ∈ X ✳

⇒ P❡❧♦ ❡①♣♦st♦ ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❛ ❢❛♠í❧✐❛ ❇❡t❛ é ❝♦♥❥✉❣❛❞❛
♥❛t✉r❛❧ ❞❡ ✉♠❛ ❛♠♦str❛❣❡♠ ❛❧❡❛tór✐❛ ❞♦ ♠♦❞❡❧♦ {Ber(θ)}✳

◆♦t❛✿ ❆ ❡①✐stê♥❝✐❛ ❞❡ H é ❛ss❡❣✉r❛❞❛ q✉❛♥❞♦ ❡①✐st❡♠ ❡st❛tíst✐❝❛s
s✉✜❝✐❡♥t❡s ❞❡ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ✜①❛ ♣❛r❛ F ✳

✸✼

❆♣❧✐❝❛çõ❡s ❜ás✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❈♦♠♣❛r❛çã♦ ❞❡ ❞✉❛s ♣♦♣✉❧❛çõ❡s ◆♦r♠❛✐s

▼♦❞❡❧♦ ❜❛②❡s✐❛♥♦

❉❛❞♦s✿ xj = (xji, i = 1, . . . , nj), j = 1, 2 ❝♦♥❝r❡t✐③❛çõ❡s ❞❡ ❞✉❛s
❛♠♦str❛s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ♣♦♣✉❧❛çõ❡s N(µj , σ

2
j )✳

❉✐str✳ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ♣❛r❛ ♦s ✹ ♣❛râ♠❡tr♦s✿
h(µ1, µ2, σ

2
1 , σ

2
2) ∝ (σ2

1σ
2
2)

−1 ♥♦ r❡s♣❡t✐✈♦ ❡s♣❛ç♦ ♣❛r❛♠étr✐❝♦
❝♦♥❥✉♥t♦✳

❈♦♠♣❛r❛çã♦ ❞❡ ♠é❞✐❛s ♥♦ ❝❛s♦ ❤❡t❡r♦❝❡❞ást✐❝♦

❉✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✿ (µ1, σ
2
1) ❡ (µ2, σ

2
2) sã♦ ❛ ♣♦st❡r✐♦r✐ t❛♠❜é♠

✐♥❞❡♣❡♥❞❡♥t❡s ❝♦♠ ❛s ❞✐str✐❜✉✐çõ❡s ♠❛r❣✐♥❛✐s ✉♥✐✈❛r✐❛❞❛s

µj |xj ∼ t(kj)(x̄j , s2j/nj)⇔ νj =
µj − x̄j
sj/
√
nj

∣∣xj ∼ t(kj)

σ2
j |xj ∼ GaI(

kj
2
,
kjs

2
j

2
)

❡♠ q✉❡ kj = nj − 1 ❡ kjs2j =
∑nj

i=1(xji − x̄j)2✳
✸✽

❆♣❧✐❝❛çõ❡s ❜ás✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❈♦♠♣❛r❛çã♦ ❞❡ ❞✉❛s ◆♦r♠❛✐s

❯♠❛ ❛❧t❡r♥❛t✐✈❛ ❛♦ ✉s♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ P❛t✐❧ ❝♦♥s✐st❡ ♥❛ ❣❡r❛çã♦
❞❡ ✉♠❛ ❛♠♦str❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❞❡ τ ❛tr❛✈és ❞❡ s✐♠✉❧❛çã♦
❛ ♣❛rt✐r ❞❛s ❞✐str✐❜✉✐çõ❡s ❛ ♣♦st❡r✐♦r✐ t✲❙t✉❞❡♥t ❞❡ ν1 ❡ ν2✱ ❝♦♠ ❜❛s❡
♥❛ q✉❛❧ s❡ ♣♦❞❡♠ ❝❛❧❝✉❧❛r ❡♠♣✐r✐❝❛♠❡♥t❡ ❡st✐♠❛t✐✈❛s ♣♦♥t✉❛✐s ❡
✐♥t❡r✈❛❧❛r❡s ❡ t❡st❛r ❤✐♣ót❡s❡s ♣♦♥t✉❛✐s s♦❜r❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♠é❞✐❛s✳

❈♦♠♣❛r❛çã♦ ❞❡ ✈❛r✐â♥❝✐❛s

❚♦♠❛♥❞♦ ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ✐♥t❡r❡ss❡ ψ =
σ2
1

σ2
2
✱ ❝♦♥❝❧✉✐✲s❡ ❞❛s

❞✐str✐❜✉✐çõ❡s ❛ ♣♦st❡r✐♦r✐ ●❛♠❛ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ {1/σ2
j } q✉❡

ψ|x1, x2
d≡ s21
s22
F(k2,k1),

♦ q✉❡ ♣❡r♠✐t❡ r❡❛❧✐③❛r ❢❛❝✐❧♠❡♥t❡ ✐♥❢❡rê♥❝✐❛s ❜ás✐❝❛s s♦❜r❡ ψ✳

✸✾

❆♣❧✐❝❛çõ❡s ❜ás✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❈♦♠♣❛r❛çã♦ ❞❡ ❞✉❛s ◆♦r♠❛✐s

❈♦♠♣❛r❛çã♦ ❞❡ ♠é❞✐❛s ♥♦ ❝❛s♦ ❤♦♠♦❝❡❞ást✐❝♦

❈♦♥t❡①t♦✿ σ2
1 = σ2

2 ≡ σ2 ❡ h(µ1, µ2, σ
2) ∝ σ−2, µ1, µ2 ∈ R, σ2 > 0.

❚❡♥❞♦ ❡♠ ❝♦♥t❛

λ = µ1 − µ2|σ2, x1, x2 ∼ N(x̄1 − x̄2, σ2( 1
n1

+ 1
n2

);

σ2|x1, x2 ∼ GaI(k2 , ks
2

2 ));

♦♥❞❡ k = n1 + n2 − 2 ❡ s2 = k−1
∑
j(nj − 1)s2j é ❛ ✈❛r✐â♥❝✐❛ ❡♠♣ír✐❝❛

❝♦♠❜✐♥❛❞❛✱ ♦❜té♠✲s❡

λ = µ1−µ2|x1, x2 ∼ t(k)

(

x̄1−x̄2, s
2(

1

n1
+

1

n2
)

)

⇔
λ− (x̄1 − x̄2)

s
√

1
n1

+ 1
n2

∣

∣x1, x2 ∼ t(k),

q✉❡ é ♦ r❡s✉❧t❛❞♦ ❜ás✐❝♦ ♣❛r❛ ♦ tr❛ç❛❞♦ ❞❛s ✐♥❢❡rê♥❝✐❛s ❞❡ ✐♥t❡r❡ss❡
s♦❜r❡ ❛ ❝♦♠♣❛r❛çã♦ ❞❛s ❞✉❛s ♣♦♣✉❧❛çõ❡s ◆♦r♠❛✐s✳

✹✵



❆♣❧✐❝❛çõ❡s ❜ás✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❈♦♠♣❛r❛çã♦ ❞❡ ❞✉❛s ♣♦♣✉❧❛çõ❡s ❇✐♥♦♠✐❛✐s

▼♦❞❡❧♦ ❜❛②❡s✐❛♥♦

❉❛❞♦s✿ tj , j = 1, 2 ❝♦♥t❛❣❡♥s ♦❜s❡r✈❛❞❛s ❞❡
Tj , j = 1, 2|θj ∼

ind
Bi(mj , θj)✱ ❝♦♠ {mj} ❝♦♥❤❡❝✐❞♦s

❉✐str✳ ❛ ♣r✐♦r✐ ✿ θj , j = 1, 2 ∼
ind

Be(aj , bj)✳

⇒ ❉✐str✳ ❛ ♣♦st❡r✐♦r✐ r❡s✉❧t❛♥t❡s✿

θj |tj , j = 1, 2 ∼
ind

Be(Aj , Bj), Aj = aj + tj , Bj = bj +mj − tj
⇔ (Bj/Aj)

θj
1−θj

∣∣tj , j = 1, 2 ∼
ind

F(2Aj ,2Bj)

⇔
[
(1/2) ln(Bj/Aj) + (1/2) ln

θj
1−θj

] ∣∣tj , j = 1, 2 ∼
ind

Z(2Aj ,2Bj).

✹✶

❆♣❧✐❝❛çõ❡s ❜ás✐❝❛s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛
❈♦♠♣❛r❛çã♦ ❞❡ ❞✉❛s ❇✐♥♦♠✐❛✐s

❚❡st❡s ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❞❛s ❇✐♥♦♠✐❛✐s H0 : θ1 = θ2 ✈s✳

H1 : θ1 6= θ2

❈♦♠♦ H0 : π = 0⇔ ln∆ = 0 ✉s❛♥❞♦ π = θ1 − θ2 ❡ ∆ = θ1/(1−θ1)
θ2/(1−θ2) ✱ ♦

r❡❝✉rs♦ ❛ s✐♠✉❧❛çã♦ ❛ ♣❛rt✐r ❞❛s ❞✐str✐❜✉✐çõ❡s ❛ ♣♦st❡r✐♦r✐ Be(Aj , Bj)

❞❡ ❛♠♦str❛s ❞❡ π ♦✉ ❞❡ ∆ ✭♦✉ ln∆✮ ♣❡r♠✐t❡ ♦❜t❡r ❜♦❛s ❛♣r♦①✐♠❛çõ❡s
❡♠♣ír✐❝❛s ❞♦ ♥í✈❡❧ ❞❡ ♣❧❛✉s✐❜✐❧✐❞❛❞❡ r❡❧❛t✐✈❛ ❛ ♣♦st❡r✐♦r✐ ❞❡ H0 ♦✉ ❞❡
✐♥t❡r✈❛❧♦s ❍P❉✳

❊st❛ ✈✐❛ é t❛♠❜é♠ ❛♣❧✐❝á✈❡❧ ❛ ❤✐♣ót❡s❡s ✉♥✐❧❛t❡r❛✐s ♣♦r ♠❡✐♦ ❞♦
❝á❧❝✉❧♦ ❞❡ ❛♣r♦♣r✐❛❞❛s ♣r♦♣♦rçõ❡s ❝♦♠ ❜❛s❡ ♥❛s s✐♠✉❧❛çõ❡s✳

◆♦ ❝❛s♦ ❞❡ ❣r❛♥❞❡s ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s ❞❡ s✉❝❡ss♦s ❡ ✐♥s✉❝❡ss♦s✱ ❛
✉t✐❧✐③❛çã♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ❛ss✐♥tót✐❝❛s à ❞✐str✐❜✉✐çã♦ Z ❞❡ ❋✐s❤❡r
♣♦ss✐❜✐❧✐t❛ r❡❝♦rr❡r à ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❛♣r♦①✐♠❛❞❛

ln∆|t1, t2
aprox∼ N


ln (A1 − 1/2)/(B1 − 1/2)

(A2 − 1/2)/(B2 − 1/2)
,
∑

j=1,2

(A−1
j +B−1

j )




♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ t❡st❡s ❜❛②❡s✐❛♥♦s ✉♥✐❧❛t❡r❛✐s ♦✉ ❜✐❧❛t❡r❛✐s ❞❛s
❤✐♣ót❡s❡s ❡♠ ❝♦♥❢r♦♥t♦✳

✹✷

❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❈rít✐❝❛ ❡ ❛❞❡q✉❛çã♦

▼❊■❖❙ ❉❊ ❉■❆●◆Ó❙❚■❈❖ ❉❖ ▼❖❉❊▲❖

▼❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ♦ ♦❜s❡r✈❛❞♦ ✭x✮ ❡ ♦❜s❡r✈á✈❡❧ ❞❡ ❛❝♦r❞♦
❝♦♠ ♦ ♠♦❞❡❧♦ ✭y✮ ❛ss❡♥t❡s ❡♠

◮ ❱❛r✐á✈❡✐s V (x, θ)✱ ❝♦♠♦ ❡✳❣✳ ln f(x|θ) ♦✉∑
i[xi − E(Xi|θ)]2/V ar(Xi|θ) ❡❀

◮ ❉❛❞♦s s✐♠✉❧❛❞♦s {(y(j), θ(j)), j = 1, . . . ,m)} ❞❛ ❞✐str✐❜✉✐çã♦
❝♦♥❥✉♥t❛ ❞❡ (y, θ) ❝♦♥❞✐❝✐♦♥❛❧ ❡♠ x✳

❉✐❛❣r❛♠❛ ❞❡ ❞✐s♣❡rsã♦ ❞❡{(
V (y(j), θ(j)), V (x, θ(j))

)
, k = 1, . . . ,m

}
♦✉ ❤✐st♦❣r❛♠❛ ❞♦s

✈❛❧♦r❡s {V (y(j), θ(j))− V (x, θ(j)), j = 1, . . . ,m}❀
❱❛❧♦r❡s✲P ❜❛②❡s✐❛♥♦s ✭♣r❡❞✐t✐✈♦s ❛ ♣♦st❡r✐♦r✐✮

PB = P [V (Y, θ) ≥ V (x, θ)|x] ≃
#

{

(y(j), θ(j)) : V (y(j), θ(j)) ≥ V (x, θ(j))
}

m

❱❛❧♦r ❞❡ PB ♠✉✐t♦ ♣❡q✉❡♥♦ ♦✉ ♠✉✐t♦ ❣r❛♥❞❡ → ♠❛✉ ❛❥✉st❡ ❞♦
♠♦❞❡❧♦ ❛♦s ❞❛❞♦s ❡♠ t❡r♠♦s ❞♦ q✉❡ tr❛❞✉③✳

✹✸

❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❈rít✐❝❛ ❡ ❛❞❡q✉❛çã♦

❘❡sí❞✉♦s ❜❛②❡s✐❛♥♦s ❡♠ ✈❛❧✐❞❛çã♦ ❝r✉③❛❞❛

❉❛❞♦s ❞❡❝♦♠♣♦st♦s ❡♠ ❛♠♦str❛ ❞❡ tr❡✐♥♦ x ❡ ❛♠♦str❛ ❞❡
✈❛❧✐❞❛çã♦ y = {yj}
❘❡sí❞✉♦s ♣r❡❞✐t✐✈♦s ♣❛❞r♦♥✐③❛❞♦s✿ dj =

yj−E(Yj |x)√
var(Yj |x)

, j = 1, . . . , l

❈r✐tér✐♦✿ ◗✉❛♥t♦ ♠❡♥♦r
∑l
j=1 |dj |✱ t❛♥t♦ ♠❛✐s ❛❞❡q✉❛❞♦ ♦

♠♦❞❡❧♦✳

❱❛❧✐❞❛çã♦ ❝r✉③❛❞❛ ❝♦♠ ✉♠ ❞❡ ❢♦r❛✿ P❛r❛ ❝❛❞❛ i = 1, . . . , n

❛♠♦str❛ ❞❡ tr❡✐♥♦ x(−i) = (xj , j 6= i)❀ ❛♠♦str❛ ❞❡ ✈❛❧✐❞❛çã♦ xi

❘❡sí❞✉♦s ❞❡ ❡❧✐♠✐♥❛çã♦ ♣❛❞r♦♥✐③❛❞♦s ✿
d′i =

xi−E(Yi|x(−i))√
var(Yi|x(−i))

, i = 1, . . . , n

❝❛❧❝✉❧❛❞♦s ❞❛s ❞✐str✐❜✉✐çõ❡s ♣r❡❞✐t✐✈❛s ❝♦♥❞✐❝✐♦♥❛✐s p(yi|x(−i)),

✹✹



❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❈rít✐❝❛ ❡ ❛❞❡q✉❛çã♦

p(yi|x(−i)) =

∫
f(yi|θ, x(−i)) h(θ|x(−i)) dθ

≃ 1

m

m∑

j=1

f(yi|θ(j)(−i), x(−i)), {θ(j)(−i)} ← h(θ|x(−i))

≃ 1
1
m

∑m
j=1

1
f(yi|x(−i),θ(j))

, {θ(j)} ← h(θ|x).

❖r❞❡♥❛❞❛s ♣r❡❞✐t✐✈❛s ❝♦♥❞✐❝✐♦♥❛✐s ✭❈P❖✮✿ ∀i, p(yi|x(−i)) ❝♦♠
yi = xi

❈r✐tér✐♦✿ ◗✉❛♥t♦ ♠❛✐♦r
∑n
i=1 lnCPOi = ln

∏n
i=1 p(xi|x(−i))

t❛♥t♦ ♠❛✐s ❛❞❡q✉❛❞♦ ♦ ♠♦❞❡❧♦✳

❋❛t♦r ♣s❡✉❞♦✲❇❛②❡s✿ PBF (M1/M2) =
∏n
i=1

p(xi|x(−i);M1)

p(xi|x(−i);M2)

♣❛r❛ ❝♦♠♣❛r❛çã♦ ❞♦s ♠♦❞❡❧♦s M1 ❡ M2✳

✹✺

❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❙❡❧❡çã♦ ❡ ❝♦♠♣❛r❛çã♦

▼❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣r❡❞✐t✐✈♦

■❞❡✐❛✿ ❘❡✢❡t✐r ❛ ❛❝✉rá❝✐❛ ♣r❡❞✐t✐✈❛ ❡①tr❛✲❛♠♦str❛ ❝♦♠ ❝♦rr❡çã♦ ❞♦
❞✉♣❧♦ ✉s♦ ❞❛ ❛♠♦str❛ ❞❡ ♠♦❞♦ ❛ q✉❡ q✉❛♥t♦ ♠❡♥♦r ❢♦r ♦ s❡✉ ✈❛❧♦r
t❛♥t♦ ♠❡❧❤♦r s❡rá ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠♦❞❡❧♦✳

❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❆❦❛✐❦❡ ✭❆■❈✮
AIC = −2 ln f(x|θ̂) + 2p

♦♥❞❡ θ̂ ✲ ❊▼❱❀ p = ❞✐♠Θ✳

❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❙❝❤✇❛r③✴❇❛②❡s ✭❙■❈✴❇■❈✮
BIC = −2 ln f(x|θ̂) + p lnn

❱❛r✐❛♥t❡s✿
◮ ❈❛r❧✐♥✲▲♦✉✐s ✭✷✵✵✵✮✿ BICCL = −2E [ln f(x|θ)|x] + p lnn

◮ ❘❛❢t❡r② ❡t ❛❧✳ ✭✷✵✵✼✮✿ BICR = −2(l̄ + s2l ) + p̃ lnn

♦♥❞❡ l̄ ❛♥❞ s2l sã♦ ❛ ♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛ ❡♠♣ír✐❝❛s ❞♦s ✈❛❧♦r❡s
s✐♠✉❧❛❞♦s ❞❡ l = ln f(x|θ)✱ {l(j) = ln f(x|θ(j))}❀ p̃ é ✐❣✉❛❧ ❛ p s❡
❡st❡ ❢♦r ❝♦♥❤❡❝✐❞♦ ♦✉ ❡st✐♠❛❞♦ ♣♦r 2s2l ✱ ❞❡ ♦✉tr♦ ♠♦❞♦✳

✹✻

❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❙❡❧❡çã♦ ❡ ❝♦♠♣❛r❛çã♦

❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦ ♣❡❧❛ ❞❡s✈✐â♥❝✐❛ ✭❉■❈✮

DIC = D(θ) + pD ≡ Eθ|x [D(θ)] +
[
D(θ)−D(θ̄)

]
✱

❝♦♠ D(θ) = −2 ln [f(x|θ)/g(x)] ❡ θ̄ = E(θ|x)✳
◆❛ ❣❡♥❡r❛❧✐❞❛❞❡ ❞♦s ❝❛s♦s✱ ♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ❡♠ pD ✭♥ú♠❡r♦
❡❢❡t✐✈♦ ❞❡ ♣❛râ♠❡tr♦s✮ sã♦ ❝❛❧❝✉❧❛❞♦s ♣♦r ▼♦♥t❡ ❈❛r❧♦ ❛ ♣❛rt✐r
❞❡ ✉♠❛ ❛♠♦str❛ s✐♠✉❧❛❞❛ ❞❡ h(θ|x)✳
❯♠❛ ♣r♦♣♦st❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♦ t❡r♠♦ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦
♠♦❞❡❧♦ ❣❛r❛♥t✐♥❞♦ ❛ s✉❛ ♣♦s✐t✐✈✐❞❛❞❡ é p∗D = 2V ar [ln f(x|θ)|x] .

❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦ ❛♠♣❧❛♠❡♥t❡ ❛♣❧✐❝á✈❡❧ ❬❞❡ ❲❛t❛♥❛❜❡❪
✭❲❆■❈✮
WAIC = −2∑n

i=1 lnEθ|x [f(xi|θ)] + 2pW ✱
❝♦♠ ❞✉❛s ♣r♦♣♦st❛s ♣❛r❛ ❛ ✏❞✐♠❡♥sã♦ ❡❢❡t✐✈❛ ❞♦ ♠♦❞❡❧♦✑✱ pW ✿

◮ ❛♥á❧♦❣❛ ❞❡ ❛❧❣✉♠ ♠♦❞♦ ❛ pD ✉s❛❞♦ ♥♦ ❉■❈

pW1 = −2
n∑

i=1

{Eθ|x [ln f(xi|θ)]− lnEθ|x [f(xi|θ)]}

✹✼

❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❙❡❧❡çã♦ ❡ ❝♦♠♣❛r❛çã♦

pW1
= −2

n∑

i=1

{Eθ|x [ln f(xi|θ)]− lnEθ|x [f(xi|θ)]} ✭✶✮

≃ −2
n∑

i=1

{
1

m

m∑

j=1

ln f(xi|θ(j))− ln


 1

m

m∑

j=1

f(xi|θ(j))



}
. ✭✷✮

◮ ♣❛r❡❝✐❞❛ ❞❡ ❛❧❣✉♠ ♠♦❞♦ ❝♦♠ p∗D ✉s❛❞♦ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡ ♥♦ ❉■❈

pW2 =

n∑

i=1

V arθ|x [ln f(xi|θ)] ✭✸✮

≃
n∑

i=1

{
1

m− 1

m∑

j=1

[
l(j)(xi)− l̄(xi)

]2}
, ✭✹✮

❡♠ q✉❡ l(j)(xi) = ln f(xi|θ(j)) ❡ l̄(xi) = 1
m

∑m
j=1 l

(j)(xi)✳

✹✽



❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❙❡❧❡çã♦ ❡ ❝♦♠♣❛r❛çã♦

❆♥á❧✐s❡ ♣♦r ♣❛r❡s ✈✐❛ ❢❛t♦r ❇❛②❡s

Bkl(x) =
p(x|Mk)

p(x|Ml)
≡ p(Mk|x)/p(Ml|x)

p(Mk)/p(Ml)

❡♠ q✉❡ ♣❛r❛ ❝❛❞❛ ♠♦❞❡❧♦

p(x|Mr) =

∫
fr(x|θr)hr(θr)dθr

p(Mr|x) =
p(Mr)p(x|Mr)

p(x)
, ∀r

❖♣çõ❡s ❞❡ ❝á❧❝✉❧♦ s❡♠ ♥❡♥❤✉♠❛ ✐♠♣r♦♣r✐❡❞❛❞❡ ❞✐str✐❜✉❝✐♦♥❛❧✿

▼ét♦❞♦ ▼♦♥t❡ ❈❛r❧♦ s✐♠♣❧❡s ✭❣❡r❛❧♠❡♥t❡ ✐♥❡✜❝✐❡♥t❡✮

❙✐♠✉❧❛çã♦ ❞❡ hr(θr) −→ (θ
(j)
r , j = 1, . . . ,m)

p(x|Mr) ≃
1

m

m∑

j=1

fr(x|θ(j)r )

✹✾

❆✈❛❧✐❛çã♦ ❞❡ ♠♦❞❡❧♦s
❙❡❧❡çã♦ ❡ ❝♦♠♣❛r❛çã♦

▼ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛❢t❡r② ✭❣❡r❛❧♠❡♥t❡ ✐♥stá✈❡❧✮

❙✐♠✉❧❛çã♦ ❞❡ hr(θr|x) −→ (θ
(j)
r , j = 1, . . . ,m)

p(x|Mr) =

[∫
hr(θr|x)
fr(x|θr)

dθr

]−1

≃


 1

m

m∑

j=1

[
fr(x|θ(j)r )

]−1




−1

▼ét♦❞♦ ❞❡ ●❡❧❢❛♥❞✲❉❡②

❙❡❥❛ gr(θr) ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❞❛ hr(θr|x)✳ ❈♦♠ ♦s ✈❛❧♦r❡s
s✐♠✉❧❛❞♦s ❞❛ ✈❡r❞❛❞❡✐r❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐✱

p(x|Mr) =

[∫
gr(θr)

fr(x|θr)h(θr)
hr(θr|x)dθr

]−1

≃


 1

m

m∑

j=1

gr(θ
(j)
r )

fr(x|θ(j)r )h(θ
(j)
r )



−1

✺✵

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛
■♥tr♦❞✉çã♦

❙❡ s❡ t✐✈❡r ❞❛❞♦s x = (x1, . . . , xn) ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ♠♦❞❡❧♦
✐♥❞❡①❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦ θ = (θ1, . . . , θk) ∈ Θ ⊂ R

k✱ ♣♦❞❡✲s❡ ♦❜t❡r ❛
❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❝♦♥❥✉♥t❛✱ ❞❛❞❛ ♣♦r

h(θ|x) = f(x|θ)h(θ)∫
f(x|θ)h(θ)dθ , ✭✺✮

t❡♥❞♦✲s❡ ✉s✉❛❧♠❡♥t❡ ❞✐✜❝✉❧❞❛❞❡s ❡♠

❖❜t❡r ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛s s✉❛s ❞✐str✐❜✉✐çõ❡s ♠❛r❣✐♥❛✐s ❡
❝♦♥❞✐❝✐♦♥❛✐s ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✳

❊♥❝♦♥tr❛r ❛s q✉❛♥t✐❞❛❞❡s s✉♠ár✐❛s s♦❜r❡ θ✱ t❛✐s ❝♦♠♦ ♠♦♠❡♥t♦s✱
q✉❛♥t✐s ❡ ❣r❛✉s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ r❡❣✐õ❡s ❍P❉✳

✺✶

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

■♥❢❡rê♥❝✐❛s s✉♠ár✐❛s s♦❜r❡ θ ♣♦❞❡♠ ✉s✉❛❧♠❡♥t❡ s❡r ❡①♣r❡ss❛s ❡♠
t❡r♠♦s ❞♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❛ ♣♦st❡r✐♦r✐ ❞❡ ❛♣r♦♣r✐❛❞❛s ❢✉♥çõ❡s ❞❡ θ✱ ✐✳❡✳✱

E(g(θ)|x) =
∫
g(θ)h(θ|x) dθ. ✭✻✮

▼♦♠❡♥t♦s ❛ ♣♦st❡r✐♦r✐ ✿ ❯♠❛ ❡st✐♠❛t✐✈❛ ♣♦♥t✉❛❧ ♣❛r❛ θi✱ ❡✳❣✳✱ é
♦❜t✐❞❛ ❢❛③❡♥❞♦ g(θ) = θi✳

Pr♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣♦st❡r✐♦r✐ ✿

P (θ ∈ B|x) =
∫
IB(θ)h(θ|x) dθ,

✺✷



❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❙❡ y ❢♦r ✉♠❛ ♦❜s❡r✈❛çã♦ ❢✉t✉r❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ✐♥❞❡①❛❞♦ ♣❡❧♦ θ✱
✐♥❢❡rê♥❝✐❛s ♣r❡❞✐t✐✈❛s s♦❜r❡ y sã♦ ❜❛s❡❛❞❛s ❡♠

p(y|x) =
∫
f(y|x, θ)h(θ|x)dθ, ✭✼✮

♦♥❞❡ f(y|x, θ) é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ y s♦❜ ♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦
❝♦♥s✐❞❡r❛❞♦✱ ❞❡♣❡♥❞❡♥t❡ ♦✉ ♥ã♦ ❡st♦❝❛st✐❝❛♠❡♥t❡ ❞❡ x✳ ◆♦t❡✲s❡
q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ❛ ♣r✐♦r✐ é p(x) =

∫
f(x|θ)h(θ)dθ✳

◆♦✈❛♠❡♥t❡✱ ♣r❡❞✐çõ❡s s✉♠ár✐❛s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♥❛ ❢♦r♠❛ ❞❡
❡s♣❡r❛♥ç❛s ♣r❡❞✐t✐✈❛s✱

E[g(y)|x] =
∫
g(y) p(y|x) dy. ✭✽✮

✺✸

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❈♦♥t✉❞♦✱ r❛r❛♠❡♥t❡ é ♣♦ssí✈❡❧ ♦❜t❡r ❡①♣r❡ssõ❡s ❡①♣❧í❝✐t❛s ♣❛r❛ ♦s
✐♥t❡❣r❛✐s ❡♥✈♦❧✈✐❞♦s✳

❱ár✐❛s ❡str❛té❣✐❛s ❢♦r❛♠ s✉❣❡r✐❞❛s ♣❛r❛ ✉❧tr❛♣❛ss❛r ♦s ♣r♦❜❧❡♠❛s
té❝♥✐❝♦s ❞❡ ❝á❧❝✉❧♦ ❞♦s ✐♥t❡❣r❛✐s ♥❡❝❡ssár✐♦s✳ ◆♦♠❡❛❞❛♠❡♥t❡✱

❆♣r♦①✐♠❛çã♦ à ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ♠✉❧t✐✈❛r✐❛❞❛✱

▼ét♦❞♦ ❝❧áss✐❝♦ ❞❡ ▲❛♣❧❛❝❡✱

▼ét♦❞♦s ❞❡ q✉❛❞r❛t✉r❛ ♥✉♠ér✐❝❛✱

▼ét♦❞♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❝❧áss✐❝♦s✱

▼ét♦❞♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❡♠ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ✭▼❈▼❈✮✳

✺✹

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛
▼ét♦❞♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦

■✳ ▼ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ s✐♠♣❧❡s

❈♦♥s✐❞❡r❡✲s❡ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r♦①✐♠❛r ✉♠ ✐♥t❡❣r❛❧ ❞❛ ❢♦r♠❛
∫
g(θ)h(θ|x)dθ = E[g(θ)|x], ✭✾✮

♦♥❞❡ θ ❡ x ♣♦❞❡♠ s❡r ✈❡t♦r❡s✱ ❝✉❥❛ ❡①✐stê♥❝✐❛ s❡ ❛❞♠✐t❡✳ ▼✉✐t❛s
q✉❛♥t✐❞❛❞❡s ❛ ♣♦st❡r✐♦r✐ ❞❡ ✐♥t❡r❡ss❡ sã♦ ❡①♣r❡ssá✈❡✐s ♣♦r ✭✾✮ ♣❛r❛
❛❧❣✉♠ t✐♣♦ ❞❡ ❢✉♥çã♦ g(θ) ✐♥t❡❣rá✈❡❧✳ P♦r ❡①❡♠♣❧♦✱ ❝♦✈❛r✐â♥❝✐❛s ❛

♣♦st❡r✐♦r✐ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ θ✱ ❡♠ q✉❡ g(θ) é r❡♣r❡s❡♥t❛❞❛ ♣♦r
[θi − E(θi | x)] [θj − E(θj | x)] ♣❛r❛ ❝❛❞❛ i ❡ j✳

✺✺

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❙❡ s❡ ♣✉❞❡r s✐♠✉❧❛r ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ (θ(1), . . . , θ(m)) ❞❛
❞❡♥s✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐ h(θ | x)✱ ♦ ♠ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ s✐♠♣❧❡s
❛♣r♦①✐♠❛ ♦ ✐♥t❡❣r❛❧ ✭✾✮ ♣❡❧❛ ♠é❞✐❛ ❡♠♣ír✐❝❛

Ê [g(θ) | x] = 1

m

m∑

i=1

g(θ(i)) ✭✶✵✮

❛ q✉❛❧✱ ♣❡❧❛ ▲❡✐ ❋♦rt❡ ❞♦s ●r❛♥❞❡s ◆ú♠❡r♦s✱ ❝♦♥✈❡r❣❡ q✉❛s❡
❝❡rt❛♠❡♥t❡ ♣❛r❛ E [g(θ) | x]✳ ❆ ♣r❡❝✐sã♦ ❞❡st❡ ❡st✐♠❛❞♦r ♣♦❞❡ s❡r
♠❡❞✐❞❛ ♣❡❧♦ ❡rr♦ ♣❛❞rã♦ ✭❡st✐♠❛❞♦✮ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❞❛❞♦ ♣♦r

1√
n(n− 1)





m∑

i=1

[
g(θ(i))−

1

m

m∑

i=1

g(θ(i))

]2




1/2

, ✭✶✶✮

q✉❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ E{[g(θ)]2|x} é ✜♥✐t❛✳

✺✻



❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❖s ❡st✐♠❛❞♦r❡s ▼♦♥t❡ ❈❛r❧♦ ❛ss♦❝✐❛❞♦s ❝♦♠ ❛s ❞✐✈❡rs❛s
r❡♣r❡s❡♥t❛çõ❡s ❛♣r❡s❡♥t❛♠ ♣r❡❝✐sõ❡s ✈❛r✐á✈❡✐s✱ ❝♦♠ ✐♠♣❧✐❝❛çõ❡s ♥♦
❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ r❡q✉❡r✐❞♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❡st✐♠❛t✐✈❛s ✜á✈❡✐s✳

■st♦ s✉❣❡r❡ ❛ ♦♣çã♦ ♣♦r ✈✐❛s ❞❡ ♠❛✐♦r ❡✜❝✐ê♥❝✐❛ ❞❡ ♠♦❞♦ ❛ ♦❜t❡r
❡st✐♠❛❞♦r❡s ❛❧t❛♠❡♥t❡ ♣r❡❝✐s♦s ❝♦♠ ✉♠ ♥ú♠❡r♦ r❡❧❛t✐✈❛♠❡♥t❡ ❜❛✐①♦
❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s✳

P❛r❛ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ té❝♥✐❝❛s ❞❡ r❡❞✉çã♦ ❞❡ ✈❛r✐â♥❝✐❛ ♥❛ ❡st✐♠❛çã♦
♣♦r ▼♦♥t❡ ❈❛r❧♦ ✈❡❥❛✲s❡✱ ❡✳❣✳✱ ❘✉❜✐♥st❡✐♥ ✭✶✾✽✶✮ ❡ ❘♦❜❡rt ❡ ❈❛s❡❧❧❛
✭✷✵✵✹✮✳

P❛r❛ ✉❧tr❛♣❛ss❛r ❞✐✜❝✉❧❞❛❞❡s ❡♠ ❣❡r❛r ✉♠❛ ❛♠♦str❛ ❞✐r❡t❛♠❡♥t❡ ❛
♣❛rt✐r ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✭✺✮✱ ✉s❛♠✲s❡ ❣❡r❛❧♠❡♥t❡ ♦s ♠ét♦❞♦s ❞❡
▼♦♥t❡ ❈❛r❧♦ ❡♠ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ▼❈▼❈✳

✺✼

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛
▼ét♦❞♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✈✐❛ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈

■■✳ ▼ét♦❞♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✈✐❛ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈

❖s ♠ét♦❞♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❡♠ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ▼❈▼❈ sã♦ ✉s❛❞♦s
❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦✿

✶ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Θ✱
q✉❡ s❡❥❛ s✐♠♣❧❡s ❞❡ s✐♠✉❧❛r ❡ ❝✉❥❛ ❞✐str✐❜✉✐çã♦ ❡st❛❝✐♦♥ár✐❛ s❡❥❛ ❛
❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ h(θ|x)❀

✷ ❙✐♠✉❧❛çã♦ ❞❡st❛ ❝❛❞❡✐❛ ♣♦r ✉♠ ❧♦♥❣♦ ♣❡rí♦❞♦✱ ✉s❛♥❞♦ ♦s ✈❛❧♦r❡s
s✐♠✉❧❛❞♦s ❞❛ ❝❛❞❡✐❛ ♣❛r❛ tr❛ç❛r ✐♥❢❡rê♥❝✐❛s s♦❜r❡ ❛s q✉❛♥t✐❞❛❞❡s
❛ ♣♦st❡r✐♦r✐ ✭✻✮ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ✐♥t❡❣r❛çã♦ ▼♦♥t❡ ❈❛r❧♦✱

E(g(θ)|x) ≈ 1

m

m∑

j=1

g(θj),

♦♥❞❡ θj é ♦ j✲és✐♠♦ ✈❛❧♦r ♣❛r❛ θ ♥✉♠❛ ❝❛❞❡✐❛ ❝♦♠ m ✐t❡r❛çõ❡s✳

✺✽

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

◆♦çõ❡s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✿

❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ é q✉❛❧q✉❡r ❝♦❧❡çã♦ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s
❞❡✜♥✐❞❛s s♦❜r❡ ♦ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ {U(t), t ∈ T}✱ ♦♥❞❡
T é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R q✉❡✱ ♣♦r ❝♦♠♦❞✐❞❛❞❡✱ é ❡♥t❡♥❞✐❞♦ ❝♦♠♦
✉♠❛ ❝❧❛ss❡ ❞❡ ✐♥st❛♥t❡s ❞❡ t❡♠♣♦✳

◗✉❛♥❞♦ ❡st❛ ❝❧❛ss❡ é ♦ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ ❞❡ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s
T = {0, 1, 2, . . .}✱ ♦ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ❞✐t♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ é
✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞♦ ♣♦r {Un, n ≥ 0}✱ s❡♥❞♦ ❡st❛ ❛ s✐t✉❛çã♦ tí♣✐❝❛ ♥♦
❝♦♥t❡①t♦ ❞❡ ✉♠ ❡sq✉❡♠❛ ❞❡ s✐♠✉❧❛çã♦ ❡st♦❝ást✐❝❛✳ ❖ ❝♦♥❥✉♥t♦ U ❞❡
✈❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s é ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✳

✺✾

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❖ ♣r♦❝❡ss♦ {Un, n ≥ 0} s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈ ❞❡
✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ é ❞❡♥♦♠✐♥❛❞♦ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ ♣♦❞❡♥❞♦
s❡r ❞❡✜♥✐❞♦ ❛tr❛✈és ❞❡

P (Un+1 ∈ A|U0 = u0, . . . , Un = u) = P (Un+1 ∈ A|Un = u) ≡ Pn(u,A),

♣❛r❛ t♦❞♦ ♦ ❛❝♦♥t❡❝✐♠❡♥t♦ A ❡ n ≥ 0✱ ♦♥❞❡ ♦ sí♠❜♦❧♦ Pn(u,A) ❞❡♥♦t❛
❛ ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ ✭❡♠ ✉♠ ♣❛ss♦✮ q✉❛♥❞♦ ♣❛rt❡ ❞♦
✐♥st❛♥t❡ n✳

◗✉❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ é ✐♥✈❛r✐á✈❡❧ ❝♦♠ n✱ s❡♥❞♦ ❡♥tã♦
❞❡♥♦t❛❞❛ ♣♦r P (u,A)✱ ❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❞✐③✲s❡ ❤♦♠♦❣é♥❡❛✳

✻✵



❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ✭n→∞✮ ❞❛s ❝❛❞❡✐❛s é
❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦s ♠ét♦❞♦s ▼❈▼❈ ❡ ♥❡❧❡ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧
❝r✉❝✐❛❧ ♦ s❡❣✉✐♥t❡ ❝♦♥❝❡✐t♦✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡ π(u), u ∈ U é ❡st❛❝✐♦♥ár✐❛ s❡

π(v) =
∑

u

π(u) p(u, v).

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❞✐str✐❜✉✐çã♦ ✐♥✐❝✐❛❧ P (U0 = u) = π(u) é ❡st❛❝✐♦♥ár✐❛
ss❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ Un é ✐♥✈❛r✐❛♥t❡ ❝♦♠ n✱ ✐✳❡✳

P (Un = u) = π(u), ∀n ≥ 0✳

❆ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❡st❛❝✐♦♥ár✐❛ π ❞❡♣❡♥❞❡ ❞❡ ❛ ❝❛❞❡✐❛
♣♦ss✉✐r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦
✐rr❡❞✉t✐❜✐❧✐❞❛❞❡ ❡ r❡❝♦rrê♥❝✐❛ ❡ ♠❛✐s ❛♠♣❧❛♠❡♥t❡ s❡r ❡r❣ó❞✐❝❛✱
❡♥✈♦❧✈❡♥❞♦ ❛ ❧❡✐ ❢♦rt❡ ❞♦s ❣r❛♥❞❡s ♥ú♠❡r♦s ✭✈✐❞❡ P❛✉❧✐♥♦ ❡t ❛❧✳✱ ✷✵✶✽✮✳

✻✶

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛
❆♠♦str❛❞♦r ❞❡ ●✐❜❜s

❊♥tr❡ ✈ár✐❛s ❢♦r♠❛s ❞❡ ❝♦♥str✉çã♦ ❞❛s ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ♥♦s ♠ét♦❞♦s
▼❈▼❈✱ ❞❡st❛❝❛✲s❡ ♦ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ ●✐❜❜s ✭●✐❜❜s s❛♠♣❧✐♥❣✮
✐♥tr♦❞✉③✐❞♦ ♣♦r ●❡♠❛♥ ❛♥❞ ●❡♠❛♥ ✭✶✾✽✹✮ ♣❛r❛ s✐♠✉❧❛r ❞✐str✐❜✉✐çõ❡s
♠✉❧t✐✈❛r✐❛❞❛s ❡♠ ♠♦❞❡❧♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ✐♠❛❣❡♥s✳

❖ ❛❧❣♦r✐t♠♦ ❞❡ ●✐❜❜s ❜❛s❡✐❛✲s❡ ♥♦ ❢❛❝t♦ ❞❡ q✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛

♣♦st❡r✐♦r✐ ❝♦♥❥✉♥t❛ h(θ|x) ❝♦♠ θ = (θ1, . . . , θp)
T ♣♦❞❡ s❡r ❡♠

❝♦♥❞✐çõ❡s ❣❡r❛✐s ❞❡t❡r♠✐♥❛❞❛ ✉♥✐❝❛♠❡♥t❡ ♣❡❧❛s p ❞✐str✐❜✉✐çõ❡s ❛
♣♦st❡r✐♦r✐ ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s

h(θq | θ−q, x), q = 1, . . . , p, ✭✶✷✮

♦♥❞❡ θ−q é ♦ ✈❡t♦r θ s❡♠ ❛ ❝♦♠♣♦♥❡♥t❡ θq✳

✻✷

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❖ ❛❧❣♦r✐t♠♦ ❞❡ ●✐❜❜s ❛♣r❡s❡♥t❛ ♦ s❡❣✉✐♥t❡ ❡sq✉❡♠❛ ♠❛r❦♦✈✐❛♥♦
❞✐♥â♠✐❝♦ ♣❛r❛ ❛ ❛♠♦str❛❣❡♠ ❞❛s ❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ✭✶✷✮✿

✶ ❊s❝♦❧❤❡✲s❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ♣❛r❛ θ✱

θ(0) = (θ
(0)
1 , . . . , θ(0)p )T ;

✷ ●❡r❛♠✲s❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ θ ❛ ♣❛rt✐r ❞❡ ✭✶✷✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦
♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ❛❜❛✐①♦ ♣❛r❛ ❛ l✲és✐♠❛ ✐t❡r❛çã♦

θ
(l)
1 ❞❡ h(θ1 | θ

(l−1)
2 , . . . , θ

(l−1)
p , x)✱

θ
(l)
2 ❞❡ h(θ2 | θ

(l)
1 , θ

(l−1)
3 , . . . , θ

(l−1)
p , x)✱

θ
(l)
3 ❞❡ h(θ3 | θ

(l)
1 , θ

(l)
2 , θ

(l−1)
4 , . . . , θ

(l−1)
p , x)✱

✳✳✳
✳✳✳

θ
(l)
p−1 ❞❡ h(θp−1 | θ

(l)
1 , . . . , θ

(l)
p−2, θ

(l−1)
p , x)✱

θ
(l)
p ❞❡ h(θp | θ

(l)
1 , . . . , θ

(l)
p−1, x) ❀

✻✸

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

✸ ❆ ❡t❛♣❛ ❛♥t❡r✐♦r é r❡♣❡t✐❞❛ s ✈❡③❡s ❛té à ❣❡r❛çã♦ ❞❡ m ❛♠♦str❛s
✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ θ✳ ◆♦t❡✲s❡ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ s✉❝❡ssã♦ θ(1)✱
. . . , θ(s), . . . é ✉♠❛ r❡❛❧✐③❛çã♦ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❝♦♠
❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Θ ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❛❞❛s ♣♦r

p(θ(s), θ(s+1)) =

p∏

q=1

h(θ(s+1)
q | θ(s)l>q, θ

(s+1)
l<q , x).

◗✉❛♥❞♦ s→∞ ♥♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❝✐♠❛✱ θ(s) = (θ
(s)
1 , . . . , θ

(s)
p )T t❡♥❞❡

❡♠ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ❝♦♠ ❢✳❞✳♣✳ h(θ|x) ✭❚❛♥♥❡r✱
✶✾✾✻✮✳ ❱❡❥❛✲s❡ t❛♠❜é♠ ❈❛s❡❧❧❛ ❡ ●❡♦r❣❡ ✭✶✾✾✷✮ ❡ ●❡❧❢❛♥❞ ❡ ❙♠✐t❤
✭✶✾✾✵✮✳

✻✹



❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ q✲és✐♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ♠❛r❣✐♥❛❧ ♣♦❞❡ s❡r
♦❜t✐❞❛ ✉s❛♥❞♦ ❛ s✉❛ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❝♦♠ ❛s m ❛♠♦str❛s ✐✳❡✳

h(θq|x) ≈
1

m

m∑

l=1

h(θq | θ(l)−q, x), ✭✶✸✮

♦♥❞❡ h(θq | θ(l)−q, x) é ❛ ❞✐str✐❜✉✐çã♦ ✭✶✷✮ ❝♦♠ ♦s θq′ ✱ q′ 6= q = 1, . . . , p✱
s✉❜st✐t✉í❞♦s ♣❡❧♦s s❡✉s r❡s♣❡❝t✐✈♦s ✈❛❧♦r❡s ♥❛ ✐t❡r❛çã♦ l✱ l = 1, . . . ,m✳

❖❜s❡r✈❡✲s❡ q✉❡ ❛s s−m ✐t❡r❛çõ❡s✱ m < s✱ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡♠ ❝❛✉s❛
sã♦ ✐❣♥♦r❛❞❛s ♥❛ ❡st✐♠❛çã♦ ❞❛s q✉❛♥t✐❞❛❞❡s ❞❡ ✐♥t❡r❡ss❡✱ ✈✐st♦ q✉❡
❡❧❛s ❢❛③❡♠ ♣❛rt❡ ❞♦ ♣❡rí♦❞♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ✭❜✉r♥✲✐♥✮ ❞❛ ❝❛❞❡✐❛✱ ♦♥❞❡
s❡ ❛❝r❡❞✐t❛ ❤❛✈❡r ✉♠❛ ♠❛✐♦r ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ✈❡t♦r❡s θ(s)✱
s = 1, 2, . . .✳

✻✺

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❉✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛

❖s ♠ét♦❞♦s ▼❈▼❈ sã♦ t❛♠❜é♠ ✉s❛❞♦s ♥❛ ♣r❡❞✐çã♦ ❞❡ ✉♠❛
♦❜s❡r✈❛çã♦ ❢✉t✉r❛ y ❞❡ ✉♠ ♠♦❞❡❧♦ ✐♥❞❡①❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦ θ ❡♠
❝❛✉s❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛

p(y|x) =

∫
f(y|θ, x)h(θ|x)dθ, ✭✶✹✮

♦♥❞❡ f(y|θ, x) é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ y s♦❜ ❡ss❡ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦✱ ♣♦❞❡
s❡r ❡st✐♠❛❞❛ ♣♦r

p̃(y|x) =
1

m

m∑

l=1

f(y|θ(l), x),

♦♥❞❡ θ(l)✱ l = 1, . . . ,m✱ sã♦ ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣❛r❛ θ ♥❛s m ❛♠♦str❛s
r❡❢❡r✐❞❛s ❛❝✐♠❛✳

✻✻

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

●❡❧❢❛♥❞ ✭✶✾✾✻✮ s✉❣❡r❡✱ ♣❛r❛ ❡st✐♠❛r p(xi|x(−i))✱ ❛ ✉t✐❧✐③❛çã♦ ❞❛ ♠é❞✐❛
❤❛r♠ó♥✐❝❛ ❞❡ {f(xi|x(−i), θ(j)), j = 1, . . . ,m}✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡

p(x)h(θ|x) = h(θ)f(x|θ) = h(θ)f(xi|x(−i), θ)f(x(−i)|θ),

t❡♠✲s❡

p(xi|x(−i)) =
p(x)

p(x(−i))
=

1
∫ f(x(−i)|θ) h(θ) h(θ|x)

p(x) h(θ|x) dθ

=
1∫

1
f(xi|x(−i),θ)

h(θ|x) dθ ,

❡ ♣♦rt❛♥t♦✱ s❡ {θ(j); j = 1, . . . ,m} é ✉♠❛ ❛♠♦str❛ ❞❡ h(θ|x) t❡♠✲s❡

p̂(xi|x(−i)) =
1

1
m

∑m
j=1

1
f(xi|x(−i),θ(j))

. ✭✶✺✮

✻✼

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❊①❡♠♣❧♦ ■❱✿ ❙❡❥❛ (Y,X) ✉♠ ♣❛r ❛❧❡❛tór✐♦ ❡♠ q✉❡ Y ❝♦♥❞✐❝✐♦♥❛❧ ❛
X = x s❡❣✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ P♦✐ss♦♥ ❝♦♠ ✈❛❧♦r ♠é❞✐♦ λ(x) = δx

❡ X ❛♣r❡s❡♥t❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❝♦♠ ✈❛❧♦r ♠é❞✐♦ µ ❡ ♣r❡❝✐sã♦
τ = 1/σ2✳ ❆ ✈❡r♦s✐♠✐❧❤❛♥ç❛ r❡❧❛t✐✈❛ ❛ ❞❛❞♦s ❝♦♥st✐t✉í❞♦s ♣♦r ♥
♦❜s❡r✈❛çõ❡s ✐✳✐✳❞✳ ❞❡st❡ ♣❛r ❛❧❡❛tór✐♦✱ D = {(y1, x1), . . . , (yn, xn)}✱ é

f(x, y|θ) =
n∏

i=1

[δxi ]yi

yi!
e−δ

xi

[ τ
2π

]1/2
exp

{
−τ
2
(xi − µ)2

}

♦♥❞❡ θ = (δ, µ, τ) ♣❛r❛ δ, τ > 0 ❡ −∞ < µ < +∞✳ ❙❡ s❡ ❝♦♥s✐❞❡r❛r
✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛ h(δ, µ, τ) ∝ (δτ)−1✱ ❛
❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐ ♣❛r❛ θ é✿

h(θ|D) ∝ τn/2−1δ
∑

i
xiyi−1 exp {−∑

i δ
xi}×

× exp

{
− τ2

[∑
i(xi − x̄)2 + n(µ− x̄)2

]}
,

✻✽



❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

s❡♥❞♦ ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s
✐❞❡♥t✐✜❝❛❞❛s ❢❛❝✐❧♠❡♥t❡ ♣♦r

h(δ|D, µ, τ) ∝ δ
∑

i
xiyi−1 exp {−

∑
i δ
xi} , δ > 0;

h(µ|D, δ, τ) = N
(
x̄, (τn)−1

)
, −∞ < µ < +∞;

h(τ |D, δ, µ) = Ga
(
n
2 ,

A
2

)
, τ > 0,

✭✶✻✮

♦♥❞❡ A =
∑
i(xi − x̄)2 + n(µ− x̄)2✳

❆s ❞✐str✐❜✉✐çõ❡s r❡s♣❡✐t❛♥t❡s ❛ µ ❡ τ sã♦ ❢❛♠✐❧✐❛r❡s✱ ♣r♦❝❡ss❛♥❞♦✲s❡ ❛
❛♠♦str❛❣❡♠ ♥♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣❛ss♦s ●✐❜❜s ❛tr❛✈és ❞❡ ❝♦♥❤❡❝✐❞♦s ❡
❡✜❝✐❡♥t❡s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✉❧❛çã♦✳ ❆ s✐t✉❛çã♦ r❡❧❛t✐✈❛ ❛ δ ❥á ♥ã♦ é
tr✐✈✐❛❧ r❡q✉❡r❡♥❞♦ ♦ ✉s♦ ❞❡ ♦✉tr♦s ♠ét♦❞♦s ❝♦♠♦ ♦ ❞❡ r❡❥❡✐çã♦ ✭❡✳❣✳
♠ét♦❞♦ ❞❡ r❡❥❡✐çã♦ ❛❞❛♣t❛t✐✈❛ ♣r♦♣♦st♦ ♣♦r ❲✐❧❞ ✫ ●✐❧❦s✱ ✶✾✾✸✮✳ �

✻✾

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

▼ét♦❞♦s ❞❡ r❡❥❡✐çã♦

❙❡❥❛ π(x) = cπ∗(x) ✉♠❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭❢✳❞✳♣✳✮✱
♦♥❞❡ c é ❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦✳ ❙✉♣♦♥❤❛✲s❡ q✉❡ é ❞✐❢í❝✐❧
❛♠♦str❛r ❞✐r❡t❛♠❡♥t❡ ❞❡ π✱ ♠❛s q✉❡ ♥♦ ❡♥t❛♥t♦ ❤á ✉♠ ♠♦❞♦ ❞❡
s✐♠✉❧❛r ❞❡ ✉♠❛ ❢✳❞✳♣✳ pu(x) ❝♦♠ ❜❛s❡ ♥❛ q✉❛❧ s❡ ❝r✐❛ ✉♠❛ ❢✉♥çã♦ q✉❡
❞❡❧✐♠✐t❛ s✉♣❡r✐♦r♠❡♥t❡ π ✭❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡♥✈❡❧♦♣❡✮✱ ♦✉ s❡❥❛✱ t❛❧ q✉❡
♣❛r❛ q✉❛❧q✉❡r x ♥♦ s✉♣♦rt❡ ❞❡ π s❡ t❡♠ π(x) ≤Mpu(x)✱ ♦♥❞❡ M > 1

é ✉♠❛ ❝♦♥st❛♥t❡ ❡s♣❡❝✐✜❝❛❞❛✳

❖ ♠ét♦❞♦ ❜ás✐❝♦ ❞❡ r❡❥❡✐çã♦ q✉❡ ❞❡✈♦❧✈❡ ✉♠ ✈❛❧♦r x ❞❡ ✉♠❛
❞✐str✐❜✉✐çã♦ X ∼ π(x) ❡①♣❧✐❝✐t❛✲s❡ ♥♦ s❡❣✉✐♥t❡ ❛❧❣♦r✐t♠♦ q✉❡ s❡ ✐❧✉str❛
❡sq✉❡♠❛t✐❝❛♠❡♥t❡ ♥❛ ❋✐❣✉r❛ ✶✳

✼✵

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❋✐❣✉r❛✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ❜ás✐❝♦ ❞❡ r❡❥❡✐çã♦ ❡♠ q✉❡

v = uMpu(y)✱ r ≡ r❡❥❡✐t❛❞♦ ❡ a ≡ ❛❝❡✐t❡✳

✼✶

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❆❧❣♦r✐t♠♦ ❞❡ r❡❥❡✐çã♦ ❜ás✐❝♦

✶ ●❡r❛✲s❡ y ❞❛ ❢✳❞✳♣✳ pu✳

✷ ●❡r❛✲s❡ u ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❯♥✐❢♦r♠❡ ❡♠ ✭0, 1✮✳

✸ ❙❡ u ≤ π(y)

Mpu(y)
t♦♠❡✲s❡ x = y❀ s❡ ♥ã♦✱ ✈♦❧t❛✲s❡ ❛ ✶✳

❈♦♠ ❡❢❡✐t♦✱ t♦♠❛♥❞♦ X ❝♦♠♦ ❛ ✈❛r✐á✈❡❧ Y q✉❛♥❞♦ ❡st❛ é ❛❝❡✐t❡✱
t❡♠✲s❡ ∀v

P

[
Y ≤ v, U ≤ π(Y )

Mpu(Y )

]
) =

∫ v

−∞
pu(y)

∫ π(y)
Mpu(y)

0

dudy =M−1

∫ v

−∞
π(y)dy,

❞♦♥❞❡

P (X ≤ v) = P (Y ≤ v|U ≤ π(Y )

Mpu(Y )
) =

∫ v

−∞
π(y)dy.

✼✷



❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛

❊①❡♠♣❧♦ ❱✿ ❯♠ ♠ét♦❞♦ s✐♠♣❧❡s ❞❡ r❡❥❡✐çã♦ ♣❛r❛ ❛♠♦str❛r ❞❛
❞❡♥s✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐ hx(θ) ✭❜❛st❛ ❝♦♥❤❡❝❡r ♦ s❡✉ ♥ú❝❧❡♦ h∗x(θ) ♣❡❧♦
r❡s✉❧t❛❞♦ ❛❝✐♠❛✮ q✉❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❛ ♣r✐♦r✐ é ♣ró♣r✐❛ é t♦♠❛r ❡st❛
❝♦♠♦ ❢✉♥çã♦ ❡♥✈❡❧♦♣❡ ❡ M ✐❣✉❛❧ à ✈❡r♦s✐♠✐❧❤❛♥ç❛ ♠á①✐♠❛✱ ❥á q✉❡

h∗x(θ) = h(θ)f(x|θ) ≤Mh(θ).

❆ss✐♠✱ ❣❡r❛♥❞♦ θ0 ∼ h(·) ❡ u0 ∼ Unif(0, 1)✱ t❡♠✲s❡ θ0 ∼ h∗x(·) s❡
u0 <

f(x|θ0)
M ✳ �

❆ ❛♣❧✐❝❛çã♦ ❞❡st❡ ♠ét♦❞♦ ❡①✐❣❡ q✉❡ s❡ ❛❝❤❡ ✉♠❛ ❞❡♥s✐❞❛❞❡
✐♥str✉♠❡♥t❛❧ pu q✉❡ s❡ ❛❞❛♣t❡ ❜❡♠ ❛ π✱ ❞❡✈❡♥❞♦ t❡r ❝❛✉❞❛s ♠❛✐s
♣❡s❛❞❛s ❞♦ q✉❡ ❡st❛✱ ❡ ✉♠ ❣❡r❛❞♦r s✐♠♣❧❡s ♣❛r❛ ❡❧❛✳ ❆❧é♠ ❞✐ss♦✱ ❛
❝♦♥st❛♥t❡ M ❞❡✈❡ s❡r ❡s❝♦❧❤✐❞❛ ❞❡ ♠♦❞♦ ❛ s❡r ♦ ♠❛✐s ♣❡q✉❡♥❛
♣♦ssí✈❡❧ ♣❛r❛ q✉❡ ♦ ❛❧❣♦r✐t♠♦ s❡❥❛ ❡✜❝✐❡♥t❡✳

✼✸
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❆❧❣♦r✐t♠♦ ❞❡ r❡❥❡✐çã♦ ❛❞❛♣t❛t✐✈♦

●✐❧❦s ❡ ❲✐❧❞ ✭✶✾✾✷✮ s✉❣❡r❡♠ ✉♠ ♠ét♦❞♦ ❛✉t♦♠át✐❝♦ ❞❡ ❣❡r❛çã♦ ❞❡
❢✉♥çõ❡s ❞❡❧✐♠✐t❛♥t❡s ♣❛r❛ ❛♠♦str❛❣❡♠ ❞❡ ❞❡♥s✐❞❛❞❡s✲❛❧✈♦ π(x) ✭♦✉ ❞♦
s❡✉ ❢❛t♦r r❡❧❡✈❛♥t❡ π∗(x)✮ ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡ ❝ô♥❝❛✈❛s✱ ✐st♦ é✱ ❝✉❥♦
❧♦❣❛r✐t♠♦ é ✉♠❛ ❢✉♥çã♦ ❝ô♥❝❛✈❛✳

❙❛❜❡✲s❡ q✉❡ q✉❛❧q✉❡r ❢✉♥çã♦ ❝ô♥❝❛✈❛ ♣♦❞❡ s❡r ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡
❡ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✐♥✈ó❧✉❝r♦s ❢♦r♠❛❞♦s ♣♦r tr♦ç♦s ❧✐♥❡❛r❡s✳

P❛r❛ ♦s ❝♦♥str✉✐r ❝♦♥s✐❞❡r❛♠✲s❡ ♣♦♥t♦s s♦❜r❡ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❡
❢❛③❡♠✲s❡ ♣❛ss❛r ♣♦r ❡ ❡♥tr❡ ❡ss❡s ♣♦♥t♦s✱ r❡s♣❡t✐✈❛♠❡♥t❡✱ t❛♥❣❡♥t❡s ❡
❝♦r❞❛s ❛♦ ❣rá✜❝♦ ✲ ✈❡❥❛✲s❡ ❛ ❋✐❣✉r❛ ✷✳

✼✹
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❋✐❣✉r❛✿ ■♥✈ó❧✉❝r♦s ❧✐♥❡❛r❡s✱ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r✱ ♣♦r tr♦ç♦s ♣❛r❛ ❞❡❧✐♠✐t❛r ❛

❢✉♥çã♦ L(x) = lnπ(x) ♥♦ ♠ét♦❞♦ ❞❡ r❡❥❡✐çã♦ ❛❞❛♣t❛t✐✈❛✳

✼✺
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❙❡❥❛ ❡♥tã♦ π(x) ∝ exp(L(x)) ✉♠❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡
✉♥✐✈❛r✐❛❞❛ ❧♦❣✲❝ô♥❝❛✈❛ ❝♦♠ s✉♣♦rt❡ D ⊂ R ❡ Tk = {xi, i = 1, . . . , k}
✉♠ ❝♦♥❥✉♥t♦ ❞❡ k ♣♦♥t♦s ♦r❞❡♥❛❞♦s✱ x1 ≤ x2 ≤ . . . ≤ xk✱ ♣❛r❛ ♦s
q✉❛✐s s❡ ❝❛❧❝✉❧❛ L(x) ❡ L′(x) = dL(x)/dx✱ s❡ π ❢♦r ❝♦♥tí♥✉❛ ❡
❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ D✳

❉❡✜♥❛✲s❡ ❛ ❢✉♥çã♦ ❡♥✈❡❧♦♣❡ ❡♠ Tk ♣❛r❛ π(x) ❝♦♠♦ exp[uk(x)] ♦♥❞❡
uk(x) é ♦ ✐♥✈ó❧✉❝r♦ s✉♣❡r✐♦r✱ ❧✐♥❡❛r ♣♦r tr♦ç♦s✱ ❞❡ L(x)

uk(x) = L(xj) + (x− xj)L′(xj),

♣❛r❛ x ∈ [zj−1, zj ] ❡ j = 1, . . . , k − 1 ❝♦♠

zj =
L(xj+1)− L(xj)− xj+1L

′(xj+1) + xjL
′(xj)

L′(xj)− L′(xj+1)

✼✻
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♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❞❛s t❛♥❣❡♥t❡s à ❝✉r✈❛ l(x) ❡♠ xj ❡ xj+1✳ ❖s
♣♦♥t♦s z0 ❡ zk sã♦ t♦♠❛❞♦s✱ r❡s♣❡t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞❡
D ✭♦✉ −∞ s❡ D ♥ã♦ ❢♦r ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✮ ❡ s✉♣❡r✐♦r ❞❡ D ✭♦✉
+∞ s❡ D ♥ã♦ ❢♦r ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡✮✳

❉❡✜♥❛✲s❡ ❛✐♥❞❛ ❛ ❢✉♥çã♦ ❞❡ ❡♥q✉❛❞r❛♠❡♥t♦ ✐♥❢❡r✐♦r ❡♠ Tk ❞❡ π(x)
❝♦♠♦ exp[lk(x)] ♦♥❞❡ lk(x) é ♦ ✐♥✈ó❧✉❝r♦ ✐♥❢❡r✐♦r✱ ❧✐♥❡❛r ♣♦r tr♦ç♦s✱ ❞❡
L(x)

lk(x) =
(xj+1 − x)L(xj) + (x− xj)L(xj+1)

xj+1 − xj
♣❛r❛ x ∈ [xj , xj+1] ❡ j = 1, . . . , k − 1✳ P❛r❛ x < x1 ♦✉ x > xk✱
lk(x) = −∞✳

❈♦♠♦ s❡ ❛❞♠✐t❡ q✉❡ L(x) é ❝ô♥❝❛✈❛ t❡♠✲s❡ q✉❡ lk(x) ≤ L(x) ≤ uk(x)
♣❛r❛ t♦❞♦ ♦ x ❡♠ D✳

✼✼
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❆❧❣♦r✐t♠♦ ❞❡ r❡❥❡✐çã♦ ❛❞❛♣t❛t✐✈❛ ✭✉♠❛ ❛♠♦str❛ ❞❡ n ♣♦♥t♦s ❞❡
π(x)✮

✶ ❖❜té♠✲s❡ x ❞♦ ❡♥✈❡❧♦♣❡ ♥♦r♠❛❧✐③❛❞♦
Sk(x) = exp[uk(x)]/

∫
D
exp[uk(y)]dy.

✷ ❖❜té♠✲s❡ u ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❯♥✐❢♦r♠❡ ❡♠ (0, 1) ❡
s❡ u ≤ exp{lk(x)− uk(x)}✱ ❛❝❡✐t❛✲s❡ x s❡♠ ❢❛③❡r q✉❛❧q✉❡r ❝á❧❝✉❧♦

❞❛ ❢✉♥çã♦ L(x) ♥❡ss❡ ♣♦♥t♦❀ ❝❛s♦ ❝♦♥trár✐♦✱ ❝❛❧❝✉❧❛✲s❡ L(x) ❡

❢❛③✲s❡ ♦ t❡st❡ ❞❡ r❡❥❡✐çã♦ s❡❣✉✐♥t❡❀

s❡ u ≤ exp{L(x)− uk(x)}✱ ❛❝❡✐t❛✲s❡ x❀ ❝❛s♦ ❝♦♥trár✐♦ r❡❥❡✐t❛✲s❡ x❀

r❡t♦♠❡✲s❡ ♦s ♣❛ss♦s ❛♥t❡r✐♦r❡s ❛té s❡ ❛❝❡✐t❛r ♦ ❝❛♥❞✐❞❛t♦ ❣❡r❛❞♦✳

✸ ❯♠❛ ✈❡③ ✜♥❞♦ ♦ ❝✐❝❧♦ ❛♥t❡r✐♦r ❝♦♠ ❛❝❡✐t❛çã♦ ❞♦ ✈❛❧♦r ❝❛♥❞✐❞❛t♦✱
❛t✉❛❧✐③❛♠✲s❡ ♦s ✐♥✈ó❧✉❝r♦s s✉♣❡r✐♦r❡s ❡ ✐♥❢❡r✐♦r❡s ❥✉♥t❛♥❞♦ x ❛ Tk✱
❡ ❛✉♠❡♥t❛♥❞♦ k ❞❡ ✉♠❛ ✉♥✐❞❛❞❡✳

✹ ❱♦❧t❛✲s❡ ❛ ✶✳

✺ ❚❡r♠✐♥❛✲s❡ q✉❛♥❞♦ s❡ ❛t✐♥❣✐r ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s q✉❡ s❡ ❞❡❝✐❞✐✉
✐♥✐❝✐❛❧♠❡♥t❡ ❛♠♦str❛r✳

✼✽

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛
▼ét♦❞♦s ❞❡ ❞✐❛❣♥óst✐❝♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

❙ã♦ ✈ár✐♦s ♦s ✐♥str✉♠❡♥t♦s ❡ ♠ét♦❞♦s ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ♠♦♥✐t♦r✐③❛çã♦
❡ ❞✐❛❣♥óst✐❝♦ ❞♦s ❞♦✐s t✐♣♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❛❧❣✉♥s ❞♦s q✉❛✐s ❡stã♦
❛✉t♦♠❛t✐❝❛♠❡♥t❡ ✐♥❝❧✉í❞♦s ❡♠ s♦❢t✇❛r❡ ♠❛✐s ❡s♣❡❝í✜❝♦ ♦✉ ♠❛✐s ❣❡r❛❧
❞❡ ❛♥á❧✐s❡ ❜❛②❡s✐❛♥❛✳

❖ ✐♥str✉♠❡♥t♦ ♠❛✐s ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ♠♦♥✐t♦r✐③❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛
♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❡st❛❝✐♦♥ár✐❛ é ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ♣❛r❛ ❝❛❞❛
q✉❛♥t✐❞❛❞❡ ❡s❝❛❧❛r ❞♦s ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ❞❛ ❝❛❞❡✐❛ ❛♦ ❧♦♥❣♦ ❞❛s
s✉❝❡ss✐✈❛s ✐t❡r❛çõ❡s✱ ❧✐❣❛❞♦s ♣♦r ✉♠❛ ❧✐♥❤❛ ❝♦♥tí♥✉❛✳

❆ ❋✐❣✉r❛ ✸ r❡tr❛t❛ ❛s♣❡t♦s tí♣✐❝♦s ❞♦ ❣rá✜❝♦ ❞❡ tr❛ç♦s ❡♠ ③♦♥❛s
✐♥✐❝✐❛✐s ✭❡sq✉❡r❞❛✮ ❡ ✜♥❛✐s ✭❞✐r❡✐t❛✮ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s✳

✼✾
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❋✐❣✉r❛✿ ●rá✜❝♦s ❞♦s tr❛ç♦s r❡❧❛t✐✈♦s ❛ ✉♠ ♠❡s♠♦ ♣❛râ♠❡tr♦ ❞❡ ✷ ❝❛❞❡✐❛s

❛♦ ❧♦♥❣♦ ❞❛s ♣r✐♠❡✐r❛s ✶✵✵✵ ✐t❡r❛çõ❡s ✭❡sq✉❡r❞❛✮ ❡ ✶ ❝❛❞❡✐❛ ♥❛s ú❧t✐♠❛s

✾✵✵✵ ✐t❡r❛çõ❡s ✭❞✐r❡✐t❛✮✳
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❆❧❣✉♥s ♠ét♦❞♦s ❞❡ ❞✐❛❣♥óst✐❝♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

▼ét♦❞♦ ❞❡ ●❡❧♠❛♥ ❡ ❘✉❜✐♥✳

▼ét♦❞♦ ❞❡ ●❡✇❡❦❡✳

▼ét♦❞♦ ❞❡ ❘❛❢t❡r② ❡ ▲❡✇✐s✳

▼ét♦❞♦ ❞❡ ❍❡✐❞❡❧❜❡r❣ ❡ ❲❡❧❝❤

✽✶

❈♦♠♣✉t❛çã♦ ❜❛②❡s✐❛♥❛
❙♦❢t✇❛r❡

❖ s♦❢t✇❛r❡ ❘ ♣♦ss✉✐ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ♣❛❝♦t❡s q✉❡ ♣♦❞❡♠ s❡r
✉t✐❧✐③❛❞♦s ♣❛r❛ ❢❛③❡r ✐♥❢❡rê♥❝✐❛ ❜❛②❡s✐❛♥❛✳ ❆❝♦♥s❡❧❤❛✲s❡ ❛ ❝♦♥s✉❧t❛ ❞❛
♣á❣✐♥❛ ❤tt♣✿✴✴❝r❛♥✳r✲♣r♦❥❡❝t✳♦r❣✴✇❡❜✴✈✐❡✇s✴❇❛②❡s✐❛♥✳❤t♠❧✱
♦♥❞❡ s❡ ♣♦❞❡ ❡♥❝♦♥tr❛r✱ ❡✳❣✳✱ ♦ ♣❛❝♦t❡ ❉P♣❛❝❦❛❣❡ q✉❡ ❝♦♥té♠ ❢✉♥çõ❡s
♣❛r❛ ❢❛③❡r ✐♥❢❡rê♥❝✐❛ ❜❛②❡s✐❛♥❛ ♥ã♦ ♣❛r❛♠étr✐❝❛✱ ♦ ♣❛❝♦t❡ ❜❛②❡s❙✉r✈
❡s♣❡❝í✜❝♦ ♣❛r❛ ❢❛③❡r ✐♥❢❡rê♥❝✐❛ ❜❛②❡s✐❛♥❛ ❡♠ ♠♦❞❡❧♦s ❞❡
s♦❜r❡✈✐✈ê♥❝✐❛✱ ❡t❝✳

❉♦ s♦❢t✇❛r❡ q✉❡ ✐♠♣❧❡♠❡♥t❛ ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ s✐♠✉❧❛çã♦
❡st♦❝ást✐❝❛✱ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ❛tr❛✈és ❞❡ ❧✐❣❛çã♦ ❛♦ ❘
♥♦♠❡❛❞❛♠❡♥t❡ ♦ ❖♣❡♥❇❯●❙ ✭❚❤♦♠❛s ❡t ❛❧✳✱ ✷✵✵✻✮✱ ❏❆●❙ ✭P❧✉♠♠❡r✱
✷✵✵✸✮✱ ■◆▲❆ ✭❘✉❡ ❡t ❛❧✳✱ ✷✵✵✾✮✱ ❇❛②❡s❳ ✭❇❡❧✐t③ ❡t ❛❧✳✱ ✷✵✶✸✮ ❡ ❙t❛♥
✭❈❛r♣❡♥t❡r ❡t ❛❧✳✱ ✷✵✶✼✮✳

❆ ♠♦♥✐t♦r✐③❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛s ❝❛❞❡✐❛s ♣♦❞❡ s❡r ❢❡✐t❛ ❝♦♠
r❡❝✉rs♦ ❛♦ s♦❢t✇❛r❡ ❈❖❉❆ ❡ ❇❖❆✱ ❛♠❜♦s ♣❛❝♦t❡s ❞♦ ❘✳

✽✷

❆♣❧✐❝❛çõ❡s
▼♦❞❡❧♦ ❤✐❡rárq✉✐❝♦ P♦✐ss♦♥✲●❛♠❛

❙❡❥❛ Yi ♦ t♦t❛❧ ♦❜s❡r✈á✈❡❧ ❞❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠ ❡✈❡♥t♦ ❞❡ ✐♥t❡r❡ss❡
✭s✉❝❡ss♦✮ ❡♠ ni ✐♥❞✐✈í❞✉♦s ✭✐♥❞❡♣❡♥❞❡♥t❡s✮ ❡♠ r✐s❝♦ ❞❛ ♣♦♣✉❧❛çã♦ ♥❛
r❡❣✐ã♦ i✱ i=1, . . . , r✳ ❙❡ θi é ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s✉❝❡ss♦ ♣❛r❛ q✉❛❧q✉❡r
✐♥❞✐✈í❞✉♦ ❞❛ r❡❣✐ã♦ i✱ ♣♦❞❡✲s❡ ❛❞♦t❛r ♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦
❇✐♥♦♠✐❛❧✱ ✐✳❡✳✱

Yi ∼ ❇✐♥♦♠✐❛❧ (ni, θi).

❯s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ❞❛ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭▼❱✮✱ ❛
❝❤❛♥❝❡ ❞❡ s✉❝❡ss♦ ✭♦❞❞s✮✱ ❞❡✜♥✐❞❛ ♣♦r θ

1−θ ✱ t❡♠ ❡st✐♠❛❞♦r ❞❡ ▼❱
❞❛❞♦ ♣♦r Y

n−Y ✳

❙❛t✐s❢❡✐t❛s ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✱ ♣♦❞❡✲s❡ ❛♣r♦①✐♠❛r ❛ ❞✐str✐❜✉✐çã♦
❇✐♥♦♠✐❛❧ ♣❡❧❛ ❞✐str✐❜✉✐çã♦ P♦✐ss♦♥ ✭❡✳❣✳ ❞♦❡♥ç❛s r❛r❛s✮✳ P♦rt❛♥t♦✱

Yi ∼ P♦✐ss♦♥ (Ei ηi),

♦♥❞❡ Ei é ♦ t♦t❛❧ ❡s♣❡r❛❞♦ ❞❛ ♣♦♣✉❧❛çã♦ ❡♠ r✐s❝♦ ❡ ηi é ❝♦♥❤❡❝✐❞♦
❝♦♠♦ ♦ r✐s❝♦ r❡❧❛t✐✈♦ ❞❛ r❡❣✐ã♦ i✱ i=1, . . . , r ✭r❡♣❛r❛♠❡tr✐③❛çã♦✿
ni, θi = Ei ηi✮✳

✽✸

❆♣❧✐❝❛çõ❡s
▼♦❞❡❧♦ ❤✐❡rárq✉✐❝♦ P♦✐ss♦♥✲●❛♠❛

❆ r❛③ã♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s ♦❜s❡r✈á✈❡✐s ❡ ♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ❞❛ ❞♦❡♥ç❛
✭♦✉ ♠♦rt❡✮ ♥❛ r❡❣✐ã♦ i é ❝♦♥❤❡❝✐❞❛ ♣♦r t❛①❛ ❞❡ ♠♦rt❛❧✐❞❛❞❡
♣❛❞r♦♥✐③❛❞❛ ✭❙t❛♥❞❛r❞✐③❡❞ ▼♦rt❛❧✐t② ❘❛t✐♦✴❙▼❘✮✱ ✐✳❡✳✱

SMRi =
Yi
Ei

.

❯♠ ♠♦❞❡❧♦ ❤✐❡rárq✉✐❝♦ s✐♠♣❧❡s ♣❛r❛ ❡st❡s t✐♣♦s ❞❡ ❞❛❞♦s ✭r❡❣✐õ❡s
✐♥❞❡♣❡♥❞❡♥t❡s✮ ❝♦♠ ❞✐str✐❜✉✐çã♦ P♦✐ss♦♥ é ♦❜t✐❞♦ ❝♦♠ ♦ ✉s♦ ❞❡ ✉♠❛
❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ●❛♠❛ ♣❛r❛ ♦s r✐s❝♦s r❡❧❛t✐✈♦s ηi✱ ✐✳❡✳✱

Yi|ηi ∼ P♦✐ss♦♥ (Ei ηi) ❡ ηi ∼ ●❛♠❛ (c, d),

♦♥❞❡ c ✭♣❛râ♠❡tr♦ ❞❡ ❢♦r♠❛✮ ❡ d ✭♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛✮ sã♦
q✉❛♥t✐❞❛❞❡s ❝♦♥❤❡❝✐❞❛s✳

✽✹

http://cran.r-project.org/web/views/Bayesian.html


❆♣❧✐❝❛çõ❡s
▼♦❞❡❧♦ ❤✐❡rárq✉✐❝♦ P♦✐ss♦♥✲●❛♠❛

❆ss✐♠✱ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❞♦ ♠♦❞❡❧♦ P♦✐ss♦♥✴●❛♠❛ é
♣r♦♣♦r❝✐♦♥❛❧ ❛

L(η|y)p(η) ∝
r∏

i=1

❡−Ei ηi(Ei ηi)
yi ηi

c−1❡−d ηi ,

♦♥❞❡ L(·|y) ❡ p(·) ❞❡♥♦t❛♠ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ❛
❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖✉ s❡❥❛✱ ηi|y t❡♠ ❞✐str✐❜✉✐çã♦
●❛♠❛ (yi + c, Ei + d) ❡ ♣♦rt❛♥t♦ ❛ ♠é❞✐❛ ❛ ♣♦st❡r✐♦r✐ ❞❡ ηi é

νi ≡ E(ηi|y) =
yi + c

Ei + d
= wiSMRi + (1− wi)µ,

♦♥❞❡ SMRi é ❛ t❛①❛ ♣❛❞r♦♥✐③❛❞❛✱ wi = Ei

Ei+d
t❛❧ q✉❡ 0 ≤ wi ≤ 1 ❡

µ = E(ηi) =
c
d ✱ i=1, . . . , r✳ ❊st❛ ❡st✐♠❛t✐✈❛ é ✉♠❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛

❞❛ ♣r♦♣♦rçã♦ SMRi ❞❛ r❡❣✐ã♦ i ❡ ❛ ♠é❞✐❛ ❛ ♣r✐♦r✐ µ✳ ◗✉❛♥❞♦ wi → 1✱
νi → SMRi✱ r❡✈❡❧❛♥❞♦ q✉❡ ♦s ❞❛❞♦s sã♦ ❛❧t❛♠❡♥t❡ ✐♥❢♦r♠❛t✐✈♦s
q✉❛♥❞♦ Ei é ❣r❛♥❞❡✱ ❡♥q✉❛♥t♦ wi → 0✱ νi → µ✱ ♠♦str❛♥❞♦ ❝♦♠♦ ❛
❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ❛❧t❛♠❡♥t❡ ✐♥❢♦r♠❛t✐✈❛ ♥♦ ❝❛s♦ ❞❡ Ei ♣❡q✉❡♥♦✳

✽✺

❆♣❧✐❝❛çõ❡s
❘❡❣r❡ssã♦ ❇✐♥♦♠✐❛❧

❯♠ ❞♦s ♦❜❥❡❝t✐✈♦s ❞❡ ♠✉✐t♦s ❡st✉❞♦s ❡st❛tíst✐❝♦s é ❛✈❛❧✐❛r ❛ r❡❧❛çã♦
❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ♦❜s❡r✈❛❞❛s ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ✐✳❡✳✱ ❡st✉❞❛r ❛
✐♥✢✉ê♥❝✐❛ q✉❡ ✉♠❛ ♦✉ ♠❛✐s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s ✭❝♦✈❛r✐á✈❡✐s✮ tê♠
s♦❜r❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡r❡ss❡ ✭r❡s♣♦st❛✮✳

❖ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ r❡❧❛❝✐♦♥❛ ❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛ ❝♦♠ ❛s
❝♦✈❛r✐á✈❡✐s✳

❖ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r ♥♦r♠❛❧✱ ✐♥tr♦❞✉③✐❞♦ ♣♦r ▲❡❣❡♥❞r❡ ❡
●❛✉ss ❡♠ ✶✽✵✺✲✶✽✵✾✱ ❞♦♠✐♥♦✉ ❛ ♠♦❞❡❧❛çã♦ ❡st❛tíst✐❝❛ ❛té ♠❡❛❞♦s ❞♦
sé❝✉❧♦ ❳❳✱ ♠❡s♠♦ ❤❛✈❡♥❞♦ ♠♦❞❡❧♦s ♠❛✐s ❛❞❡q✉❛❞♦s ♣❛r❛ ❝❡rt❛s
s✐t✉❛çõ❡s✿ ❧♦❣✲❧♦❣ ❝♦♠♣❧❡♠❡♥t❛r ♣❛r❛ ❡♥s❛✐♦s ❞❡ ❞✐❧✉✐çã♦ ✭❋✐s❤❡r✱
✶✾✷✷✮✱ ♣r♦❜✐t ✭❇❧✐ss✱ ✶✾✸✺✮ ♣❛r❛ ♣r♦♣♦rçõ❡s✱ ❧♦❣✲❧✐♥❡❛r ♣❛r❛ ❞❛❞♦s ❞❡
❝♦♥t❛❣❡♥s ✭❇✐r❝❤✱ ✶✾✻✸✮✱ ❡t❝✳
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❆♣❧✐❝❛çõ❡s
▼♦❞❡❧♦s ▲✐♥❡❛r❡s ●❡♥❡r❛❧✐③❛❞♦s

❖s ▼♦❞❡❧♦s ▲✐♥❡❛r❡s ●❡♥❡r❛❧✐③❛❞♦s ✭▼▲●✮✱ ✐♥tr♦❞✉③✐❞♦s ♣♦r ◆❡❧❞❡r
❛♥❞ ❲❡❞❞❡r❜✉r♥ ✭✶✾✼✷✮✱ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ r❡❣r❡ssã♦
❧✐♥❡❛r ❡ tê♠ ❡♠ ❝♦♠✉♠ ♦ ❢❛❝t♦ ❞❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛ ♣❡rt❡♥❝❡r à
❢❛♠í❧✐❛ ❞❡ ❞✐str✐❜✉✐çõ❡s ❡①♣♦♥❡♥❝✐❛❧✳ ❈❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ▼▲●✿

▼♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r ♥♦r♠❛❧❀

▼♦❞❡❧♦ ❞❡ ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛❀

▼♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧♦❣íst✐❝❛❀

▼♦❞❡❧♦s ❧♦❣✲❧✐♥❡❛r❡s ♣❛r❛ t❛❜❡❧❛s ❞❡ ❝♦♥t✐♥❣ê♥❝✐❛✳

◆♦t❛çã♦✿ ❖s ❞❛❞♦s D = {(yi, zi), i=1, . . . , n} sã♦ r❡❛❧✐③❛çõ❡s ❞❛
✈❛r✐á✈❡❧ r❡s♣♦st❛ ✭✈✳❛✳✮ Y ❡ ✉♠ ✈❡t♦r ❞❡ ❝♦✈❛r✐á✈❡✐s z = (z1, . . . , zp)

′

❡♠ n ✐♥❞✐✈í❞✉♦s✱ s❡♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s Yi ❞♦ ✈❡t♦r ❛❧❡❛tór✐♦
Y = (Y1, . . . , Yn)

′ ✐♥❞❡♣❡♥❞❡♥t❡s ✭❆♠❛r❛❧✲❚✉r❦♠❛♥ ❡ ❙✐❧✈❛✱ ✷✵✵✵✮✳

✽✼

❆♣❧✐❝❛çõ❡s
▼♦❞❡❧♦s ▲✐♥❡❛r❡s ●❡♥❡r❛❧✐③❛❞♦s

❖s ▼▲● sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r✿

✶ ❈♦♠♣♦♥❡♥t❡ ❛❧❡❛tór✐❛✿ ❉❛❞❛s ❛s ❝♦✈❛r✐á✈❡✐s zi✱ ❛s ✈❛r✐á✈❡✐s Yi sã♦
✭❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✮ ✐♥❞❡♣❡♥❞❡♥t❡s ❝♦♠ ❞✐str✐❜✉✐çã♦ ♣❡rt❡♥❝❡♥t❡ à
❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧✱ ❝♦♠ E(Yi|zi) = µi ❡✱ ♣♦ss✐✈❡❧♠❡♥t❡✱ ✉♠
♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ φ ♥ã♦ ❞❡♣❡♥❞❡♥t❡ ❞❡ i✱ i=1, . . . , n✳

✷ ❈♦♠♣♦♥❡♥t❡ ❡str✉t✉r❛❧ ♦✉ s✐st❡♠át✐❝❛✿ ❖ ✈❛❧♦r ❡s♣❡r❛❞♦ µi ❡stá
r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♣r❡❞✐t♦r ❧✐♥❡❛r ηi = z′iβ ❛tr❛✈és ❞❛ r❡❧❛çã♦

µi = h(ηi) = h(z′iβ), ηi = g(µi),

♦♥❞❡ h é ✉♠❛ ❢✉♥çã♦ ♠♦♥ót♦♥❛ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ g = h−1 é ❛
❢✉♥çã♦ ❞❡ ❧✐❣❛çã♦✱ β é ✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❡
zi = (1, zi1, . . . , zi,p−1)

′✱ ♣♦r ✈❡③❡s✳

✽✽



❆♣❧✐❝❛çõ❡s
▼♦❞❡❧♦s ▲♦❣íst✐❝♦✱ Pr♦❜✐t ❛♥❞ ▲♦❣✲❧♦❣ ❝♦♠♣❧❡♠❡♥t❛r

❈♦♥s✐❞❡r❛♠✲s❡ n ✈✳❛✳ ✐♥❞❡♣❡♥❞❡♥t❡s Yi ∼ Bin(1, πi)✱ i=1, . . . , n✱ ❝♦♠
r❡s♣❡❝t✐✈♦ ✈❡t♦r ❞❡ ❝♦✈❛r✐á✈❡✐s zi✳ ◆♦t❡✲s❡ q✉❡ E(Yi) = πi ❡
θi = ln( πi

1−πi
) ✭❢✉♥çã♦ ❞❡ ❧✐❣❛çã♦ ❝❛♥ó♥✐❛ logit✮✱ ♣❡❧♦ q✉❡ ♦ ▼▲●

r❡s✉❧t❛♥t❡ é ♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧♦❣íst✐❝❛

πi = exp(z′iβ)/(1 + exp(z′iβ)). ✭✶✼✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ❛ r❡❧❛çã♦ ❡♥tr❡ πi ❡ zi é ❞❛ ❢♦r♠❛

πi = Φ(ηi) = Φ(z′iβ), ✭✶✽✮

♦♥❞❡ Φ(·) é ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ✉♠❛ ✈✳❛✳ N(0, 1)✱ ♦❜té♠✲s❡ ♦
♠♦❞❡❧♦ ♣r♦❜✐t✳ ❙❡ ❛ ❢✉♥çã♦ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ ❞❡ ❧✐❣❛çã♦ é ❛ ❢✉♥çã♦ ❞❡
❞✐str✐❜✉✐çã♦ ❞❡ ●✉♠❜❡❧✱ t❡♠✲s❡ ♦ ♠♦❞❡❧♦ ❧♦❣✲❧♦❣ ❝♦♠♣❧❡♠❡♥t❛r✱

πi = 1− exp(− exp(z′iβ)). ✭✶✾✮

✽✾

❆♣❧✐❝❛çõ❡s
❉❛❞♦s ✶✿ ▼♦rt❛❧✐❞❛❞❡ ❞❡ ❜❡s♦✉r♦s

❇❧✐ss ✭✶✾✸✺✮ ❡st✉❞♦✉ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❜❡s♦✉r♦s ❛❞✉❧t♦s à
❡①♣♦s✐çã♦ ❛♦ ❣ás ❞✐ss✉❧❢✉r❡t♦ ❞❡ ❝❛r❜♦♥♦ (CS2) ❞✉r❛♥t❡ ❝✐♥❝♦ ❤♦r❛s
♦❜s❡r✈❛♥❞♦ ✹✽✶ ❜❡s♦✉r♦s ❞✐✈✐❞✐❞♦s ❡♠ ✽ ❣r✉♣♦s✳

❚❛❜❡❧❛ ✹✿ ▼♦rt❛❧✐❞❛❞❡ ❞❡ ❜❡s♦✉r♦s ✭❇❧✐ss✱ ✶✾✸✺✮✳

i xi ni yi i xi ni yi
✶ ✶✳✻✾✵✼ ✺✾ ✻ ✺ ✶✳✽✶✶✸ ✻✸ ✺✷

✷ ✶✳✼✷✹✷ ✻✵ ✶✸ ✻ ✶✳✽✸✻✾ ✺✾ ✺✷

✸ ✶✳✼✺✺✷ ✻✷ ✶✽ ✼ ✶✳✽✻✶✵ ✻✷ ✻✶

✹ ✶✳✼✽✹✷ ✺✻ ✷✽ ✽ ✶✳✽✽✸✾ ✻✵ ✻✵

❱❛r✐á✈❡✐s✿ n ✭♥ú♠❡r♦ ❞❡ ❜❡s♦✉r♦s ❡①♣♦st♦s✮✱ y ✭♥ú♠❡r♦ ❞❡ ❜❡s♦✉r♦s
♠♦rt♦s✮ ❡ x ✭❞♦s❛❣❡♠ ❞❡ log10 CS2(mg/litro)✮✳

❖❜❥❡❝t✐✈♦✿ ❊st✐♠❛r ❛ ❝✉r✈❛ ❞❡ ❞♦s❡✲r❡s♣♦st❛ q✉❛♥t♦ à ♠♦rt❛❧✐❞❛❞❡ ❞❡
❜❡s♦✉r♦s ❛ ♣❛rt✐r ❞❡ ❞✐❢❡r❡♥t❡s ❞♦s❛❣❡♥s✳

✾✵

❆♣❧✐❝❛çõ❡s
❈ó❞✐❣♦ ❞♦ ❏❆●❙

▼♦❞❡❧♦✿
♠♦❞❡❧ ④

❢♦r✭ ✐ ✐♥ ✶ ✿ ◆ ✮ ④
②❬✐❪ ∼ ❞❜✐♥✭♣❬✐❪✱♥❬✐❪✮
❧♦❣✐t✭♣❬✐❪✮ ❁✲ ❛❧♣❤❛✳st❛r ✰ ❜❡t❛✯✭①❬✐❪✲♠❡❛♥✭①❬❪✮✮
★ ❛❧t❡r♥❛t✐✈❡ ❧✐♥❦ ❢✉♥❝t✐♦♥s✿
★ ♣❬✐❪ ❁✲ ♣❤✐✭❛❧♣❤❛✳st❛r ✰ ❜❡t❛✯✭①❬✐❪✲♠❡❛♥✭①❬❪✮✮✮
★ ♣❬✐❪ ❁✲ ✶ ✲ ❡①♣✭✲❡①♣✭❛❧♣❤❛✳st❛r ✰ ❜❡t❛✯✭①❬✐❪✲♠❡❛♥✭①❬❪✮✮✮✮
②✳❤❛t❬✐❪ ❁✲ ♥❬✐❪ ✯ ♣❬✐❪

⑥
❛❧♣❤❛ ❁✲ ❛❧♣❤❛✳st❛r ✲ ❜❡t❛ ✯ ♠❡❛♥✭①❬❪✮
❜❡t❛ ∼ ❞♥♦r♠✭✵✱✵✳✵✵✶✮
❛❧♣❤❛✳st❛r ∼ ❞♥♦r♠✭✵✱✵✳✵✵✶✮

⑥

❉❛❞♦s✿

❧✐st✭ ♥ ❂ ❝✭✺✾✱ ✻✵✱ ✻✷✱ ✺✻✱ ✻✸✱ ✺✾✱ ✻✷✱ ✻✵✮✱ ② ❂ ❝✭✻✱ ✶✸✱ ✶✽✱ ✷✽✱ ✺✷✱ ✺✸✱ ✻✶✱ ✻✵✮✱
① ❂ ❝✭✶✳✻✾✵✼✱ ✶✳✼✷✹✷✱ ✶✳✼✺✺✷✱ ✶✳✼✽✹✷✱ ✶✳✽✶✶✸✱ ✶✳✽✸✻✾✱ ✶✳✽✻✶✵✱ ✶✳✽✽✸✾✮✱ ◆ ❂ ✽ ✮

❱❛❧♦r❡s ✐♥✐❝✐❛✐s✿
❧✐st✭ ❛❧♣❤❛✳st❛r❂✵✱ ❜❡t❛❂✵ ✮

✾✶

❆♣❧✐❝❛çõ❡s
❘❡s✉❧t❛❞♦s ✕ ❇❡s♦✉r♦s

❊q✉❛çõ❡s ❞❡ r❡❣r❡ssã♦ ❡st✐♠❛❞❛s ✭DIC✮ ♣❛r❛ ♦s ♠♦❞❡❧♦s✿

▲♦❣íst✐❝♦✿ ln[π̂(x)/(1−π̂(x))] = −60.87 + 34.36x✳

Pr♦❜✐t✿ Φ−1(π̂(x)) = −35.04 + 19.79x✳

▲♦❣✲❧♦❣ ❝♦♠♣❧❡♠❡♥t❛r✿ ln(−ln(1−π̂(x))) = −39.73 + 22.13x✳

❚❛❜❡❧❛ ✺✿ Pr♦♣♦rçõ❡s ❡st✐♠❛❞❛s ❞❡ ❜❡s♦✉r♦s ♠♦rt♦s ✭❇❧✐ss✱ ✶✾✸✺✮✳

❞♦s❛❣❡♠ x ♦❜s❡r✈❛❞❛ ❧♦❣íst✐❝♦ ♣r♦❜✐t ❝❧♦❣✲❧♦❣

❉■❈❂✹✶✳✸✾ ❉■❈❂✹✵✳✸✶ ❉■❈❂✸✸✳✻✵

✶✳✻✾✵✼ ✵✳✶✵✶✼ ✵✳✵✻✵✺ ✵✳✵✺✽✺ ✵✳✵✾✺✻

✶✳✼✷✹✷ ✵✳✷✶✻✼ ✵✳✶✻✺✽ ✵✳✶✼✾✽ ✵✳✶✽✽✹

✶✳✼✺✺✷ ✵✳✷✾✵✸ ✵✳✸✻✷✾ ✵✳✸✼✾✹ ✵✳✸✸✼✻

✶✳✼✽✹✷ ✵✳✺✵✵✵ ✵✳✻✵✺✹ ✵✳✻✵✹✺ ✵✳✺✹✶✻

✶✳✽✶✶✸ ✵✳✽✷✺✹ ✵✳✼✾✹✺ ✵✳✼✽✼✽ ✵✳✼✺✼✽

✶✳✽✸✻✾ ✵✳✽✾✽✸ ✵✳✾✵✷✶ ✵✳✾✵✸✷ ✵✳✾✶✻✺

✶✳✽✻✶✵ ✵✳✾✽✸✾ ✵✳✾✺✹✵ ✵✳✾✻✶✹ ✵✳✾✽✹✷

✶✳✽✽✸✾ ✶✳✵✵✵✵ ✵✳✾✼✽✶ ✵✳✾✽✻✸ ✵✳✾✾✽✻

✾✷
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dosagem de gás carbono
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❋✐❣✉r❛✿ ●rá✜❝♦ ❞❛s ♣r♦♣♦rçõ❡s ❛❥✉st❛❞♦s ❝♦♠ ❜❛s❡ ♥♦s ✸ ♠♦❞❡❧♦s

✾✸

❆♣❧✐❝❛çõ❡s
❉♦s❡ ▲❡t❛❧

❖s ♠♦❞❡❧♦s ❞❡ ❞♦s❡✲r❡s♣♦st❛ ✈✐s❛♠ ♥ã♦ só ❛ ♣r❡❞✐çã♦ ❞❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s✉❝❡ss♦ ♣❛r❛ ✉♠❛ ❞♦s❛❣❡♠ ❡s♣❡❝í✜❝❛

π(x) = g−1(η) = F (η), η = β0 + β1 x,

♠❛s t❛♠❜é♠ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❞♦s❛❣❡♠ ♥❡❝❡ssár✐❛ ♣❛r❛ s❡ ❛t✐♥❣✐r
✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s✉❝❡ss♦ P ✳ ❊ss❛ ❞♦s❛❣❡♠ é ❝❤❛♠❛❞❛ ❞❡ ❞♦s❡
❧❡t❛❧✳ ❙❡❥❛ DL100P ❛ ♥♦t❛çã♦ ♣❛r❛ ✉♠❛ ❞♦s❡ ❧❡t❛❧ ❞❡ 100P% ❞❡
s✉❝❡ss♦✱ t❛❧ q✉❡ P = F (β0 + β1DL100P )✱ 0 < P < 1✳ ◆♦t❡✲s❡ q✉❡ ❛
❞♦s❛❣❡♠ ❞❡ ❣ás ❝❛r❜♦♥♦ q✉❡ ♠❛t❛ 100P% ❞❡ ❜❡s♦✉r♦s ♥♦ ♠♦❞❡❧♦
❧♦❣íst✐❝♦ é ❡st✐♠❛❞❛ ♣♦r✿ D̂L100P = (34.36)−1[ln(P/(1− P )) + 60.87]✳

❚❛❜❡❧❛ ✻✿ ❊st✐♠❛t✐✈❛s ❞❡ três ❞♦s❡s ❧❡t❛✐s ✭❇❧✐ss✱ ✶✾✸✺✮✳

❞♦s❡ ❧❡t❛❧ ❧♦❣íst✐❝♦ ♣r♦❜✐t ❝❧♦❣✲❧♦❣

DL50 ✶✳✼✼✶ ✶✳✼✼✶ ✶✳✼✼✾

DL99 ✶✳✾✵✼ ✶✳✽✽✾ ✶✳✽✻✺

DL1 ✶✳✻✸✼ ✶✳✻✺✷ ✶✳✺✽✼

✾✹

❆♣❧✐❝❛çõ❡s
❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛

❖ ❡st✉❞♦ ❞❛ ❛♥á❧✐s❡ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❝❡♥tr❛✲s❡ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡
✉♥✐❞❛❞❡s q✉❡ sã♦ ♦❜s❡r✈❛❞❛s ❛té à ♦❝♦rrê♥❝✐❛ ❞❡ ❛❧❣✉♠ ❡✈❡♥t♦ ❞❡
✐♥t❡r❡ss❡✱ ❡✳❣✳✱ ❛ ❢❛❧❤❛ ❞❛s ✉♥✐❞❛❞❡s ✭♠♦rt❡✮✳ ❋r❡q✉❡♥t❡♠❡♥t❡ ❡ss❡
❡✈❡♥t♦ ♥ã♦ ❝❤❡❣❛ ❛ ♦❝♦rr❡r ♣❛r❛ ❛❧❣✉♠❛s ❞❡ss❛s ✉♥✐❞❛❞❡s ❞✉r❛♥t❡
♦ ♣❡rí♦❞♦ ❞❡ ♦❜s❡r✈❛çã♦ ✭❝❡♥s✉r❛✮✳

❖s ❞❛❞♦s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♣♦❞❡♠ s❡r ✉♥✐✈❛r✐❛❞♦s✱ s❡ ♦ ❡✈❡♥t♦ ❞❡
✐♥t❡r❡ss❡ ♦❝♦rr❡ q✉❛♥❞♦ ♠✉✐t♦ ✉♠❛ ✈❡③ ♣❛r❛ ❝❛❞❛ ✐♥❞✐✈í❞✉♦
✭✉♥✐❞❛❞❡✮✱ ♦✉ ♠✉❧t✐✈❛r✐❛❞♦s q✉❛♥❞♦ ♦ ✐♥❞✐✈í❞✉♦ ♣♦❞❡
❡①♣❡r✐♠❡♥tá✲❧♦ ♠❛✐s ❞♦ q✉❡ ✉♠❛ ✈❡③ ✭❡✈❡♥t♦s ♠ú❧t✐♣❧♦s✮ ♦✉ ♦s
✐♥❞✐✈í❞✉♦s ❡stã♦ ❛❣r✉♣❛❞♦s ❡♠ ❜❧♦❝♦s ✭❢❛♠í❧✐❛s✮✳

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✈❡❥❛✲s❡✳ ❡✳❣✳✱ ❘♦❝❤❛ ❡ ❙✐❧✈❛ ✭✷✵✵✽✮✳

✾✺

❆♣❧✐❝❛çõ❡s
❆♥á❧✐s❡ ❞❡ ❙♦❜r❡✈✐✈ê♥❝✐❛

❙❡ T r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❞❡ ✉♠ ✐♥❞✐✈í❞✉♦✱ ❛
❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♥♦ ✐♥st❛♥t❡ t é ❞❛❞❛ ♣♦r

S(t) ≡ P (T ≥ t).

❆ ❢✉♥çã♦ r✐s❝♦ é ❛ t❛①❛ ❞❡ ♦❝♦rrê♥❝✐❛ ❞♦ ❡✈❡♥t♦ ♥♦ ✐♥st❛♥t❡ t✱

λ(t) = lim
dt→0+

P (t ≤ T < t+ dt|T ≥ t)
dt

.

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ ❞❡
✈❡r♦s✐♠✐❧❤❛♥ç❛ ❞❡ θ ❞❛❞♦ ♦ ❝♦♥❥✉♥t♦ D é ❡①♣r❡ss❛ ♣♦r

L(θ|D) =

n∏

i=1

f(ti|θ)γiS(ti|θ)1−γi . ✭✷✵✮

♦♥❞❡ ti é ♦ ✈❛❧♦r ♦❜s❡r✈❛❞♦ ❞♦ t❡♠♣♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ Ti ❝♦♠
❢✳❞✳♣✳ f(·) ❡ γi é ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞❡ ♥ã♦ ❝❡♥s✉r❛ ❞❛ ✉♥✐❞❛❞❡ i✳

✾✻



❆♣❧✐❝❛çõ❡s
❘❡❣r❡ssã♦ ❲❡✐❜✉❧❧

❖s ♠♦❞❡❧♦s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♣❛r❛♠étr✐❝♦s sã♦ ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❡
❢❛♠í❧✐❛s ❞❡ ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡s♣❡❝í✜❝❛s✳ P♦r ❡①❡♠♣❧♦✱ ❛
❞✐str✐❜✉✐çã♦ ❞❡ ❲❡✐❜✉❧❧ ❝♦♠ ❢✳❞✳♣✱ ❢✉♥çã♦ ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❡ ❢✉♥çã♦
r✐s❝♦ ❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r

f(t) = δνtν−1 exp[−δtν ], S(t) = exp[−δtν ], λ(t) = δνtν−1. ✭✷✶✮

P❡r❛♥t❡ ♣♦♣✉❧❛çõ❡s ❤❡t❡r♦❣é♥❡❛s✱ ♦ ♠♦❞❡❧♦ ❲❡✐❜✉❧❧ ✭✷✶✮ ❝♦♠
❝♦✈❛r✐á✈❡✐s z é ❞❡✜♥✐❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ r✐s❝♦ ❝♦♥❞✐❝✐♦♥❛❧

λ(t|z) = νtν−1ψ(z) , t ≥ 0, ✭✷✷✮

♦♥❞❡ ψ(z) = exp[z′β] ❡ β é ♦ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡s❝♦♥❤❡❝✐❞♦s
❛ss♦❝✐❛❞♦ ❛♦ ✈❡t♦r ❞❡ ❝♦✈❛r✐á✈❡✐s z✳ ◆♦t❡✲s❡ q✉❡ λ(t|z1)/λ(t|z2) ♥ã♦
❞❡♣❡♥❞❡ ❞❡ t ✭❢✉♥çõ❡s r✐s❝♦ ♣r♦♣♦r❝✐♦♥❛✐s✮✳

✾✼

❆♣❧✐❝❛çõ❡s
❉❛❞♦s ✷ ✕ ❈❛♥❝r♦ ❞❛ ❧❛r✐♥❣❡

◆✉♠ ❤♦s♣✐t❛❧ ❤♦❧❛♥❞ês ✾✵ ♣❛❝✐❡♥t❡s ❞♦ s❡①♦ ♠❛s❝✉❧✐♥♦ ❝♦♠
❝❛♥❝r♦ ❞❡ ❧❛r✐♥❣❡ ❢♦r❛♠ ❞✐❛❣♥♦st✐❝❛❞♦s ❡ tr❛t❛❞♦s ❞✉r❛♥t❡ ♦
♣❡rí♦❞♦ ❞❡ ✶✾✼✵ ❛ ✶✾✼✽ ✭❑❛r❞❛✉♥✱ ✶✾✽✸✮✳

❖s t❡♠♣♦s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ♦❜s❡r✈❛❞♦s ♥❡st❡ ❡st✉❞♦ ❢♦r❛♠ ♦s
t❡♠♣♦s ❞❡❝♦rr✐❞♦s ❡♥tr❡ ♦ ♣r✐♠❡✐r♦ tr❛t❛♠❡♥t♦ ❞❡ ❝❛❞❛ ♣❛❝✐❡♥t❡ ❡
❛ s✉❛ ♠♦rt❡ ♦✉ ♦ ✜♠ ❞♦ ❡st✉❞♦ ✭✶✴✸✴✽✶✮✳

P❛r❛ ❝❛❞❛ ♣❛❝✐❡♥t❡✱ ♦❜s❡r✈❛r❛♠✲s❡ t❛♠❜é♠ ❛ ✐❞❛❞❡ ♥♦ ♠♦♠❡♥t♦
❞♦ ❞✐❛❣♥óst✐❝♦✱ ♦ ❛♥♦ ❞♦ ❞✐❛❣♥óst✐❝♦ ❡ ♦ ❡stá❞✐♦ ❞❛ ❞♦❡♥ç❛✳

❊ss❡s ❡stá❞✐♦s ❡stã♦ ♦r❞❡♥❛❞♦s ❞♦ ♠❡♥♦s ❣r❛✈❡ ✭❡stá❞✐♦ ✶✮ ❛♦
♠❛✐s ❣r❛✈❡ ✭❡stá❞✐♦ ✹✮✳

✾✽

❆♣❧✐❝❛çõ❡s

❚❛❜❡❧❛ ✼✿ ❉❛❞♦s ❞❡ s♦❜r❡✈✐✈ê♥❝✐❛ ❞❡ ♣❛❝✐❡♥t❡s ❝♦♠ ❝❛♥❝r♦ ❞❡ ❧❛r✐♥❣❡ ✭❑❛r❞❛✉♥✱ ✶✾✽✸✮✳

❊stá❞✐♦ ❚❡♠♣♦s ❞❡ ✈✐❞❛ ❡♠ ❛♥♦s ✭✯ ❝❡♥s✉r❛❞♦✮✱ ■❞❛❞❡✱ ❆♥♦ ❞♦ ❞✐❛❣♥óst✐❝♦

✶ ✵✳✻✱✼✼✱✼✻ ✶✳✸✱✺✸✱✼✶ ✷✳✹✱✹✺✱✼✶ ✷✳✺✯✱✺✼✱✼✽ ✸✳✷✱✺✽✱✼✹ ✸✳✷✯✱✺✶✱✼✼
✸✳✸✱✼✻✱✼✹ ✸✳✸✯✱✻✸✱✼✼ ✸✳✺✱✹✸✱✼✶ ✸✳✺✱✻✵✱✼✸ ✹✳✵✱✺✷✱✼✶ ✹✳✵✱✻✸✱✼✻
✹✳✸✱✽✻✱✼✹ ✹✳✺✯✱✹✽✱✼✻ ✹✳✺✯✱✻✽✱✼✻ ✺✳✸✱✽✶✱✼✷ ✺✳✺✯✱✼✵✱✼✺ ✺✳✾✯✱✺✽✱✼✺
✺✳✾✯✱✹✼✱✼✺ ✻✳✵✱✼✺✱✼✸ ✻✳✶✯✱✼✼✱✼✺ ✻✳✷✯✱✻✹✱✼✺ ✻✳✹✱✼✼✱✼✷ ✻✳✺✱✻✼✱✼✵
✻✳✺✯✱✼✾✱✼✹ ✻✳✼✯✱✻✶✱✼✹ ✼✳✵✯✱✻✻✱✼✹ ✼✳✹✱✻✽✱✼✶ ✼✳✹✯✱✼✸✱✼✸ ✽✳✶✯✱✺✻✱✼✸
✽✳✶✯✱✼✸✱✼✸ ✾✳✻✯✱✺✽✱✼✶ ✶✵✳✼✯✱✻✽✱✼✵

✷ ✵✳✷✱✽✻✱✼✹ ✶✳✽✱✻✹✱✼✼ ✷✳✵✱✻✸✱✼✺ ✷✳✷✯✱✼✶✱✼✽ ✷✳✻✯✱✻✼✱✼✽ ✸✳✸✯✱✺✶✱✼✼
✸✳✻✱✼✵✱✼✼ ✸✳✻✯✱✼✷✱✼✼ ✹✳✵✱✽✶✱✼✶ ✹✳✸✯✱✹✼✱✼✻ ✹✳✸✯✱✻✹✱✼✻ ✺✳✵✯✱✻✻✱✼✻
✻✳✷✱✼✹✱✼✷ ✼✳✵✱✻✷✱✼✸ ✼✳✺✯✱✺✵✱✼✸ ✼✳✻✯✱✺✸✱✼✸ ✾✳✸✯✱✻✶✱✼✶

✸ ✵✳✸✱✹✾✱✼✷ ✵✳✸✱✼✶✱✼✻ ✵✳✺✱✺✼✱✼✹ ✵✳✼✱✼✾✱✼✼ ✵✳✽✱✽✷✱✼✹ ✶✳✵✱✹✾✱✼✻
✶✳✸✱✻✵✱✼✻ ✶✳✻✱✻✹✱✼✷ ✶✳✽✱✼✹✱✼✶ ✶✳✾✱✼✷✱✼✹ ✶✳✾✱✺✸✱✼✹ ✸✳✷✱✺✹✱✼✺
✸✳✺✱✽✶✱✼✹ ✸✳✼✯✱✺✷✱✼✼ ✹✳✺✯✱✻✻✱✼✻ ✹✳✽✯✱✺✹✱✼✻ ✹✳✽✯✱✻✸✱✼✻ ✺✳✵✱✺✾✱✼✸
✺✳✵✱✹✾✱✼✻ ✺✳✶✯✱✻✾✱✼✻ ✻✳✸✱✼✵✱✼✷ ✻✳✹✱✻✺✱✼✷ ✻✳✺✯✱✻✺✱✼✹ ✼✳✽✱✻✽✱✼✷
✽✳✵✯✱✼✽✱✼✸ ✾✳✸✯✱✻✾✱✼✶ ✶✵✳✶✯✱✺✶✱✼✶

✹ ✵✳✶✱✻✺✱✼✷ ✵✳✸✱✼✶✱✼✻ ✵✳✹✱✼✻✱✼✼ ✵✳✽✱✻✺✱✼✻ ✵✳✽✱✼✽✱✼✼ ✶✳✵✱✹✶✱✼✼
✶✳✺✱✻✽✱✼✸ ✷✳✵✱✻✾✱✼✻ ✷✳✸✱✻✷✱✼✶ ✷✳✾✯✱✼✹✱✼✽ ✸✳✻✱✼✶✱✼✺ ✸✳✽✱✽✹✱✼✹
✹✳✸✯✱✹✽✱✼✻

✾✾

❆♣❧✐❝❛çõ❡s
❈ó❞✐❣♦ ❏❆●❙

♠♦❞❡❧ ④

❢♦r✭✐ ✐♥ ✶✿◆✮ ④

t❬✐❪ ⑦ ❞✇❡✐❜✭r✱♠✉❬✐❪✮ ■✭t✳❝❡♥❬✐❪✱✮ ★ s❡ ♦ ♣❛❝✐❡♥t❡ ✐ ♠♦rr❡

❧♦❣✭♠✉❬✐❪✮ ❁✲ ❜❡t❛❬❡st❛❞✐♦❬✐❪❪ ★ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ r❡❧❛t✐✈♦

⑥

❢♦r✭❥ ✐♥ ✶✿▼✮ ④

❜❡t❛❬❥❪ ⑦ ❞♥♦r♠✭✵✳✵✱ ✵✳✵✵✵✶✮ ★ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐

♠❡❞✐❛♥❛❬❥❪ ❁✲ ♣♦✇✭❧♦❣✭✷✮ ✯❡①♣✭✲❜❡t❛❬❥❪✮✱✶✴r✮ ★ t❡♠♣♦ ♠❡❞✐❛♥♦

⑥

r ⑦ ❞❣❛♠♠❛✭✶✳✵✱✵✳✵✵✵✶✮ ★ ❞❡❝r❡s❝✐♠❡♥t♦ ❧❡♥t♦

❛❧♣❤❛ ⑦ ❞♥♦r♠✭✵✳✵✱ ✵✳✵✵✵✶✮ ★ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐

❝♦♥tr❛❬✶❪ ❁✲ ❜❡t❛❬✷❪✲❜❡t❛❬✶❪ ★ r❡♣❛r❛♠❡t❡r✐③❛çã♦

❝♦♥tr❛❬✷❪ ❁✲ ❜❡t❛❬✸❪✲❜❡t❛❬✶❪

❝♦♥tr❛❬✸❪ ❁✲ ❜❡t❛❬✹❪✲❜❡t❛❬✶❪

⑥

✶✵✵



❆♣❧✐❝❛çõ❡s
❈♦♠❡♥tár✐♦s

❖ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s t❡♠♣♦s ❞❡ ✈✐❞❛
✭❲❡✐❜✉❧❧✮ é µi = exp(−βji)✱ i=1, . . . , 90✱ j=1, . . . , 4❀

❖s t❡♠♣♦s ❞❡ ♠♦rt❡ ❞♦s ♣❛❝✐❡♥t❡s ❝❡♥s✉r❛❞♦s sã♦ s✉❜st✐t✉í❞♦s
♣♦r ◆❆✱ ❡♥q✉❛♥t♦ ♦s t❡♠♣♦s ❞❡ ✈✐❞❛ ❝❡♥s✉r❛❞♦s ♣❛r❛ ♦s
♣❛❝✐❡♥t❡s ♠♦rt♦s sã♦ ✐❣✉❛✐s ❛ ✵✳

❈♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s t❡♠♣♦s ❞❡ ✈✐❞❛ ❝❡♥s✉r❛❞♦s é ❛
❞✐str✐❜✉✐çã♦ ❲❡✐❜✉❧❧ tr✉♥❝❛❞❛ ♥❡ss❡s t❡♠♣♦s✱ ❞❡✈❡✲s❡ ✐♥tr♦❞✉③✐r
✉♠❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛✱ I(a, b)✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ti ∈ (a, b)❀

❖s ♣❛râ♠❡tr♦s ❞❡ ❢♦r♠❛ ❞❛ ❲❡✐❜✉❧❧ ✭r✮ ❡ ❞❡ r❡❣r❡ssã♦ ✭βi✮ tê♠
✈❛❧♦r❡s ✐♥✐❝✐❛✐s ✐❣✉❛✐s ❛ ✶ ❡ ③❡r♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀

❆ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ♥ã♦ ✐♥❢♦r♠❛t✐✈❛ ♣❛r❛ r ♣♦❞❡ s❡r ❛
❞✐str✐❜✉✐çã♦ ❣❛♠❛ ❝♦♠ ♣❛râ♠❡tr♦ ❞❡ ❢♦r♠❛ ✶ ❡ ❞❡ ❡s❝❛❧❛ ✵✳✵✵✵✶✱
✈✐st♦ q✉❡ ❡st❛ ❞❡❝r❡s❝❡ ❧❡♥t❛♠❡♥t❡ ❡♠ R

+✳

❆ ❛♥á❧✐s❡ ❞❡st❡s ❞❛❞♦s ✈✐❛ ❖♣❡♥❇✉❣s ❡♥❝♦♥tr❛✲s❡ t✉t♦r✐❛❧♠❡♥t❡ ❡♠

❤tt♣s✿✴✴✇✇✇✳♠❛t❤✳t❡❝♥✐❝♦✳✉❧✐s❜♦❛✳♣t✴⑦❣s✐❧✈❛✴❊❇❡❞✷✴✷✲❙♦❢t✇❛r❡❴❊①✺✳❤t♠❧

✶✵✶

❆♣❧✐❝❛çõ❡s
❘❡s✉❧t❛❞♦s

✳✳✳

♠♦❞❡❧ ✐s s②♥t❛❝t✐❝❛❧❧② ❝♦rr❡❝t

✳✳✳

◆♦❞❡ st❛t✐st✐❝s

♥♦❞❡ ♠❡❛♥ s❞ ▼❈ ❡rr♦r ✷✳✺✪ ♠❡❞✐❛♥ ✾✼✳✺✪ st❛rt s❛♠♣❧❡

❝♦♥tr❛❬✶❪ ✲✵✳✶✵✾ ✵✳✹✾✽✽ ✵✳✵✵✺✵✷✻ ✲✶✳✶✹✽ ✲✵✳✵✽✽ ✵✳✽✷✸ ✺✵✵✶ ✶✵✵✵✵

❝♦♥tr❛❬✷❪ ✵✳✻✽✾ ✵✳✸✺✵✵ ✵✳✵✵✸✺✹✻ ✵✳✵✵✷✺ ✵✳✻✽✾✶ ✶✳✸✼✼ ✺✵✵✶ ✶✵✵✵✵

❝♦♥tr❛❬✸❪ ✶✳✼✾✽ ✵✳✹✶✽✸ ✵✳✵✵✹✹✼✹ ✵✳✾✺✾✺ ✶✳✽✵✸✵ ✷✳✻✶✶ ✺✵✵✶ ✶✵✵✵✵

♠❡❞✐❛♥❛❬✶❪ ✽✳✶✸✼ ✶✳✾✽✾✵ ✵✳✵✷✵✻✸✵ ✺✳✷✵✵✵ ✼✳✽✷✵✵ ✶✷✳✾✺ ✺✵✵✶ ✶✵✵✵✵

♠❡❞✐❛♥❛❬✷❪ ✾✳✹✷✺ ✹✳✶✻✻✵ ✵✳✵✹✸✺✺✵ ✹✳✺✺✺✵ ✽✳✹✹✹✵ ✷✵✳✵✶ ✺✵✵✶ ✶✵✵✵✵

♠❡❞✐❛♥❛❬✸❪ ✹✳✹✹✼ ✵✳✾✻✺✻ ✵✳✵✵✽✽✵✹ ✷✳✾✵✾✵ ✹✳✸✷✹✵ ✻✳✼✶✻ ✺✵✵✶ ✶✵✵✵✵

♠❡❞✐❛♥❛❬✹❪ ✶✳✼✹✵ ✵✳✺✵✺✷ ✵✳✵✵✹✾✼✾ ✵✳✾✽✻✼ ✶✳✻✻✹✵ ✷✳✾✸✸ ✺✵✵✶ ✶✵✵✵✵

r ✶✳✶✻✺ ✵✳✶✸✾✼ ✵✳✵✵✶✽✶✶ ✵✳✾✵✷✾ ✶✳✶✺✾✵ ✶✳✹✺✹ ✺✵✵✶ ✶✵✵✵✵

❞✐❝✳st❛ts✭✮

❉■❈

❉❜❛r ❂ ♣♦st✳♠❡❛♥ ♦❢ ✲✷❧♦❣▲❀ ❉❤❛t ❂ ✲✷▲♦❣▲ ❛t ♣♦st✳♠❡❛♥ ♦❢ st♦❝❤❛st✐❝ ♥♦❞❡s

❉❜❛r ❉❤❛t ♣❉ ❉■❈

t ✷✽✽✳✸✶✽ ✷✽✸✳✹✶✹ ✹✳✾✵✸ ✷✾✸✳✷✷✶

t♦t❛❧ ✷✽✽✳✸✶✽ ✷✽✸✳✹✶✹ ✹✳✾✵✸ ✷✾✸✳✷✷✶

❝❧❡❛r✭♠❡❞✐❛♥❛✮

❝♦❞❛✭✯✱❧❛r✐♥❣❡✲❜♦❛✮

s❛✈❡✭❧❛r✐♥❣❡✲❧♦❣✳t①t✮

✶✵✷

❆♣❧✐❝❛çõ❡s

❋✐❣✉r❛✿ ❇♦① ♣❧♦t ❞♦s ❝♦♥tr❛st❡s β2 − β1✱ β3 − β1 ❡ β4 − β1✳

✶✵✸

❆♣❧✐❝❛çõ❡s
❘❡s✉❧t❛❞♦s✿ ❈❖❉❆ ♦✉t♣✉t

❍■●❍❊❙❚ P❘❖❇❆❇■▲■❚❨ ❉❊◆❙■❚❨ ■◆❚❊❘❱❆▲❙✿

❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂

❆❧♣❤❛ ❧❡✈❡❧ ❂ ✵✳✵✺

❈❤❛✐♥✿ ❧❛r✐♥❣❡✲❜♦❛

▲♦✇❡r ❇♦✉♥❞ ❯♣♣❡r ❇♦✉♥❞

❝♦♥tr❛❬✶❪ ✲✶✳✶✵✵✵✵ ✵✳✽✺✷✾

❝♦♥tr❛❬✷❪ ✵✳✵✶✹✼✾ ✶✳✸✽✹✵

❝♦♥tr❛❬✸❪ ✶✳✵✶✸✵✵ ✷✳✻✺✵✵

r ✵✳✽✾✺✵✵ ✶✳✹✹✸✵

❘❆❋❚❊❘❨ ❆◆❉ ▲❊❲■❙ ❈❖◆❱❊❘●❊◆❈❊ ❉■❆●◆❖❙❚■❈✿

❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂

◗✉❛♥t✐❧❡ ❂ ✵✳✵✷✺

❆❝❝✉r❛❝② ❂ ✰✴✲ ✵✳✵✵✺

Pr♦❜❛❜✐❧✐t② ❂ ✵✳✾✺

❈❤❛✐♥✿ ❧❛r✐♥❣❡✲❜♦❛

❚❤✐♥ ❇✉r♥✲✐♥ ❚♦t❛❧ ▲♦✇❡r ❇♦✉♥❞ ❉❡♣❡♥❞❡♥❝❡ ❋❛❝t♦r

❝♦♥tr❛❬✶❪ ✶ ✷ ✸✽✼✹ ✸✼✹✻ ✶✳✵✸✹✶✻✾✽

❝♦♥tr❛❬✷❪ ✶ ✷ ✸✻✺✵ ✸✼✹✻ ✵✳✾✼✹✸✼✷✼

❝♦♥tr❛❬✸❪ ✶ ✷ ✸✼✶✵ ✸✼✹✻ ✵✳✾✾✵✸✽✾✼

r ✷ ✹ ✼✹✹✽ ✸✼✹✻ ✶✳✾✽✽✷✺✹✶

✶✵✹

https://www.math.tecnico.ulisboa.pt/~gsilva/EBed2/2-Software_Ex5.html


❇✐❜❧✐♦❣r❛✜❛ ♣r✐♥❝✐♣❛❧✿

P❛✉❧✐♥♦✱ ❈✳❉✳✱ ❆♠❛r❛❧ ❚✉r❦♠❛♥✱ ❆✳✱ ▼✉rt❡✐r❛✱ ❇✳✱ ❙✐❧✈❛✱ ●✳▲✳ ✭✷✵✶✽✮✳ ❊st❛tíst✐❝❛ ❇❛②❡s✐❛♥❛✱ ✷a

❡❞✐çã♦✳ ❋✉♥❞❛çã♦ ❈❛❧♦✉st❡ ●✉❧❜❡♥❦✐❛♥✱ ▲✐s❜♦❛✳

❇✐❜❧✐♦❣r❛✜❛ ❝♦♠♣❧❡♠❡♥t❛r✿

❆♠❛r❛❧ ❚✉r❦♠❛♥✱ ❆✳✱ P❛✉❧✐♥♦✱ ❈✳❉✳✱ ▼ü❧❧❡r✱ P✳ ✭✷✵✶✾✮✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇❛②❡s✐❛♥ ❙t❛t✐st✐❝s✿ ❆♥

■♥tr♦❞✉❝t✐♦♥✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✳

❇❛♥❡r❥❡❡✱ ❙✳✱ ❈❛r❧✐♥✱ ❇✳P✳✱ ●❡❧❢❛♥❞✱ ❆✳❊✳ ✭✷✵✶✹✮✳ ❍✐❡r❛r❝❤✐❝❛❧ ▼♦❞❡❧✐♥❣ ❛♥❞ ❆♥❛❧②s✐s ❢♦r ❙♣❛t✐❛❧ ❉❛t❛✱

✷♥❞ ❊❞✐t✐♦♥✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✴❈❘❈ Pr❡ss✱ ▲♦♥❞♦♥✳

❈❛r❧✐♥✱ ❇✳P✳✱ ▲♦✉✐s✱ ❚✳❆✳ ✭✷✵✵✽✮✳ ❇❛②❡s✐❛♥ ▼❡t❤♦❞s ❢♦r ❉❛t❛ ❆♥❛❧②s✐s✱ ✸r❞ ❊❞✐t✐♦♥✳ ❈❤❛♣♠❛♥ ❛♥❞

❍❛❧❧✴❈❘❈✱ ▲♦♥❞♦♥✳

●❛♠❡r♠❛♥✱ ❉✳✱ ▲♦♣❡s✱ ❍✳❋✳ ✭✷✵✵✻✮✳ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦✿ ❙t♦❝❤❛st✐❝ ❙✐♠✉❧❛t✐♦♥ ❢♦r ❇❛②❡s✐❛♥

■♥❢❡r❡♥❝❡✱ ✷♥❞ ❊❞✐t✐♦♥✳ ❚❛②❧♦r ❛♥❞ ❋r❛♥❝✐s✱ ▲♦♥❞♦♥✳

●❡❧♠❛♥✱ ❆✳✱ ❈❛r❧✐♥✱ ❏✳❇✳✱ ❙t❡r♥✱ ❍✳❙✳✱ ❉✉♥s♦♥✱ ❉✳❇✳✱ ❱❡❤t❛r✐✱ ❆✳✱ ❘✉❜✐♥✱ ❉✳❇✳ ✭✷✵✶✹✮✳ ❇❛②❡s✐❛♥ ❉❛t❛

❆♥❛❧②s✐s✱ ✸r❞ ❊❞✐t✐♦♥✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✴❈❘❈✱ ▲♦♥❞♦♥✳

●✐❧❦s✱ ❲✳❘✳✱ ❘✐❝❤❛r❞s♦♥✱ ❙✳✱ ❙♣✐❡❣❡❧❤❛❧t❡r✱ ❉✳❏✳ ✭✶✾✾✺✮✳ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ✐♥ Pr❛❝t✐❝❡✳

❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✴❈❘❈ Pr❡ss✱ ▲♦♥❞♦♥✳

■❜r❛❤✐♠✱ ❏✳●✳✱ ❈❤❡♥✱ ▼✳❍✳✱ ❙✐♥❤❛✱ ❉✳ ✭✷✵✵✶✮✳ ❇❛②❡s✐❛♥ ❙✉r✈✐✈❛❧ ❆♥❛❧②s✐s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✳

P♦❧❡✱ ❆✳✱ ❲❡st✱ ▼✳✱ ❍❛rr✐s♦♥✱ ❏✳ ✭✶✾✾✹✮✳ ❆♣♣❧✐❡❞ ❇❛②❡s✐❛♥ ❋♦r❡❝❛st✐♥❣ ❛♥❞ ❚✐♠❡ ❙❡r✐❡s ❆♥❛❧②s✐s✳
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